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Presentation Outline

Finite element method — General recipe
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General recipe

Solve partial differential equation L[f] = s with differential
operator L, sought field f and source s by the procedure:

>
>

Subdivide the solution domain 2 into cells, or elements.

Approximate the solution by an expansion in a finite
number of basis functions, i.e., f(F) = > 1" | fipi(F), where
fi are (unknown) coefficients multiplying the basis
functions ¢; (7).

Form the residual r = L[f] — s, which we want to make as
small as possible.

Choose test, or weighting, functions w;, i = 1,2,...,n for
weighting the residual r. Galerkin’s method: w; = ¢;

Set the weighted residuals to zero and solve for the
unknowns fj, i.e. solve (w;,r) = [, w;rdQ =0,
i=1,2,...,n.
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Presentation Outline

1D Finite Element Analysis
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Model problem

Model problem in 1D given by

< df)—{—ﬂf— fora<ax<b
Cda
f=p at x=a
d,
al+7f=q at x =b
dx

with
» f = f(z) = sought field

» o = a(z) and f = B(x) = coefficients that involve material
parameters, frequency, etc

» s = s(x) = source differential equation
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Boundary conditions

» Dirichlet boundary condition f = p

>
>
>

Specifies the value of f on the boundary of the domain
p = 0 = homogeneous Dirichlet boundary condition
p # 0 = inhomogeneous Dirichlet boundary condition

» Robin boundary condition adf /dz + v f = q

>

>

Specifies a linear combination of the value of f and its
derivative on the boundary of the domain

Special case with v = 0 is referred to as a Neumann
boundary condition, which only specifies the derivative of f
g = 0 = homogeneous Robin/Neumann boundary condition
g # 0 = inhomogeneous Robin/Neumann boundary
condition
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Example — first hand-in assignment

>
>
>
>
>

f= f(I) = Ez(x)

a=1
8 = B(x) = poljwo(z) — w?e(x)]
s=0

Boundary condition at the left boundary: inhomogeneous
Robin boundary condition (adf /dx +~vf = q)

> v = —jko

> q=q(x) = —2jkoEp exp(—jkox)
Boundary condition at the right boundary: homogeneous
Robin boundary condition (adf/dx + v f = q)

> v = +jko

> q= 0
(Another problem: metal boundary at the right boundary
gives homogeneous Dirichlet boundary condition with
f=p=0)
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Follow the recipe

,,,,,,,,

» Subdivide the solution domain 2 into elements:
» Introduce nodes z; for i =1,2,...,n
(Consider a small example with n = 8, see figure above.)
» Form elements on sub-intervals [z;, z;41] for
i=1,2,...,n—1
» Approximate the solution by f(x) =~ Z?:l fipj(x), where
fj are (unknown) coefficients multiplying the basis
functions ¢;(x). (Here, piecewise linears.)
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Lowest-order basis functions

Piecewise linear basis functions ¢;(x) that fulfill

1 =
i) _{ 0 otherwise

which implies that
T—Tj-1 .
Tay L T-1ST LT,

(x) = Zim—z e ,
pj(z) = v, LT ST < T

otherwise
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Follow the recipe

» Form the residual » = L[f] — s, which we want to make as
small as possible. Here, we have

r=tifl=s = (af ) 457

dz \"dz
» Choose test, or weighting, functions w;, 1 = 1,2,...,n for
weighting the residual r. (Here, Galerkin’s method with
w; = ;)

> Set the weighted residuals to zero and solve for the
unknowns fj, i.e. solve (w;,r) = [ w;rdQ =0,
i=1,2,...,n.
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Integration by parts

b
(wi,r>:/wﬂd9:/ w; [—di (a;l{;>+ﬁf—s] dx
Q a

b
:/a [_wic;i (aj‘i) + fw; f — wis] dz
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Integration by parts

We get

[l (oo () [ o

and

b
<w,~,r>:/ [ Cilwl;if—f—,@wlf w; s ]d:c— [w,( j;)} =0

Recall the boundary conditions

f=p at x =a
df

a—+~vf=q atz =10
dx
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Boundary conditions

The Dirichlet boundary condition at x = a implies that all
weighting functions are zero there = w;(a) = 0. The solution is
already known at x = a so there is no need for weighting.

At x = b, we have

d d
a%—}—vf:q = a%zq—vf
This gives
aF\1" df o df _
G I G B ) Il

=0
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We get the weak form

=0
r=b

b w.
<wz~,r>=/ [ Wil s Bus - wz}dx—wi(q—fm

for all # = 2,...,n given that f is known at z = a.

Form equations according to

(we, ) =0
(wg,r) =0
(wp,7) =0
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System of linear equations

The small problem with n = 8 (with piecewise linears) gives

br _
/ a@ﬁ—kﬁwgf—wgs dx =0

o | dx dx |

b L
/ a%if+6W3f—w38 de =0

o | dr dx |

b1 dwr df T
/ a——+ pwrf —wys|der =0

o | dr dx |

br _

dws d,

| e it + buss = ws| do = @ =25) | =0

- r=b
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System of linear equations

The small problem with n = 8 gives

b
de df _/
/a a + fw 2f dr = ; wasdx
b dws df b
/a didf+ﬁw3f dx—/a wzsdx
br b
/ @ﬁ—i—ﬁwﬁ’ dx:/ wrsdx
o | dzdx a
b b
dws d,
/ [ ;)Sdf+ﬁwgf}dfc+'yf :/wgsdx—l-q
@ r=b a r=b
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System of linear equations

The solution is expanded as
n
fl) =" fipi(z)
j=1
where it is known that f(a) = p or
n
fla)=> fipjla)=Hh=p = fi=p
j=1

For the small problem with n = 8, we have also (on the right
boundary) that

F®) =" fii(b) = fs
j=1
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System of linear equations

The solution is expanded as f(z) =3_7_; fijp;(z).
Galerkin’s method implies w;(x) = @;(x), which yields

b b
ng/ [ de2 d% +B<,02<pj] :/a pasdx

b b
ng/ [ ds d% +590380g] Z/a p3sdx

8 do. b
Z /[ dw d(p]—l—,é'gowj] dsc—/ prsdx

8 . b
Z / [ di% + ﬁ(pgcp]} dx 4+ ~(b) fs = / pssdz + q(b)

18 /32



System of linear equations

On matrix form Ax = b, we have

[ &2 &3 0 0 0 O 0 77T fo] [ (2 —&a1p ]
§32 &3 &34 0 0 O 0 I3 €
0 &3 & & 00 0 Ja @
0 0 & &5 &6 O 0 5 | = G5
0 0 0 &s &6 Sor 0 fe 6
0 0 0 0 &6 & &rs I ¢7

L 0O 0 0 0 0 & &s+ylLfsl L G+aqg |
:TA g =X =b

where p = p(a), v = v(b), ¢ = q(b) and

b
d; dp;
Ez’j:/[ dSO d:chrB iPj

b
Cz'Z/ pisdx
a
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Presentation Outline

2D Finite Element Analysis
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Model problem

Model problem in 2D given by

V.- (aVf)+pf=s in
f=np at 0€lp
n-(aVf)+~vf=q at 0OQgr

with
» = f(z,y) = sought field

» o= a(zr,y) and 8 = f(x,y) = coefficients that involve
material parameters, frequency, etc

» s = s(x,y) = source differential equation
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0
x [m]

Dirichlet boundary conditions 02p on the thick solid and
dashed part of the boundary.
Robin boundary condition 0f2r on the other parts of 9.
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Two different piecewise linear basis functions ¢; (i)

that fulfill

ifi=y
0 otherwise
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Multiply the partial differential equation (PDE) with weighting
function w; and integrate over {2

/ wi [V - (aV ) + Bf]dS = / wss dS
Q Q
Integrate by parts by means of product rule and Gauss’ theorem

wi(aV )] =aVw; - Vf+w V- (aVf)

/V FdS = j{n Fdi
o0
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We get

/wi [—V-(an)]dS:/ (Vi - Vf -V - [wi(aV f)]) dS
Q Q

_/avwi-Vde— n - [wi(aV f)]dl
Q o0

Recall the boundary conditions

f=p at 0Qp
n-(aVf)+~vf=q at OQR

where 02 = 9Qp + IOR.
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The boundary term yiels

ﬁﬁ-[wi(an)]dIZ/a ﬁ.[&(aw)]du/a i [wi(@V f)]dl

Q Qp QR

:/me [ﬁ-(an)]dl:/ wi [q — 7 f)dl

Qr

We get the weak form

/[ani-Vf—i-ﬁwif]dS—i-/ wnfdl—/wisds—i-/ w;q dl
Q O0R Q o

Qr
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System of linear equations

Expansion

f(7) =235 fj(7) and Galerkin’s method
wi(1") = ¢i(T)

gives

d [/ [aVp; - Vi, +690i<pj]d8+/ YPip; dl]
Q 0NR

j=1
:/wist—i—/ wiq dl
Q QR

forall i =1,2,...,n —npq, with npq, is the number of nodes
where we have a Dirichlet boundary condition f = p.
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System of linear equations

We get
ZA’ijfj = bZ = Ax=Db
j=1

with

Ajj —/[avwi-vwfrﬂ«pmj]dSJr/ Ypip; dl
Q (9959

bi:/goist—i—/ w;q dl
Q OOR

Note that A has more columns than rows if we have a Dirichlet
boundary condition!
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System of linear equations

Partition the matrix A and the vector x

<An

> x, contains to the unknowns associated with the interior
nodes or nodes on the Robin boundary

Xe

A, ) [x" } — AyXy + AcXe = b

> X contains the known coefficients on the Dirichlet
boundary

Here, A, is a square matrix (invertable) and A, is a
rectangular matrix.

This gives

Apxn=b—Acxe = Xn=A_'(b— Acxc)
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Sub-divide the domain €2 into triangles
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Dirichlet boundary conditions on (i) 9Qp, — the thick solid
part of the boundary and (ii) 02p 2 — the thick solid part of the
boundary

Robin boundary condition 02y on the other parts of 9.
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Compute the resistance between the left and bottom edges of
the conducting plate

» f(x,y) = the electrostatic potential ¢ = ¢(z,y)

a(z,y) = the conductivity o (constant here)
p=0
s=0

f =10V on 09Qp; (thick solid line)

f =0V on 09Qp 2 (thick dashed line)

n-Vf=0ondQr

(Insulating material: a homogeneous Neumann boundary
condition — no flux of charge across the boundary)

vVVvyYVvyVvYvyy
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= ¢(z,y) on the domain 2

Electrostatic potential ¢

05 -05

For a plate of height h, we have

U2
- P

hxTAx = hxTb = R

/ o|Ve|* dV
Vv

P:/f-EdV:
1%
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