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Preface

This book was written for use in a course at Linképing University and to aid the
electrical engineer to understand and design analog filters. Most of the advanced
mathematics required for the synthesis of analog filters has been avoided by
providing a set of MATLAB functions that allows sophisticated filters to be
designed. Most of these functions can easily be converted to run under Octave as
well.

The first chapter gives an overview of filter technologies, terminology,
and basic concepts. Approximation of common frequency selective filters
and some more advanced approximations are discussed in Chapter 2. The
reader is recommended to compare the standard approximation with
respect to the group delay, e.g., Example 2.5, and learn to use the corre-
sponding MATLAB functions. Geometrically symmetric frequency trans-
formations are discussed as well as more general synthesis using MATLAB
functions.

Chapter 3 deals with passive LC filters with lumped elements. The
reader may believe that this is an outdated technology. However, it is
still being used and more importantly the theory behind all advanced filter
structures is based on passive LC filters. This is also the case for digital
and switched-capacitor filters. The reader is strongly recommended to
carefully study the principle of maximum power transfer, sensitivity to
element errors, and the implications of Equation (3.26). MATLAB func-
tions are used for the synthesis of ladder and lattice structures. Chapter 4
deals with passive filters with distributed elements. These are useful for
very high-frequency applications, but also in the design of corresponding
wave digital filters.

In Chapter 5, basic circuit elements and their description as one-, two-, and
three-ports are discussed.

Chapter 6 discusses first- and second-order sections using single and
multiple amplifiers. The reader is recommended to study the implication
of the gain-sensitivity product and the two-integrator loop. Chapter 7 dis-
cusses coupled forms and signal scaling, and Chapter 8 discusses various
methods for immitance simulation. Wave active filters are discussed in
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Chapter 9 and leapfrog filters in Chapter 10. Finally, tuning techniques are
discussed in Chapter 11.

Text with a smaller font is either solved examples or material that the reader
may skip over without losing the main points.

Linkoéping
Sweden Lars Wanhammar
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Chapter 1
Introduction to Analog Filters

1.1 Introduction

Signal processing techniques involve methods to
extract information from various types of signal
sources but also methods to protect, store, and
retrieve the information at a later date. In, for
example, a telecommunication system we are inter-
ested in transmitting information from one place to
another, whereas in other applications, ¢.g., MP3
players, we are interested in efficient storing and
retrieving of information. Note that storing infor-
mation for later retrieval can be viewed as transmit-
ting the information over a transmission channel
with an arbitrary long time delay. In many cases,
for example in the MP3 format, signal processing
techniques have been used to remove nonaudible
(redundant) information in order to reduce the
amount of information that needs to be stored.

In, for example, a radio system, we need to gen-
erate different types of signals and modify the sig-
nals so that the information can be transmitted over
a radio channel, e.g., by frequency modulation of a
high-frequency carrier. Analog filters are key com-
ponents in these applications.

Figure 1.1 illustrates a simple digital transmis-
sion system where analog filters are key compo-
nents. Computer 4 acts as a digital signal source
that generates a sequence of ASCII symbols. The
symbols are represented by 8-bit words. In order to
transmit a symbol over a telephone line, we must
represent the bits in the symbol with a physical
signal carrier that is suitable for the transmission
channel at hand. Here we use a sinusoidal voltage
with two different frequencies as signal carrier and

use so-called frequency shift keying for representing
the information.

In modem A (modulator/demodulator), we let a
“zero” bit correspond to 980 Hz and a “one” correspond
to 1180 Hz. Hence, modem B has to determine if the
received frequency is 980 or 1180 Hz in order to deter-
mine if a zero or one was transmitted. Two bandpass
filters that let either of the sinusoidal signals pass can be
used to resolve the frequency of the received signal by
comparing the amplitudes of outputs of the two filters.
In a similar way, modem B sends information to modem
A, but instead uses the frequencies 1650 and 1850 Hz.
Hence, filtering is an essential part of the modems.

The transmission system discussed above is now
outdated. However, modern transmission systems
with higher transmission capacity use similar tech-
niques. For example, high-definition TV (HDTV),
wireless local network (WLAN), and asymmetric
digital subscriber line (ADSL) use several carriers
and more advanced modulation methods. However,
in these systems, different types of filters are also
key components.

1.2 Signals and Signal Carriers

Examples of common signals and signal processing
systems are speech, music, image, EEG, ECG, and
seismic signals and radio, radar, sonar, TV, phone,
and digital transmission systems. Characteristic for
signal processing systems is that they store, trans-
mit, or reduce the information. The concept “infor-
mation” has a strict scientific definition, but we will

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_1, 1
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Fig. 1.1 Computer-to-computer communication over phone line

here interpret the concept “information” in its
everyday sense, for example, representing what is
said in a phone conversation. Moreover, the infor-
mation is interpreted as what we consider to be of
interest, e.g., what is said, but not who is speaking.
In a different context, the relevant information may
be the identity of the speaker.

1.2.1 Analog Signals

The information in a signal processing system is repre-
sented in the form of signals, which often are contin-
uous in both time and amplitude. A signal carrier with
continuous amplitude and time and that varies “in the
same way as the information” is called an analog
signal. For example, the signal from a microphone
varies analogously with the sound pressure.

1.2.2 Continuous-Time Signals

In this case, the information and the signal do
not vary analogously, i.e., one-to-one, but instead

the information is embedded in the signal in a more
complicated way. For example, the frequency of
the output signal from an FM transmitter repre-
sents the information, i.e., the frequency varies
in the same way as the information (speech,
music, etc.).

Generally, a signal that is continuous in both
amplitude and time but does not vary analo-
gously with the information is referred to as a
continuous-time signal. Hence, an analog signal
belongs to a subset of continuous-time signals.
Here we will only discuss analog signals and
systems, although the analog filters that are
discussed are often useful for continuous-time
signals as well.

In this context, it is usually sufficient to
assume that the signals can be considered as
deterministic, i.e., they can be described with a
function x(#). However, in many cases, it is
necessary to study signal processing systems
using stochastic signals. Such signals, e.g., repre-
senting noise on a phone line, contain random
variations, which cannot be described with ordin-
ary mathematical functions, and statistical meth-
ods must be used instead.
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1.2.3 Signal Carriers

A signal is an abstract concept and is associated
with a signal carrier. For continuous-time or
discrete-time signals, which are discussed in the
next section, the signal carrier is always a physi-
cal quantity. Typical signal carriers are currents,
voltages, and charges in electrical circuits, but
also mechanical vibrations and stress in crystals
are common. Piezoelectric materials are used
to convert between electrical and mechanical
quantities.

In the literature, there are circuits referred to as
voltage mode and current mode circuits. The differ-
ence is that the first uses negative feedback to reduce
the effect of component errors, distortion, etc.,
whereas the latter only uses a low amount of feed-
back. This means that voltage mode circuits cannot
be used for as high frequencies as current mode
circuits, whereas the latter has higher sensitivity
for errors in the components and larger signal
distortion.

The terms signal and signal carrier are often
misused. It is, however, often important to distin-
guish signals, which contain the information, from
signal carrying quantities.

1.2.4 Discrete-Time and Digital Signals

Modern signal processing systems often use sig-
nals that are only defined at discrete time
instances. Such discrete-time signals are often
acquired through sampling of continuous-time

signals, i.e., the discrete-time signal is a sequence
of measurement values. Normally the samples
are taken with the same time distance, T, i.e.,
the sampling is uniform. We distinguish discrete-
time signals with continuous values from those
that are quantized.

A signal, as shown to the left in Fig. 1.2, is
only defined at discrete times and has continuous
values is called a discrete-time signal. If the signal
also has quantized values, as illustrated to the
right in Fig. 1.2, the signal is called a digital
signal. Note that we unfortunately do not distin-
guish between a discrete-time and a digital signal
in English literature.

Of course, the signals may not necessarily origi-
nate from sampling of a continuous-time signal. In
fact, it may not have to do with time at all. For
example, a discrete-time or digital signal may be
obtained by sampling the height of a mountain at
various places. The corresponding signal is a real
function of the coordinates, i.e., a two-dimensional
signal.

Example 1.1 Consider the operation of the circuit shown
in Fig. 1.3.

The switches, which can be implemented using MOS
transistors, switch back and forth with the period 27.
When the lower switch is in the left position, the capacitor
C is charged to the voltage v;,(). When the switch at time ¢
= nT switches to the other position, the capacitor remains
charged and the output voltage from the voltage follower
changes to the new value v,,,(f) = v;,(nT) and remains
thereafter constant during the remaining part of the
clock phase. The upper switch, with its capacitor, works
in the same manner, but in opposite phase. The output
voltage will thus be a sequence of measured values,
vin(nT), of the input signal. The output signal is appar-
ently a discrete-time signal, but it is represented by a
physical signal carrier; the stair-shaped voltage v,,(?),
which of course is continuous in time.
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Fig. 1.4 Filter as a mapping

1.3 Filter Terminology

With the term filter we refer to a (mathematical)
mapping of an input signal to an output signal.
This mapping is normally linear and the super-
position principle for signals is therefore valid.
Unfortunately, the term filter is often given a
much wider interpretation.

1.3.1 Filter Synthesis

We use the term filter synthesis for the process of
determining this mapping. Here we limit ourselves
to time-invariant filters, i.e., the filter properties do
not vary over time.

The most common filter types are frequency
selective, i.e., they let some frequencies pass and
reject others. A historically important use of
frequency selective filters was in radio receivers
and in carrier frequency systems for transmission

v

! 0O T 2T 3T 4T 5T 6T
Signal

of telephony; see Section [1.4.]. Frequency selec-
tive filters are used, among other things, as anti-
aliasing filters; see Section [I.4.2, when sampling
analog signals. Such filters are an essential part
in interfaces between analog and digital systems,
e.g., in GSM phones between the microphone
and the A/D converter. Analog filters are also
used to filter the output signal of D/A
converters.

An example of time-variable filters are adap-
tive filters, which normally operate on time-dis-
crete or digital signals, and are used to, e.g.,
equalize and correct for errors in the transmis-
sion channel. Adaptive filters are a major part of
ADSL modems and cellular phones. Another
type of filters is matched filters, which are used
to detect if and when a given waveform occurs in
a signal. Matched filters are used in radar and
digital transmission systems to detect the arrival
time for the echo and which of several symbols
has been received, respectively.

1.3.2 Filter Realizations

A filter, as mentioned above, is a mathematical
mapping of input signal to the output signal. We
use the term realization of the filter to describe in
detail how the output is computed from the input
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signal. There exists virtually an infinite number of
possible ways to perform and organize these com-
putations. Although they perform the same map-
ping and cannot be distinguished from each other
by only observing the input and output signal, they
may have very different properties.

In general, different realizations require different
number of components and have different sensitivity
to errors in the components. A realization with low
sensitivity may meet the performance requirements
with cheaper components with large tolerances. One
of the main problems is therefore to find such low
sensitive and thereby low cost realizations.

A filter realization can be described in several,
but equivalent ways. Here we are concerned with
analog filters, which use currents or voltages as
signal carriers. The realization can therefore be
described in terms of a set of coupled differential-
integral equations as shown below. For example, an
inductor with the inductance L is represented in the
equation w(t) = L di/dt.

We may use the representation shown below,
which uses signals in the time domain.

vio(t) = Ri(t) + ve + vou(t)
t
ve =< [i(ndr
0
Vou[([) = L%

A more common, however, is to use the equivalent
representation in the Laplace domain shown below

Vl' = R1+ VC + Vout
ve =4
Vour = sLI

Traditionally we do not use differential equa-
tions; instead, we use an equivalent graphical
description with resistors, inductors, capacitors
symbols, which corresponds to elementary equa-
tions, i.e., generic circuit theoretical elements. We
will later introduce additional circuit elements for
realization of analog filters. Figure 1.5 shows a filter
in terms of these symbols that is equivalent to the
two representations above.

There are several synonyms used: realization, struc-
ture, algorithm, and signal-flow graph for describing
how the output is computed from the input signal.

+
‘/in <> L Vout

Fig. 1.5 Schematic representations of a filter realization

1.3.3 Implementation

The physical apparatus that performs the map-
ping (the filtering), i.e., executes the computa-
tions that are needed to compute the output
signal according to the realization, is called an
implementation. In an analog implementation,
there is an input and an output signal carrier,
which vary analogous with the input and the
output signal.

A realization of RLC type consists of a network
with inductors, capacitors, resistors, and a voltage
or current source, which vary analogous with the
input signal. The output signal carrier is either a
current or a voltage. These circuit elements can
(approximately) be implemented with coils, capaci-
tors, and resistors. Unfortunately, we do not in the
English literature always distinguish between a cir-
cuit element and its implementation. The meaning
of the terms must therefore be inferred from the
context. In other cases, there are a physical device
and no corresponding circuit theoretical element,
e.g., operational amplifier.

Table 1.1 shows a compilation and the recom-
mended usage of different terms. VCVS and
VCCS denote voltage-controlled voltage-source
and voltage-controlled current-source, respec-
tively. These and other circuit elements will be
discussed further in Chapter 5.

Table 1.1 Components, circuit elements, and parameters

Physical component Circuitelement  Parameter

Resistor Resistor Resistance, R
Coil Inductor Inductance, L
Capacitor Capacitor Capacitance, C
Transformer Transformer n:l
- Gyrator r
Operational VCVS A

amplifier
Transconductor VCCS Conductance, g,
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1.4 Examples of Applications

In this section, we will briefly describe some typical applica-
tions of analog filters. Here we will only discuss filtering of
signals and not, e.g., filters for attenuation of harmonics in an
AC/DC converter. Such filters for filtering large currents and
voltages are also used in the electric power grid.

Historically, filters for use in telephone systems have had
a large impact on the development of both filter theory and
different types of filter technologies. Some of these filters
must meet very strict requirements. Nowadays different
types of analog filters in, e.g., cellular phones and hard drives
are important applications that push the development for-
ward as these analog filters are manufactured in great num-
bers annually.

1.4.1 Carrier Frequency Systems

In older parts of the telephone network, FDM (frequency
division multiplex) is used for transmission over vast dis-
tances. To transmit many calls on the same transmission
channel, the voice channels are placed next to each other in
the frequency spectrum using modulation and filtering
techniques.

When modulating a voice channel with a carrier fre-
quency, two sidebands are created according to Fig. 1.6. By
connecting a filter after the modulator, one of the sidebands
can be filtered out, so that a signal spectrum, according to

A Spectrum
Speech channel
» [
" [kHz
0 4 [KHz]
A Spectrum after modulation
Lower Carrier Upper
side band side band
\’ ‘—_/
» /
I ! I gl [kHz]
8 fo=12 16
Bandpass filter
Passband
. f
[kHz]
12 16

Fig. 1.6 Modulation of a voice channel

Spectrum

Fig. 1.7 Extracted side band

Fig. 1.7, is maintained and the frequency band that is occu-
pied is minimized. The filter passes frequencies in the band
12-16 kHz and blocks frequencies in the band 0-12 kHz and
above 16 kHz [60].

Figure 1.8 illustrates how three voice channels can
be translated in frequency and then combined into a
3-group. Figure 1.9 shows the principle of combining
four 3-groups into a 12-group. The filter, which is needed
to filter out a 12-group, must comply with a specification
that is among one of the toughest filter specifications that
occur in practice.

In a similar way, higher-order channels are successively
combined into groups of 3, 12, 60, 300, 900, 2700, and 10,800
channels. A carrier frequency system with 10,800 channels,
corresponding to six analog TV channels, was first intro-
duced in Sweden in 1972 and is referred to as a 60 MHz
system.

The receiver side consists of corresponding demodulation
and filtering stages to successively extract the different chan-
nels. A carrier frequency system thus contains a large number
of frequency filters. For example, Ericsson manufactured a

A
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Fig. 1.8 Generation of a 3-group
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mately 2/ and it was contained inside a temperature-stabi-
lized enclosure, which required a large space and an expen-
sive cooling system.

These filters have also been implemented as crystal filters,
whereas Siemens among others used metallic resonators
instead of crystals. The requirements on these filters were
very strict and the number of manufactured filters per year
was large. During the late 1980s, approximately 5 million
12-group filters were manufactured annually.

Nowadays, instead of carrier frequency systems, more effec-
tive and cheaper digital transmission systems are used, using
digital filter techniques, which can be implemented in integrated
circuits at a much lower cost. With a digital transmission sys-
tem, the available bandwidth can be used more effectively than
for the corresponding analog systems. Analog systems have
therefore successfully been replaced with digital transmission
systems. Note that even these systems contain many analog
filters, not as complex though.

1.4.2 Anti-aliasing Filters

When sampling an analog or continuous-time signal, it must
be band limited in order to preserve the information intact
in the discrete-time or digital signal. Otherwise so-called
aliasing distortion occurs and the information is lost. There-
fore, an anti-aliasing filter must be placed between the ana-
log signal source and the sampling circuit according to
Fig. 1.10.

Discrete-time
sequence

Band-limited signal

Fig. 1.10 Sampling of a continuous-time signal

1.4.3 Hard Disk Drives

An economically important application of analog filters is
in the read channel of hard disk drives, as many hundred
of millions of disk drives are manufactured annually. One
of the major filtering tasks in the read channel is to
equalize the frequency response so that subsequent pulses
are not smeared out in time and overlap. This problem is
referred to as intersymbol interference.

Figure 1.11 shows a block diagram of a typical mixed-
mode' read channel. The signal obtained from the magnetic

Gain Control

Timing Control

] 3
- am [ Dsp }»

uP Interface

Preamplifier

5‘ >—>< VGA H Filter

Magnetic/optical media

Fig. 1.11 Read channel in a typical disk drive

'A mixed-mode system uses both continuous-time and
discrete-time signals.
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or optical media is first amplified by a preamplifier and
then by a variable gain amplifier (VGA). The analog filter
performs signal equalization, noise reduction, and band
limiting before it is sampled. The analog-to-digital con-
version (A/D) block includes a sample-and-hold stage and
it has typically about 6 bits of resolution. The digital
signal processor (DSP) core performs, if necessary, addi-
tional equalization. It also performs the data detection,
controls gain and timing, as well as communicates with
the pP interface.

The filter must also be programmable to allow for different
bandwidths and gains requirements to accommodate for the
change in data rate when reading from the inner and outer
tracks of the disk. In addition, a tuning process is needed to
determine the optimal cutoff and gain and compensate for
temperature and power supply variations.

Partitioning the equalization between analog and digi-
tal filtering involves trade-off between the complexity and
performance of the analog filter and the complexity and
power consumption of the digital filter for a given chip
area and power consumption. It is often favorable, when-
ever possible, to use digital over analog circuits, as cost,
chip area, and power consumption as well as robustness
of the design is better. Thus, the analog filter could be
simplified to just perform anti-aliasing and the equaliza-
tion could be performed entirely in the digital domain.
However, in this approach the quantization noise gener-
ated by the A/D will be amplified by the digital equal-
ization filter and result in an increased resolution require-
ment for the A/D in order to reduce the quantization
noise contribution.

Current implementations of the equalization task
therefore range from fully analog through mixed ana-
log-digital to fully digital approaches.

1.5 Analog Filter Technologies

To implement an analog filter structure, many
different technologies may be used. For an
inductor, which corresponds to the differential
equation v(¢f) = L di/dt, a coil can be used, but
also mechanical springs, as their length and force
are described by the same differential equation.
Thus, a filter structure could be implemented
with only mechanical components. In fact,
many different physical components are
described by the same system of equations.

In practice, all components will diverge some-
what from the ideal, i.e., they will not act as a
simple circuit element. For example, a coil has
losses due to resistance in the wires. In addition,
unwanted parasitic (stray) capacitances are
always present and affect the filters frequency

response. In integrated circuits, it is very hard
to implement good inductors and resistors and
we will therefore try to replace these with
equivalent circuits.

The different technologies are impaired with
different types of errors in the components. Hence,
it is important to select a filter structure with low
sensitivity to the errors in the intended implementa-
tion technology.

1.5.1 Passive Filters

Historically, the term passive filter* was used for
implementations that only used passive compo-
nents, which cannot generate signal energy, e.g.,
coils, capacitors, transformers, and resistors.

Nowadays, the term passive filters is used for
filters that are realized using only passive, or
lossless, circuit elements, i.e., inductors, capaci-
tors, transformers, gyrators, and resistors, which
cannot increase the signal energy. Most of these
circuit elements have corresponding passive
implementations. The circuit element gyrator,
however, which is a lossless circuit element, can
only be implemented using active components
that amplify the signal energy. Gyrators and
other more advanced circuit elements will be
discussed further in Chapter 5.

Passive filters play an important role from a
theoretical point of view, as they are used in the
design of more advanced filters, but they are also
widely used and implemented with passive compo-
nents. Passive filters are often integrated into the
printed circuit board (PCB) board in order to
reduce the cost and size.

A new type of mechanical filters that are
based on so-called MEMS technology (micro-
electromechanical system) has been developed in
recent years. If a piezoelectric material is sub-
jected to pressure, a voltage that is proportional
to the pressure appears between the two pressure
surfaces. If a voltage is applied, then the size of
the material changes proportionally to the

%In the literature, the more restricted term LC is (wrongly)
used to represent a filter that contains both R, L and C
elements.
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voltage. The piezoelectric effect can be used for
converting between electrical and mechanical
quantities (vibration that corresponds to pres-
sure variations). The piezoelectric effect is also
used in certain cigarette lighters to ignite the gas.
In Chapters 3 and 4, we will discuss the design
and implementation of passive filters in more
detail.

At microwave frequencies, various types of
transmission lines and components based on fer-
rite materials are used.

1.5.2 Active Filters

Historically, active filters were introduced to
replace inductors impaired by a number of unde-
sirable properties, i.e., non-linearity, losses, large
physical size and weight, and they are only possi-
ble to integrate for very high frequencies. The
term active filter comes from the active (amplify-
ing) circuit elements that can generate signal
energy in order to distinguish from filters that
only consist of passive element. Active filters are
therefore potentially unstable.

The first active filters used electron tubes as
amplifying elements (1938) and later on, in the
1950s discrete transistors were used. Typically,
the components were soldered on a circuit
board made of thin film or thick film type.
Those active filters had a significantly smaller
physical volume than corresponding passive fil-
ters, especially for low (audio) frequencies, but
suffered from high sensitivity for variations in
the amplifying components compared with pas-
sive filters.

The modern theory for active filters is considered
to have begun with a paper by J.G. Linvill (1954).
This led to an increasing interest in research in ele-
ment sensitivity and it was discovered that some of
the LC filters that were used were optimal from an
element sensitivity point of view. This issue will be
discussed in detail in Chapter 3.

In the beginning of the 1970s, the operational
amplifier had become so cheap that it could replace
the transistor. Operational amplifier-based active
filters were easier to design, especially for low

(audio) frequencies, and it therefore became the
dominant technology. The usable frequency range
was, however, limited to a few MHz. Nowadays,
active filters can be implemented with bandwidths
of several hundreds of MHz.

1.5.3 Integrated Analog Filters

The event of integrated analog filters makes inte-
gration of a complete system on a single chip pos-
sible. Normally a system on a single chip contains
both digital and analog parts, e.g., anti-aliasing
filters in front of A/D converters. Integrating a
whole system on a single chip drastically reduces
the cost.

Operational amplifiers and capacitors can
relatively easily be implemented in CMOS pro-
cesses, but the gain, the bandwidth of the ampli-
fiers, and the capacitance vary strongly and have
to be controlled by a controller circuit. Resistors
with relatively low resistance values, but rela-
tively high tolerances, can also be implemented.
Different techniques, based on active elements,
have therefore been developed to also remove
the need for resistors.

The need for control of the filter frequency
response is not only a problem, but also a necessity
in some applications, e.g., in the read channel for
hard drives and magnetooptic disks. The disk spins
with constant speed and every bit occupies a fix
space of the track, which means that the data rate
will vary depending on which track is being read.
In the read channel there is an analog filter that at
the same time serves two purposes, one is band
limiting the signal before the A/D converter
(anti-aliasing filter) and the second is for equaliz-
ing the read channel (equalizer), i.e., shaping the
frequency response of the read channel so that the
reading of successive bits do not interfere. This
phenomenon is called intersymbol interference.
The bandwidth of the analog filter must also be
able to vary with a factor of at least 3, which causes
additional problems.

Controllable active integrated analog filters have
during the 1990s, due to the large economic signifi-
cance, been a driving force behind the development
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of integrated active filter technology. Other impor-
tant applications that are the driving force behind
technology development are anti-aliasing filters
that are used in front of the A/D converters and
filters to attenuate spurious elements after a D/A
converter. A/D and D/A converters are used in the
interfaces to digital signal processing systems, e.g.,
cellular phones, CD, DVD, MP3 players, and LAN
(local area networks). Because the filters in these
high-volume applications are often battery pow-
ered, the cost and the power consumption are of
major concern.

1.5.4 Technologies for Very High
Frequencies

The time for propagation of electrical signals
becomes important in realization and implemen-
tation of analog filters for very high frequencies.
This time becomes significant when the compo-
nent’s physical size is 1/4 (a quarter of a wave-
length of the highest frequency) or larger. For
example, an electrical signal in vacuum has a
wavelength of approximately 300 mm at
1 GHz. If instead the material is silicon oxide
with the relative dielectric constant 10.5, the
wavelength becomes 300/+/10.5 ~ 93 mm. Thus,
a component of the size 23 mm or larger cannot
be considered to be small at 1 GHz and has to
be described with a more advanced circuit theo-
retical model, i.e., distributed circuit element [53].
In Chapter 4, we will discuss passive filters that
use transmission lines as the basic component.

If the components are small, we can, however,
use ordinary lumped circuit elements.

1.5.5 Frequency Ranges for
Analog Filters

Filtering is a fundamental operation in most
electronic signal processing systems. It is there-
fore important to have a general knowledge of
limitation of different filter technologies. Some

of the most important analog filter technologies
and their typical usable frequency ranges are:

Passive Filters
Discrete LC components
Distributed components

Frequency range
100 Hz to 2 GHz
500 MHz to 50 GHz

Mechanical Filters
Crystal filters
Quartz — monolithic
Quartz — non-monolithic

1 MHz to 400 MHz
1 kHz to 100 MHz

Ceramic filters 200 kHz to 20 GHz
Metal resonator filters 10 kHz to 10 MHz
Surface acoustic wave filters 10 MHz to 4 GHz
Bulk acoustic wave filters 2 GHz to 20 GHz

Electrothermal filters 0.1 Hzto 1 kHz

Active filters
Active RC filters
Discrete components
Integrated circuits

0.1 Hz to 50 MHz
10 kHz to 500 MHz

Note that the frequency ranges given above are
not absolute limits; they just indicate typical fre-
quency ranges. The usable frequency range is also
affected by the requirements of the filter. Crystal
filters, e.g., can only be used for bandpass filters
with very narrow passbands. In the microwave
domain there is a number of different filter technol-
ogies, but these will not be discussed in this book.

Power consumption is an important issue in many
applications. Generally, the power consumption is
proportional to the bandwidth, signal-to-noise ratio,
and inversely proportional to the distortion.

The choice of filter technology for a certain
application is, of course, dependent upon the filter
requirements and the acceptable manufacturing
cost. The cost of the filters depends to a high
degree on the number of manufactured filters. To
lower the cost, it is preferred to use technologies
that require little labor, i.e., can be manufactured
automatically and for this reason is suitable for
mass production. This is one of the most impor-
tant reasons to develop filter technologies that
allow filters to be implemented in integrated cir-
cuits. Digital filters and integrated active RC and
SC filters are suitable for this. The development in
IC technology has made it possible to integrate
complete signal processing systems, e.g., a com-
plete cellular phone on a single chip.
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It is worth noting that there is no indication
that older filter technologies, e.g., LC filters, are
disappearing completely — there are certain
cases where they are competitive, e.g., in the
frequency range 1-2 GHz. Even “classic” com-
ponents such as inductors and capacitors are still
developed and improved.

In order to implement continuous-time filters for
high frequencies, it is necessary to reduce the physi-
cal size of the components, i.e., whole filters must be
implemented in an integrated circuit. This also
makes it possible to implement circuits with both
analog filters and digital circuits on the same silicon
plate. Suitable technologies are CMOS and
BiCMOS, which is a CMOS process with the possi-
bility to implement bipolar transistors. Filters are
also integrated in GaAs technology. The two later
technologies are considerably more expensive than
the standard CMOS technologies that are used for
digital circuits.

1.6 Discrete-Time Filters

Implementation of discrete-time filters has mainly used
charges as signal carriers. The earliest technologies,
charged-coupled devices, use charges that were stored
under plates on top of a silicon die and a digital clock
to transfer the charges between different plates. Another
technology, called bucket-brigade circuit, used MOS
switches to transfer charges between different storage ele-
ments. Both these filter technologies have now disap-
peared, but charged-coupled devices are used in many
image detectors, cameras, etc.

Yet another technology, switched current circuits, are cir-
cuits using currents as signal carriers (current mode) and has a
potential greater frequency range compared to circuits based
on ordinary operational amplifiers (voltage mode) because
the latter uses less or no feedback.

Today, the main filter technology for discrete-time filters is
the so-called switched capacitor techniques.

1.6.1 Switched Capacitor Filters

At the end of the 1970s a new type of discrete-time filter was
developed, so-called SC filters (switched capacitance filters)
[2], which could be integrated in a single IC circuit. This
makes it possible to implement SC filters together with digital
circuits, i.e., SC technology makes it possible to integrate
complete systems on a chip (system-on-chip). In CMOS

technology, good capacitors and switches can easily be imple-
mented. A MOS transistor is a good switch with a small
resistance when it conducts (a few kQ) and as an open-circuit
when it does not conduct. Furthermore, good operational
amplifiers can be implemented in CMOS.

Using switches, the capacitor network can be switched
between several configurations. A control signal (clock) is
used to switch between two different configurations. Signal
carriers are the charges on the capacitors. Using this tech-
nique, a system of difference equations can be solved, i.e., a
discrete-time filter can be implemented. The power con-
sumption by SC filters is relatively low but increases with
increasing clock frequency. The bandwidth of SC filters can
be altered by changing the clock frequency. An enabling
feature of SC filters is that the ratio of capacitances can be
very accurate and therefore no trimming of the frequency
response is needed.

SC filters is a mature technique used in a large num-
ber of applications, e.g., hearing aids, pacemakers, and
A/D converters, but they are now often replaced by
analog filters, especially for high frequency applications.
The sampling circuit shown in Fig. 1.3 is an example of
an SC circuit.

Integrated circuits with SC filters exist for different stan-
dard applications. For example, the integrated circuits
MAX7490 and 7491 contain two second-order sections in a
16-pin package. The sections can realize transfer functions of
lowpass, highpass, bandpass, and bandstop type. The circuits
use power supply voltages of +5V and +2.7 V, respectively,
and consume only 3.5 mA. The center frequency, which is
determined by the clock frequency, can be controlled from
1 Hz to 30 kHz.

1.6.2 Digital Filters

Digital filters developed quickly when cheap digital circuits were
made available in the beginning of the 1970s. NMOS and TTL
circuits had, however, too large power consumption and there-
fore only very simple circuits could be implemented. CMOS
circuits were more suitable for integration of large and complex
circuits, but the power consumption and the cost was large
in comparison with the more mature technology based on opera-
tional amplifiers. In addition, an analog filter does not
require A/D and D/A converters.

The development during the 1980s and 1990s of CMOS
technology and digital signal processors, and the fact that
many digital signal processing systems often include digital
filters, made them more competitive [134]. Today, digital
filters are usually preferred in applications that require high
dynamic signal range, e.g., more than 50 dB, and sample
frequencies of less than a few hundred MHz. Analog filters
have their advantages in applications with less demands on
the dynamic signal range and for higher frequencies. Of
course, discrete-time and continuous-time filters are not
direct competitors as they are more suitable in their own
environments.
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1.7 Analog Filters

In this section, we will discuss some of the character-
istic properties of frequency selective analog filters.

1.7.1 Frequency Response

The properties of an analog filter can be described
by the output signal for various input signals. In
fact, the filters of interest here can be completely
described by the output signal in response to a
sinusoidal input signal with the angular frequency
. The ratio of the Fourier transforms of the output
signal, Y(jw), and the input signal, X(jw), is called
frequency response.

Definition 1.1 The frequency response of a linear,
time-invariant system is defined as

A Y(jo)

HUjo) 2 F o)

(1.1)

Henceforth we will assume that the analog filter’s
input and output voltages corresponds directly to
the input and output signals, respectively. Hence,
we do not strictly differentiate between signals and
signal carriers, i.e., we assume that X(jw) = V(jw)
and Y(jw) = V»(jw). This distinction becomes more
essential for discrete-time filters.

1.7.2 Magnitude Function

The frequency response H(jw) is a complex func-
tion of w. For this reason it is interesting to study

both the value of H(jw) and the phase @(w). H(jw)
can be written as

H(jw) = |H(jw)|e™) (1.2)

or

H(jo) = Hg(w) + jH(w) (1.3)
where Hy(w) and H/w) are real (even) and imagin-
ary (odd) functions of w, respectively.

Definition 1.2 The magnitude function is defined as

|H( jo)| A

H3 () + H3 (). (1.4)

Normally we express the magnitude function
using a logarithmic scale,

201og(|H(jw)|) [dB].

Thus, |H(jw)| = 1 and 0.01 correspond to 0 dB
and —40 dB, respectively. Some works in the literature
use 20 In(| H(jw)|) [Neper]. Figure 1.12 shows the mag-
nitude function of a fifth-order lowpass Cauer filter.

A sinusoidal signal with an angular frequency of
less than 1 rad/s will pass through the filter almost
unaffected while frequencies are reduced to less than
1% if the angular frequency is larger than approxi-
mately 1.2 rad/s. Hence, this filter is a lowpass filter.

1.7.3 Attenuation Function

Instead of using the magnitude function, it is more
common to use the attenuation function.

0 !
20k
=
=,
E —40 -
z
60 |
i i -80 L !
Fig. 1.12 Magnitude 0 1 5

function for a fifth-order
lowpass filter of Cauer type

o [rad/s]
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Definition 1.3 The attenuation is defined as

A(w) A = 20log(|H(jw)|) dB. (1.5)

|H(jw)| = 1 corresponds to the attenuation 0 dB,
i.e., no attenuation of the input signal. The attenua-
tion for the same fifth-order lowpass filter of Cauer
type is shown in Fig. 1.13. Note that the attenuation
function and magnitude function (in dB) differ only
in terms of the sign.

required passband gain is adjusted to its desired
value after the filter has been synthesized.

1.7.4 Phase Function

The frequency response is a complex function of @
and it is therefore necessary to also consider the
phase of the frequency response.

80
60 I
@ ,
= :
= 40f
E
<
20 -
Fig. 1.13 Attenuation for a 0
fifth-order lowpass filter of 0
Cauer type

Typical attenuation in the stopband for analog
filters are in the range 20-80 dB, which corresponds
to values on the magnitude function in the interval
0.1-0.0001.

In order to simplify the design of the filter, the
gain of the filter is normalized by dividing the mag-

3 4 5 6 7 8 9 10
o [rad/s]

Definition 1.4 The phase function” is defined as

H]((U)
HR((U)>' (1.6)

d(w) A arg{H(jw)} = atan <

Figure 1.14 shows the phase function for the
same fifth-order Cauer filter as before.

Fig.1.14 Phase response for
a fifth-order lowpass filter of
Cauer type

nitude function with its largest value. Thus, the

o [rad/s]

normalized gain in the passband is equal to 1,
which corresponds to the attenuation 0 dB. The

3Note that in the literature, the phase is sometimes defined
with a negative sign compared to Equation (1.6).
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The phase is usually drawn between —180° and
+ 180°. This means that the apparent discontinuity
(jump) in the phase function at w ~ 0.8 rad/s is not a
discontinuity. In fact, it is an artifact of the plotting.
However, the discontinuities at w ~ 1.25 rad/s and
o = 1.75 rad/s are real discontinuities of —180°. The
phase function decreases with 180° at a discontinu-
ity. In many, but not all, applications these discon-
tinuities may be neglected.

Note that the phase for high frequencies always
approaches a multiple of 90°. For w = 0, the phase
is always a multiple of 90°.

1.7.5 LP, HP, BP, BS, and AP Filters

It is common to characterize frequency selective
filters with respect to their passbands A lowpass
(LP) filter is characterized by letting low frequency
components pass, while high frequency components
are suppressed. Between the passband and the stop-
band, there is always a transition band. A highpass
(HP) filter passes high frequencies and suppresses
lower frequencies. The magnitude functions for
a lowpass and a highpass filter are illustrated in
Fig. 1.15 and Fig. 1.16, respectively.

The magnitude function for a bandpass (BP) fil-
ter is illustrated in Fig. 1.17. There are two stop-
bands and in between a passband. Bandpass filters
are very common.

The magnitude function for a bandstop (BS)
filter (band reject filter) is shown in Fig. 1.18. It
suppresses signals in a certain frequency band. It
has two passbands and between them a stopband. If

4 1H(jo)l

14

» ©
Stopband

Passband ‘

Transition band

Fig. 1.15 Lowpeass filter

4 H(jw)
l —
0 f »
Stopband ‘ ‘ Passband
Transition band
Fig. 1.16 Highpass filter
4 IH(jo)
| ﬂ
0 > O
Lower Passband Upper
stopband stopband
Fig. 1.17 Bandpass filter
4 H(o)
1 —
0 > ©
Lower ‘ Stopband Upper
passband passband

Fig. 1.18 Bandstop filter

the stopband is very narrow, it is often called a notch
filter.

Lowpass and highpass filters with narrow transi-
tion bands together with bandpass and bandstop
filters with narrow passbands and stopbands,
respectively, are more difficult and more costly to
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implement. The cost for realizing the filters
increases with decreasing transition band.

Figure 1.19 shows the magnitude function and
the phase function for an allpass (AP) filter. Char-
acteristic of allpass filters is that all frequencies pass
through the filter with the same or no attenuation.
However, different frequency components are
delayed differently, which leads to distortion of the
waveform. Allpass filters are therefore often used to
equalize the delay of a system so the delay becomes
equal for all frequencies.

4 H(jw)

4 arg{H(jw)}

—nm/2 —

Fig. 1.19 Frequency response for an allpass filter

It is convenient, during the synthesis, to nor-
malize the attenuation to 0 dB. After the synth-
esis has been completed, the gain of the filter is
adjusted.

15
1.7.6 Phase Delay
Definition 1.5 The phase delay is defined as
d(w
ty(w) A - % (1.7)

The magnitude function and phase function
describes how the filter affects the input signal
in a steady state. The output signal Y(jw) from a
filter with the transfer function H(jw) and the
input signal x(1) = 4 ¢, i.e., a complex sinu-
soidal signal with amplitude 4 and angular
frequency o, is

y(1) = H(jo)x(1) = H(jo) A" = |H(jw)| 4/ ")

— |H(joo)| 4¢“(H5) = | H(joo)| 4.

How much a frequency component is delayed by
the filter is given by the phase delay, which is a
function of w.

Figure 1.20 shows the phase delay for the
same fifth-order Cauer filter as before. Note
that the two discontinuities in the phase response
cause a discontinuities in phase delay. The phase
delay can be negative within a certain limited
frequency band.

To investigate the filter’s influence at fast varia-
tions in the input signal, we use the square wave
shown in Fig. 1.21 as input signal. The period is
62.832 s, which corresponds to g = 0.1 rad/s.

The square wave can be described by the Fourier
series

T () [8]

Fig. 1.20 Phase delay for a
fifth-order lowpass filter of
Cauer type
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Fig. 1.21 Square wave

1 2 2 2

v(£) = vo <§+;cos(0)0t) - gcos(%)ot) +§cos(5wol) - .. )
1 2 (1)

v(t) = vo (5 - EZZn =3 cos((2n — l)a)gt)> .

n=1

(1.8)

Thus, the square wave only contains odd fre-
quency components. A filter with a non-linear
phase delay will delay the different frequency com-
ponents differently.

T T T T T
1 ““““““““““““““““““““
0.8 e frrriei b L
0.6 o[ b
0.4 o[l
0.2 o[ b
0_ “““““““““““““““
1 1 1 1 1
-60 —40 —20 0 20 40 60
t[s]

Figure 1.22 shows the output signal for an ideal
lowpass filter, which lets all frequencies up to 9w0
pass unaffected and without any delay. The flanks
of the output signal are less distinct because of the
filter’s finite bandwidth and a ringing occurs after
every pulse flank. Such a filter is noncausal, which is
evident from the ringing in the output signal, which
occurs before (anticipates) the pulse flanks.

Figure 1.23 shows the output signal when all of
the frequency components up to 9w0 pass the filter

Fig. 1.22 A square wave as 1.2 T T T T T
input signal and the 1ba N oo N A
corresponding output signal ~ : ~ : : v
to an ideal filter without 0.8} .
delay 06L |
0.4} -
0.2 -
0k O\ A\ 2\ O\ A\ 2\ .
(VAR ~ oV \VAd ~\V
_0.2 I I 1 1 1
-60 -40 -20 0 20 40 60
t[s]
1 2 T T T T T
1 B A
0.8} .
0.6 | .
0.4} .
Fig. 1.23 A square wave as 0.2} .
input signal and the ol |
corresponding output signal
to an ideal filter with a delay —0.2 L L L ! I
corresponding to a fifth- —60 —40 —20 0 20 40 60
order Cauer filter t[s]
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without any attenuation, but delayed corresponding
to the delay of a fifth-order lowpass Cauer filter.

If the interesting information in the input signal is
in the curve shape, the different frequency compo-
nents must be delayed equally by the filter in order to
leave the information, i.e., the waveform, undis-
torted. It is for this reason desirable that tfiw) is
constant so all frequency components are delayed
with the same amount. An equivalent way of expres-
sing this is saying that a filter has linear phase
response. The magnitude function and phase func-
tion for a causal filter depend on each other.

1.7.7 Group Delay

A more useful measure of delay of a filter is the
group delay.

Definition 1.6 The group delay is defined as

(1.9)

Figure 1.24 shows the group delay for a fifth-
order Cauer filter. Note that the group delay
varies strongly within the passband and has
its peak at or slightly above the passband edge,
1 rad/s.

The group delay is an even, rational function of
. Applications that require a small variation in the
group delay are, e.g., video, EKG, EEG, FM (fre-
quency modulated) signals, and digital transmission
systems, where it is important that the waveform is
retained.

w =

To further study the delay properties of the filter,
we consider two sinusoidal signals with the angular
frequencies w; and w,. Figure 1.25 shows the input
signal and the corresponding output signal of the
same fifth-order lowpass Cauer filter as discussed
before. Both frequency components pass through
the filter unaffected.

The input signal can be written as

x(#) = sin(w;t) + sin(w,1)

= 2¢cos <w t) sin <w t>.

Hence, the input signal will be perceived as
an amplitude modulated carrier with the angular
frequency (w; + w,)/2 and with a slowly varying
amplitude 2 cos[(w; — w,)t/2]. In Fig. 1.25 we
have w; = 0.9895 rad/s, and w, = 0.8995 rad/s,
which yields (w; + @,)/2 = 0.9445 rad/s and
(w1 — ®,)/2 = 0.045 rad/s.

The components in the output signal, which has
been phase shifted @(w;) and @,(w,), respectively,
can be written

(1.10)

y(1) = sin(wt + @) + sin(wat + P7)

:2cos<w] ;wthr(p] — ¢2> sin<w] -’—wthrqa1 +(p2>

2 2 2
_ 2COS<{UI — <I+ b + @2))
2 w1 + W

¢>7(1>2>) . <(Dl+(02(
sin 1+
w] — Wy 2

When o, — w,, we get

(1) :ZCOS(w] ng (I+%>> sin(w] ;’0)2 (l+§;)) (111)

25 ,

20

To(®) [s]

Fig. 1.24 Group delay for a
fifth-order Cauer filter

2.5 3
o [rad/s]
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Fig. 1.25 Input signal and 6
corresponding output signal
to a fifth-order Cauer filter

and

5(0) = 2005(2 2 1 - 1y(00)) sm(w“ ~y()) (1.12)

where 7(w) is the phase delay and t4(w) is the group
delay. For this filter, we have t(wo) = 4.536 s and
To(wo) = 12.898 s.

The group delay describes the delay suffered by
the modulating time function, i.e., the envelope (the
LF signal), and the phase delay describes the delay
of the carrier wave. For unmodulated (baseband,
video) signals, the variations of the phase delay
7{w) define the delay of the frequency components
of the signal.

If the group delay varies strongly within the pass-
band of the filter, the waveform of the output signal
will change. It is for this reason usual that we put
requirements on the group delay. It is, however, not
easy to state how stringent requirements we should use
in a certain application. In many applications within
the audio area, the phase distortion plays a minor part,
because the human ear is relatively insensitive in this
respect. However, for transmission of pulses or signals
where the waveform is of importance, it is important
that the phase characteristics of the transmission

100

t [s]

system are linear, i.c., the group delay is constant, or
else the waveform will be distorted.

The group delay is more commonly used than the
phase delay, as it is a more sensitive indicator of
deviations from the ideal linear-phase behavior
than the phase delay. In addition, it has a simpler
mathematical form and it is easily measured.

1.8 Transfer Function

A common method of describing a system is using a
behavior description, i.e., describing the system
properties by using only input and output signals.
The frequency response is such a description, which
is the ratio of the Fourier transforms of the output
and the input signals for a sinusoidal input signal.
The transfer function, which is another more
powerful description, is the ratio of the Laplace
transforms* of the output and the input signals.

“A forerunner to the Laplace transform, the operational
calculus, was invented by Oliver Heaviside (1850-1925).
The basis for Heaviside’s calculus was later found in writings
of Laplace (1780).
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Here we consider transfer functions that can be
realized with lumped elements. In Chapter 4 we
will discuss more general transfer functions that
require distributed elements for their realization.

Definition 1.7 The transfer function for an analog
filter that can be realized with lumped elements is

H@%:ZS;

(1.13)

H(s) is a rational function in s where N(s) and
D(s) are polynomials in s.

The degree’ of the numerator polynomial for
analog filters must be less than or equal to the
degree of the denominator polynomial to make the
filter realizable. The order of a transfer function of
an analog filter is equal to the denominator order.

1.8.1 Poles and Zeros

It is useful to describe H(s) using the numerator and
denominator polynomial roots. The roots of the
numerator are called zeros and the roots of the
denominator are called poles. The transfer function
can be written as

(s = sa)(s = s2) (s — 5:3) e (s — )
) = 6 g6 s sy (g 1 =N (114

The poles and zeros and the gain constant G is
sufficient to fully describe the transfer function. The
passband gain is, from a filtering point of view,
uninteresting, as it does not vary with frequency
and all frequency components are effected in the
same way. We will later discuss how the gain con-
stant G shall be determined in order to make the
output signal of appropriate size.

A necessary condition for a filter to be stable is
that the output signal is bounded for every limited
input signal. Moreover, all poles must lie in the left
half plane for a stable filter. Zeros, however, can lie
anywhere in the s-plane, but for frequency selective
filters, the zeros typically lie on the jw-axis.

°In the literature, the terms order and degree are used inter-
changeably, but the former refers to the order of the corre-
sponding differential equation whereas the later refers to the
degree of the polynomial.

Furthermore, there must for every complex pole
s, (zero s.) exist a corresponding complex conjugate
pole s,* (zero s.*).

The reason for this is that both the numerator
and the denominator polynomials in the transfer
function can only have real coefficients to make
the filter realizable with real circuit elements.
Thus, the poles and the zeros occur as complex
conjugating pairs. However, simple poles and
zeros can appear on the real axis in the s-plane.
The magnitude function and phase function can
easily be determined based on poles and zeros.

Definition 1.8 All roots of a Hurwitz® polynomial
lie in the left half plane or on the jw-axis whereas an
anti-Hurwitz polynomial has all roots in the right
half plane. For a polynomial to be Hurwitz, it is
necessary but not sufficient that all of its coefficients
are positive.

If the denominator in Equation (1.13) has
higher order than the numerator, ie., N > M,
then the transfer function has (N—M) zeros at infi-
nity because the transfer function asymptotically
approaches zero in the same manner as the
function

o (1.15)

for large values of s.

Figure 1.26 shows the poles and the zeros for a
fifth-order Cauer filter, which has four finite zeros
and one zero at s = co. A semi-circle with the radius
w.=passband edge angular frequency has been
marked in the figure.

Theorem 1.1 For a stable analog filter, we have
Number of poles = Number of finite zeros + Num-
ber of zeros at s = cc.

Consider the transfer function in factorized form

(5= sa)(s = 52)(s —523) - (5 — Sm)
) = O =3 — 3 ) 1

where G is the gain factor. The frequency response is
obtained by replacing s with jo,

® Adolf Hurwitz (1859-1919), Germany.
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The factors can be written j(w)—a; —jb; =

—a; + j(w — b;) = rié® where a; + jb; correspond to
either a pole or a zero where

ri=\/ai + (= by)?
— b,
D; = arctan{w }

Insertion in the expression for the frequency
response yields

(1.18)

(rzlé‘jq)"l)(szé‘j(p"z)(}’ﬁejq)ﬂ) “es (rzMef‘I’:/vi)

H(jo) =G - - : :
(]CU) (rpl e](ppl )(rpzej(p 2)(rp3e]¢p3) e (rpNe]‘p,u\')

"—1}’727—3 c e rvMel'((p:l+¢:2+¢:3“'¢:M)

D1+ P2+ Pp3+jPprr)

(1.19)

=G

Iﬂ])lr]ﬂr[ﬂ P rZNej(

By considering vectors in the s-plane, we can
determine the magnitude and the phase functions.
Vectors are drawn from the poles and zeros to
a common point on the jw-axis according to
Fig. 1.27.

The pole-zero configuration corresponds to a
lowpass filter with three poles and two finite zeros.
We obtain, according to Equation (1.19), the mag-
nitude response at the angular frequency w, except
for gain constant G, by multiplying the magnitude

XV}_‘P,, 3

Fig. 1.27 Vector-based computation of the magnitude and
phase functions

of the vectors, which originate from the zeros, and
dividing with the product of the magnitude of the
vectors, which originate from the poles.

We get

Fl2lz3 Ty

|H(j)| = |G (1.20)

}’pll’pzrp3 s rpN

We get the phase by adding the angles from the
zeros and subtracting the angles from the poles
according to

O(w) =arg{G} + @,y + -+ Doy — Py — - — Dpy (1.21)

The above method has been implemented in the
MATLAB function PZ 2 FREQ S(G, Z, P, W).
The function is part of the accompanying toolbox,
and it is significantly more accurate to perform all
computations using the poles and zeros than by using
the MATLAB function freqs(N, D, w), which uses the
denominator and numerator polynomials N and D.

1.8.2 Minimum-Phase and Maximum-
Phase Filters

Consider the four possible pole-zero configura-
tions shown in Fig. 1.28. By considering the vectors
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from the poles and zeros to an arbitrary point on
the jw-axis, it is understood that their length is
equal in the four cases, i.e., the magnitude func-
tions are the same. The angles according to Equa-
tion (1.21) are however different. The phase char-
acteristics and the group delays are different in the
four cases.

Definition 1.9 A minimum-phase filter has all zeros
in the left half plane or on the jw-axis.

This is applied in the case (a) shown in Fig. 1.28.
This pole-zero configuration has minimum-phase
and the smallest group delay of the four filters.

There exists a unique relationship between mag-
nitude and phase response for a minimum-phase
system. Hence, we cannot have conflicting require-
ments on the two responses.

Transfer functions with minimum phase are of
special interest because good filter structures, e.g.,
LC ladder network, which are insensitive to errors
in the component values can be used to realize
transfer functions of minimum-phase type.

Any finite linear physical structure that is stable
and where energy only travels through one path
from the input to the output is normally a mini-
mum-phase system.

Definition 1.10 A maximum-phase filter has all
zeros in the right half plane.

The filter (d) in Fig. 1.28 is a maximum-phase
filter. Allpass filters are an example of filters that are
of the maximum-phase type.

1.9 Impulse Response

In previous sections, the filter properties were
described by ratio of the Fourier or Laplace trans-
forms of the output and input signals. It is also of

interest to characterize the filter for other types of
input signals such as steps and impulses [68]. It is
often of theoretical importance to describe the filter
using the Laplace transform and with an input sig-
nal that corresponds to X(s)=1. This input signal
corresponds to a Dirac function’.

Definition 1.11 A filter’s impulse response, h(t), is
defined as

h(f) < Y(s) = H(s) (1.22)

o(r) « X(s) = L. (1.23)
h(f) = 0for ¢t < 0 for a causal filter. Note that all
definitions of filter properties that have been dis-
cussed in this chapter assume that the filter has no
stored energy when the input signal is applied.

1.9.1 Impulse Response of an Ideal
LP Filter

Consider the ideal LP filter shown in Fig. 1.29,
which is not realizable in practice.
The frequency response is

H(jo) = |H(jw)|e™ (1.24)
and the magnitude function is
1 |o| <o,
H(jw)| = 1.25
ol ={, S0 a2

The width of the transition band is zero, the phase
function, ®(w) =-w1y, is linear, i.e., the group delay

"Proposed by the nobel laureate Paul A. M. Dirac (U.K.) in
1927 (1902-1984).
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Fig. 1.29 Ideal LP filter 4 |H(jo)|

-0, o,

\I O (jo)
> ®

AN

in the passband is constant and equal to 7(. The filter
is, thus, an ideal LP filter, but with a delay 7. In the
literature, however, an ideal LP filter is often defined
as an LP filter without delay, i.e., with 1o=0.

The impulse response for an ideal LP filter is

1 e} ‘ 1 [on
h(t) =5 / H(jow)e 'de = 5 /

—,

IO GO oy —

- _ 1.26
o, sin(o(1 ro)),l#m (1.26)
_J2n o(t—1)
[oF
E, t=1g.

Figure 1.30 shows the impulse response for
an ideal LP filter with w.=1 rad/s and tq=>5s.
The filter is noncausal, as the impulse response is
not 0 for ¢+ < 0. The maximum of the impulse
response, which depends on the group delay, occurs
at 1=1,=>5s. Note that the period of the ringing is
inversely proportional to bandwidth w..

In order to make the filter realizable it is neces-
sary, but not sufficient, that the impulse response is
0 for 7 < 0. A necessary and sufficient condition is
stated in Theorem 1.2 [21].

Theorem 1.2: Paley-Wieners Theorem A necessary
and sufficient condition for a magnitude function to
be realizable with a causal analog filter is that

/ |H(jw)?|do < 0o

and

7 |In |H(jo)]|

1T dow < oo.
w

—00

Theorem 1.3 A continuous-time filter with constant
group delay, i.e., with linear phase characteristics,
must have a symmetric impulse response.

This implies that causal, analog filters, which
are realized with lumped circuit elements, cannot
have exact linear phase. Some filters, which are
realized with distributed circuit elements, can,
however, have linear phase.

Figure 1.31 shows the output signal from a
realizable, causal LP filter with an impulse as
input signal, i.e., the impulse response. Because
the filter is casual, i(r) = 0 for ¢z < 0. If the
order of the numerator and denominator are
equal, there will be an impulse at 1 = 0.

The length of the impulse response indicates
for how long a time a disturbance at the input
effects the output signal. It can be shown that a
filter with rapid variations in the magnitude
function or in the phase response results in an
impulse response with long duration.

A signal carrier, i.e., a voltage, which corre-
sponds to an impulse, can of course not be

04F T

0.3

Fig. 1.30 Impulse response
for an ideal LP filter

t [s]



1.10 Step Response

23

Fig. 1.31 Impulse response T T
for a fifth-order LP filter of
Cauer type

h(t)

realized in practice. It is therefore not possible to
directly measure the impulse response for an
analog filter.

1.10 Step Response

Definition 1.12 A filter’s step response, s(f), is
defined as

Y =) < V() = H)L (1.27)

x(t) = u(t) & X(s) = % (1.28)

where u(t) is the unit step function. The filter has no
stored energy at the time when the step is applied.
u(?) in Equation (1.28) is called the Heaviside
function. Figure 1.32 shows a typical output signal
for an LP filter with a unit step as input signal, i.e.,
step response. We get an output signal, s(¢), that

increases from 0 to its final value, which corre-
sponds to |H(0)|. The step response s(1) = 0 for ¢
< 0 for a causal filter.

To describe how fast the output signal is grow-
ing, the term rise time is used. The rise time is
defined as the time it takes for the output signal to
grow from 10% to 90% of the final value with a unit
step as input signal. For a filter of higher order than
one, an overshoot is usually obtained.

The impulse response corresponds to the deriva-
tive of the step response.

d

h(t) = Es([). (1.29)

The step response is equal to the integral of the
impulse response.

s(t) = /h(z)dr. (1.30)
0

s(t)

Fig. 1.32 Step response for L L
a fifth-order LP filter of
Cauer type
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The step response will be delayed proportionately
to group delay. The time for the step response to reach
the value 0.5 is an approximate measure of the average
group delay, and ringing in the step response indicates
that the group delay varies strongly in the passband.

1.11 Problems

1.1 Describe the difference between the concepts
signal and signal carrier as well as continuous-
time and analog signals.

1.2 a) Determine the transfer function and fre-

quency response for a first-order filter
with a pole s, = —3rad/sand azeros. = 0.
b) Sketch in the same diagram the magnitude
and phase response and the group delay.
c) Sketch in the same diagram the impulse and
step responses.

1.3 a) Determine the transfer function for the RC
filter shown in Fig. 1.33 when R = 15 kQ
and C = 10 nF.

b) Determine and mark the position of the
poles and zeros in the s-plane.

¢) Determine the frequency response.

d) Determine and plot in the same diagram
the magnitude and phase response and
determine the type of filter.

e) Determine and plot in the same diagram
7{w) and 1,(w).

f) Determine and plot in the same diagram
h(t) and s(7).

V,-ni) C ==

Fig. 1.33 RC filter

1.4 Repeat Problem 1.2 for the network in
Fig. 1.34 when R = 15kQ and C = 10 nF.
1.5 a) Determine the transfer function, H(s), for
the filter in Fig. 1.35.

Fig. 1.34 RC filter C

Vout

Fig. 1.35 L( filter

b) Determine the magnitude function and
phase angle at the angular frequency
where the magnitude function has its max-
imal value.

1.6 a) Compute the gain of a filter at ® =
when the attenuation at the same angular
frequency is 1.25 dB.

b) Compute the gain of a filter when the attenua-
tion at the same angular frequency is 40 dB.

1.7 The input to a filter is v;,(f) = 0.5 sin(wz+0.4)
V and the output signal is v, () = 0.75
cos(wt+5.2) V. Determine the magnitude
and phase of the frequency response at that
angular frequency.

1.8 a) Determine the transfer function for a second-
order filter with a pole pair s, = —3+2/rad/s
and a zero pair s, = £3j rad/s.

b) Determine the frequency response and the
group delay for the filter.

¢) Determine and plot in the same diagram the
magnitude, phase, and the group delay
responses.

d) Determine and plot in the same diagram
the impulse and step responses.

1.9 a) Define the phase and the group delay
functions.

b) Give examples of applications where a small
variation in the group delay is required and
in applications where relatively large varia-
tions are acceptable.

¢) Determine and plot in the same diagram 7,
and 7, for the network in Fig. 1.36.
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Fig. 1.36 RLC filter

1.10 Show that the phase response is

&(w) = atan (j(%))fer s =jo

1.11 Show that the group delay is

1 O0H(-s) 1

_ OH(s)
%) = 2H(—s) Os

s

fors = jo.

1.12 a) Determine the area under the group delay
expressed in the phase response at w = 0
and o = oo.

b) Plot the magnitude response and group
delay in the same diagram using MATLAB.
¢) Determine and plot in the same diagram the
impulse and step responses using MATLAB.

1.14 Repeat Problem 1.13 for a filter with the trans-
fer function

H(s) =

(s+0.5)(s+06)

1.15 Consider two filters with the following transfer

functions
s> 416
H A = ———— m—< m
(s) (82 + 25+ 26)
and
2416
H(s)= >+

(s2+ 25+ 10)

. . Fig. 1.38 Pole-zero 4
b) Determine all possible values for the phase  configuration Jjo
response at ® = 0 and w = oco. )
X J (@)
1.13 a) Determine the frequency response and
group delay of a filter, with the transfer R
function _Il 1
- 2 2 X o
s) = = .
(s+04)(s+0.5) s2+095+0.2
Filter 1 j® Filter 2 o Filter 3 j®
X (@) % x O x O
X
c o c
X
X 0] x O x O
X
Filter 4 jo Filter 5 jo Filter 6 1 jw
[0) N o)
X X
X
c © (4 (¢
X
X X
Fig. 1.37 Poles and zeros 0] X ®)
for six filters
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a) Use the vector-based technique to sketch
the pole-zero configuration in the s-plane.
b) Determine the order of the filter.

1.16 a) Determine the transfer function for the

network in Fig. 1.36 when R = 15 kQ,
C = 10nF,and L = 10 pH.

b) Plot the position of the poles and zeros in
the s-plane.

¢) Determine the frequency response.

d) Sketch using the vector-based technique
the magnitude function, attenuation, and
phase response of the network.

1.17 a) What is a minimum-phase filter?
b) What are the restrictions on the poles and
zeros?
¢) Give examples of two filters with identi-
cal attenuation, of which one of the

filters is a minimum-phase filter whereas
the other is not.

1.18 a) Which of the filters in Fig. 1.37 are mini-
mum-phase filters?
b) Which filters are allpass filters?
¢) Which filters are stable?

1.19 Consider a filter with the pole-zero configura-
tion shown in Fig. 1.38.

a) Determine the transfer function, H(s).

b) Sketch the magnitude function, | H(jw)|, for
o > 0 rad/s.

c) Sketch the phase response, arg(H(jw)), for
w > 0 rad/s.

d) What type of filter is it?

e) Suggest a possible application for the filter.

s
1.20 Show that L{f(k)} = %F(%).



Chapter 2
Synthesis of Analog Filters

2.1 Introduction

In this chapter, we will discuss different methods to
synthesize the transfer function of an analog filter,
i.e., determine the required filter order and the coef-
ficients in the transfer function, for different types
of requirements. The coefficients, which determine
the positions of the poles and zeros, will later be
used to determine the component values in the filter
realizations. Here, we will focus on frequency selec-
tive filters, which can be used to separate signals and
noise that lie in different frequency bands. Moreover,
in this chapter we will focus on transfer functions
that can be realized with lumped circuit elements,
1.e., the transfer functions are rational functions of s.

2.2 Filter Specification

Because an ideal lowpass filter cannot be realized, we
must use an approximation of the ideal frequency
response. Several standard approximations (fre-
quency responses) have been proposed. The approx-
imations, which usually are referred to as standard
filters (approximations), have been optimized using
different optimization criteria, i.e., to have the best
possible performance from a certain point of view.
Tables with standard filters, which are suitable for use
in simple applications, are widely available [11, 100,
146]. Design of filters meeting more general require-
ments usually require numerical optimization techni-
ques [29, 112, 124]. We will use programs, written in
MATLAB™ [75], both to synthesize standard filters
and filters that meet more general requirements.

A filter specification contains all relevant perfor-
mance requirements in terms of acceptable bounds
within measurable quantities may vary. Typically,
the specification contains information of acceptable
bounds within measurable quantities may vary.
Typically, the specification contains bounds on the
acceptable passband ripple, stopband attenuation,
cutoff frequency, temperature range, etc. Further-
more, the specification usually contains other types
of constraints, e.g., date of delivery and an agree-
ment between the buyer and the seller, as it is impor-
tant that the responsibility for design and manufac-
turing errors, etc., is well defined.

2.2.1 Magnitude Function Specification

For an ideal LP filter, the magnitude function equals one
in the passband and zero in the stopband. Because such
filters cannot be realized, we have to use an approxima-
tion of the ideal filter. An acceptable approximation of
the magnitude response of an ideal filter has a magnitude
function with sufficiently small variation in the passband
to be negligible and an attenuation that is sufficiently
large in the stopband. In some approximations, there
may also be requirements on the phase and group delay
characteristics as well.

In order to give the designer full freedom to solve
the approximation problem, it is common to specify
the frequency response in terms of a specification of
acceptable variations with the magnitude function
and possibly the phase function and the group
delay. We will discuss the specification of the
group delay in Section 2.2.3]

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_2, 27
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Typically, the tolerance ranges within the magni-
tude function may vary in the passband and the stop-
band, as shown in Fig. 2.1. In the transition band, the
magnitude function is only required to be decaying.

4 Ho)

! \/\

\
e

0 T T
O)C ('OS

<— Passband —bld—bld— Stopband —»

Transition band

Fig. 2.1 Typical specification for an LP filter

Figure 2.1 shows a standard specification for the
magnitude function for an LP filter with cutoff
angular frequency . and the stopband edge angular
frequency w,. Sometimes the term ripple edge for w,
is used. The transition band is the band between the
stopband and passband edges, i.e., w;— ..

A specification with a small transition band will
require a filter of high order, and a filter that meets
higher requirements than necessary will be more
expensive to implement. Because the cost of a filter
increases with the filter order, it is sensible to mini-
mize the filter order. In many cases, however, it is
advantageous to use a filter with slightly higher
order than necessary.

2.2.2 Attenuation Specification

A typical specification of the attenuation requirements
for a lowpass filter is shown in Fig. 2.2 where A4,,,,, is
the allowed variation in the passband attenuation and
A i 1s the minimum required stopband attenuation.
From a filtering point of view, we are only inter-
ested in the relative attenuation in the passband and
stopband. It is therefore convenient to normalize

[@B] | ®

/[

min

max

T —» ®

® OR

C
Passband Stopband

Transition band

Fig. 2.2 Attenuation specifiction for an LP filter

the maximal passband gain in the passband to 1,
which corresponds to an attenuation of 0 dB as was
done in Figs. 2.1 and 2.2.

The real passband gain of the filter is then
adjusted in the last step of the filter design.

2.2.3 Group Delay Specification

Sometimes there are also requirements on the phase
function of a filter, but instead it is more common to
use a specification for the group delay. Figure 2.3
shows a typical requirement on the group delay for
a telephone channel.

A AT(f)

[ms] J
1.5

0.75
0.25
0 I T > f
0 5005001000 2600 2800 [Hz]

Fig. 2.3 Specification of variation in the group delay for a
telephone channel
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In this case, the variation of group delay in the
passband may not be too large and the specification
has therefore been normalized with respect to Ty
Hence, we have

To(@) = Tomin + ATg().

In some applications, the total group delay can-
not be too large, e.g., as in a telephone connection
via satellite. Typically, the communication channel
is active in only one direction at a time, i.e., the
direction from the speaker that starts to speak.
When the speaker stops speaking, the other speaker
may take command of the channel in the other
direction. If the delay is too large, it will be difficult
to have a conversation because the two speakers will
tend to speak or listen at the same time.

The variation of the group delay in the passband
cannot be too large either. Typically, the high fre-
quency part of the speech signal is delayed more
than the low frequency part. This is perceived as a
high frequency time-compressed copy of the word
at the end of the word. This is very disturbing to the
speakers.

2.3 Composite Requirements

It is difficult to synthesize a transfer function, H(s),
which at the same time meets requirements on both
the magnitude function and the group delay.

Traditionally, this problem has been solved by
dividing the problem into two separate design
problems, one involving the synthesis of a mini-
mum-phase and the other of a maximum-phase
filter, i.e., an allpass filter. This approach is illu-
strated in Fig. 2.4.

Definition 2.1 A minimum-phase filter has all zeros
in the left half of the s-plane including the jw-axis.

First, we synthesize a minimum-phase transfer
function, H,,(s), which meets the requirement on
the magnitude function. Then we synthesize a trans-
fer function of allpass type, H,,(s), which corrects
(adds to) the group delay of H,,(s). This can be
summarized

H(s) = Hu(s)Hap(s) 2.1

| H(jo) | = | Hu(jo)Hy(jo) | = | Ha(jo) | (2.2)
() = Pp(®) + Pgp() (2.3)

(@) = Tin(©) + Tap() 2.4

Tg(0) = Tgm(®) + Tgap(@). (2.5)

Figure 2.4 illustrates how the magnitude func-
tion and the group delay of the filter H,,(s) and
H,,(s) interact so that the combined filters meet
the requirements on H(s). However, this method is
generally not optimal, i.e., the sum of the orders of
the two filters is not always minimal, even though
the minimum-phase filter and allpass filter both

[ Hm(s)
A H, (jo)l
1 \
: > ©
(DC
A ‘Egm(w)
Fig. 2.4 Specification in
terms of a minimum-phase o

and a group delay
specification ¢

Hys) —> —=> —» Hs) |
A IHap(jco)l =1 A H(jo)l =I1H, (jo)
— 1
=
T > © T »
(Dc (Dc
A ‘Egap((D) 4 tg(co)=rgm(m)+tgap(w)
l, -
[0
(O] (Dc
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have minimal order. Computer-based numerical
optimization techniques may thus be used to synth-
esis optimal filters that simultancously meet
attenuation and group delay requirements.

2.4 Standard LP Approximations

Traditionally, we have derived different analytical
solutions to the approximation problem, i.c., the
problem to find a transfer function that meets the
filter specification. Here we first consider the partial
problem of finding a transfer function that meets
the requirement on the magnitude function.

The analytical solutions, which will be dis-
cussed below, are optimal in a certain aspect.
This means that one performance measure has
been made as high as possible but often at the
expense of other performance measures. In real
applications, the filter requirements are often
more complex. Often we require that the transfer
function at the same time shall meet several differ-
ent requirements, which even may be contradic-
tory. This makes it difficult to synthesize a good
filter. The availability of computer-based methods
has changed the situation dramatically, and a
transfer function that meets several different
requirements can easily be found using an optimiz-
ing program. Hence, it is often possible to find
more efficient and cheaper solutions than those
found in filter tables [11, 100, 146].

40

In this chapter, the classic filter approximations for
an LP filter and the corresponding computer-aided
design methods are discussed first. In the following
sections, we will discuss methods to transform an LP
filter to a highpass, bandpass, or bandstop filter [68].
We also discuss computer-aided methods of synthe-
sizing filters that meet non-standard requirements as
well as correction of the group delay with the use of
allpass filters.

The magnitude function squared for a filter can
be written as

1

L oN2
HG) =

2.6)

where Cy(jw) is the characteristic function. Cy(s) is
an odd (even) function of s for an odd (even) order
filter. The zeros of Cx(s), which are called reflection
zeros, typically lie in the passband. The poles of
Cn(s) lie in the stopband and are referred to as
transmission zeros. ¢ is a constant that determines
the variation in passband of the filter.

2.4.1 Butterworth Filters

The mathematically simplest and therefore most
common approximation is Butterworth filters.! But-
terworth filters are used mainly because they are easy
to synthesize and not because they have particularly
good properties [29, 135]. Figure 2.5 shows the
attenuation for Butterworth filters of different

30

T

A(w) [dB]
8

T

10

Fig. 2.5 Attinuation for
Butterworth filters of
different orders

o [rad/s]

'S. Butterworth, UK, 1930.
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Fig. 2.6 Group delays for .
Butterworth filters of :
different orders |
= i
2
~% i
l.a
0 H
107! 10° 10! 10

orders” and Fig. 2.6 shows the corresponding group
delays. The allowed tolerance in the passband is in
this case A4,,,.=1.25 dB, which is obtained at the
passband edge w.=1 rad/s. Note that the overall
group delay is larger and it has a sharper peak for
filters of higher order. In an ideal filter, however, the
group delay should be constant in the passband.

The area under the group delay is Nz/2, where N is
the filter order. Hence, the group delay in the passband
will increase if the bandwidth is reduced and vice versa.

For a given attenuation requirement, the Butter-
worth approximation requires a relatively high filter
order and hence the group delay becomes large in
comparison to the standard approximations, which
shall be discussed later. A high-order filter is expensive
to implement and has large power consumption if the
filter is implemented as an active RC filter.

o [rad]

Figure 2.7 shows the attenuation in the passband
for Butterworth filters of different order. Note that
a linear scale has been used for the w-axis. For
Butterworth filters, the attenuation and magnitude
functions are maximally flat for ® =0 and o = oo,
and a maximum number of derivatives (N—1) of the
functions are zero at these angular frequencies. The
magnitude function is monotonously decaying
while the attenuation is monotonically increasing.

The magnitude function squared for a Butter-
worth filter can be written as

Hjo)f = —

= 2.7
14 e2(2)*Y 7)

where ¢ is a constant that determines the variation in
the passband, 0—wc. The characteristic function
squared? for a Butterworth filter is

5
4 -
@m 3}
=
3
R
1 -
Fig. 2.7 Attenuation in the 00 05 0‘4 Y 0% 1 5 ™
passband for Butterworth : : : : : :
filters of different order o [rad/s]

>The order of a rational function is the greater of the degree
of the numerator and denominator polynomials. For a causal
filter, the degree of the numerator is equal to or less than the
degree of the denominator.

3In some literature, the factor &2 is included in the character-
istic function.
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, w\ 2V

Cn(j =(— . 2.8

et = (2) @8

The attenuation 4,,,. at the passband edge, i.e.,
w=w.18

. 1
Amz—mmeWMD:AM%G:?)@%

The attenuation 4,,;, at the stopband edge, i.e.,
w = w,is

Amin =-20 lOg(|H(]ws) |)

.

The required filter order, which can be derived
from Equations (2.9) and (2.10), is

10041A,,,,-,, -1
10g< 01 A >
N Z 10 max — 1 .
2log (&)
W,

The filter order must be an integer, and we there-
fore, but not always, select N to the nearest highest
integer.

If the transition band w,—w, is small, then the
ratio w,/w. is small and the required filter order
becomes large. Furthermore, the order is affected,
but to a lesser degree, by the required stopband
attenuation, 4,,,,, and the allowed ripple in the
passband, A4,,,,,-

(2.11)

2.4.2 Poles and Zeros of Butterworth
Filters

The poles and zeros can also be derived from Equa-
tion (2.7) as follows.

The magnitude function squared can be

written as
|H(jo)|> = H(s)H(~$)|,_j, (2.12)
Equation (2.7) yields
1
H(s)H(—s) = 2.13
OH) =1 @19

The denominator is

2N
S
wc> '

D(s)D(—s) = 1 +ez<’.

The roots to the denominator are evenly spaced
along a circle with the radius, r,, with an angle
spacing 7/ N.

Sk = jewee VN PHNRN for k=12, 2N (2.14)

which can be written as

Spe="Tpo (—sin (%) +jcos (%) ) (2.15)

for k = 1, 2,...,.2N where the pole radius, rp, is

Fpo = wee N (2.16)
and
&= V1001 max — 1, (2.17)

The denominator can be factorized into two
polynomials D(s) and D(—s) belonging to H(s) and
H(-s), respectively. D(s) is a Hurwitz* polynomial
and D(—s) is an anti-Hurwitz polynomial.

Definition 2.2 A Hurwitz polynomial has all zeros
in the left half of the s-plane or on the jw-axis
whereas an anti-Hurwitz polynomial has its root
in the right half of the s-plane or on the jm-axis.
A strictly Hurwitz polynomial has all roots strictly
in the left half of the s-plane.

Definition 2.3 An even (odd) polynomial has
only non-zero coefficients for the even (odd)
power of s.

We allocate the roots in the left half of the
s-plane to D(s) and those in the right half-plane
to D(-s). The factorization of an even polyno-
mial into a Hurwitz and an anti-Hurwitz poly-
nomials, which is very difficult to do accurately if
the roots are closely clustered, can be computed
by either of the programs HURWITZ POLY and
HURWITZ ROOTS.

4 Adolf Hurwitz, (1859-1919), Germany.
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The roots belonging to D(s), i.e., the poles of the
Butterworth filter, are

n(N+2K-1)
Spk = po | €08 | =5~

n(N+2i\fc— 1)>)

(2.18)
+jsin<

fork=1,2,..., N.

In tables, Butterworth filters are often denoted
by PN, where P stands for the German word for
exponent, i.e., “potenz,” and N is the filter order
(2 digits) [100]. Thus, P08, denotes an eight-order
Butterworth filter. The poles of Butterworth filters,
which are normalized with a passband edge =1, are
denormalized by multiplying with r .

For each complex pole pair, we define its Q
factor. In Chapter 3, we will discuss the Q factor in
more detail. Here it is sufficient to note that it is
favorable from an implementation point of view to
have as low Q factors as possible.

Definition 2.4 The Q factor for a pole (pair) is
defined as

in ‘SP|

m. (2.19)

The minimal Q factor is 0.5 and it occurs for a
real pole and becomes infinite for a complex pole
pair on the jw-axis.

For Butterworth filters, the Q factors are

1
Qk-1)
2cos (”T)

and the largest Q factor for, e.g., 10th-order Butterworth
filter, is O = 3.19623, which is a relatively low value.

The finite zeros of a transfer function are the
roots of the numerator. Hence, Butterworth filters
have no finite zeros because the numerator is a
constant. According to Theorem 1.1, the number
of zeros is equal to the number of poles. Hence,
Butterworth filters have N transmission zeros at
s =00 and N reflection zeros at s =0.

Figure 2.8 shows the poles for a fifth-order But-
terworth filter with 4,,,,., =1.25dB and w.=1rad/s.
A semicircle with the radius w. has been marked in
the s-plane.

An odd-order lowpass filter has one real pole and m
complex conjugate pole pairs, ie., N=2m + 1 poles.

0= (2.20)

T T T
5 zeros ateo -

0.8

Sp2

p5

© S

-12 -1 -08 -0.6 04 -02 0 02

Fig. 2.8 Poles for a fifth-order Butterworth filter

Even-order filters have only m complex conjugate poles,
1.e., N=2m. The transfer function for a Butterworth filter
has only poles and lacks finite zeros. According to Sec-
tion 1.8.1, all five zeros lie therefore at s = oco. Butterworth
filters are therefore said to be of all-pole type.

The transfer function for a Butterworth filter can
be written as

G
N=odd
H(s)= (s—0a0)(s?— 261S+712}0)...(52 - 20,,7s+r[2)0)
G
N=even
(2 —2015+ 1*1270)...(s2 =205+ 1‘[2]0)
2.21)

where 6o =—.

Theorem 2.1 A4 second-order polynomial with posi-
tive real coefficients has its roots in the left half-plane,
and if any coefficient is negative or zero, there is at
least one root in the right half-plane or on the jo-axis.

Note that g, < 0 for all poles, and all of the coefTicients
in the denominator are positive in a stable analog filter.

The gain constant G > 0 is, in the last steps of the
design, chosen so that the appropriate gain is obtained
in the passband. During the synthesis of the transfer
function, G is for the sake of simplicity normalized so
that the largest gain within the passband, |H(jw)|,,qx
equals one. For lowpass filters of Butterworth type,
we select G so that |[H(0)| =1, i.e., 4(0)=0 dB.
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2.4.3 Impulse and Step Response
of Butterworth Filters

Figure 2.9 shows corresponding impulse and step
responses for a fifth-order Butterworth filter. The
step response has a relatively small overshoot and
the ringing decays relatively rapidly. Note the rela-
tion in Equation (1.30) between impulse and step
responses. Thus, the step response is obtained by
integration of the impulse response.

Example 2.1 Write a MATLAB program with the help of
the included toolbox or Signal Processing Toolbox™ [75]
that computes the required order, poles and zeros, and
impulse and step response for a Butterworth filter that
meets the specification shown in Fig. 2.10 where A,,,.
=0.28029 dB, A4,,,, =40 dB, w.=40 krad/s, and w;=>56
krad/s.

Validate the result by plotting the magnitude function,
group delay, and poles and zeros in the s-plane and

compare the result with Equation (2.11) and Equation
(2.18).

1 1 1 1

1.5 .
1k
s(t)
05+
h(t)
0
Fig. 2.9 Impulse and step -0.5 0 g

response for a Butterworth
filter with N=5

10014 — ] 104 — 1
log 100 M oax — | log 100028029 _ |
N

10 15 20 25 30
t[s]

Equation (2.11) yields

5176 =17.711.

>
2log (&>
W,

56
2log (%)

~0.29226

The computation above gives N=17.711, but the filter order
must be selected to a larger integer. Often, but not always, the closest
higher integer is chosen. Here we chose N= 18, which meets a
slightly higher requirement. Thus, there is a so-called design margin.
How the design margin may be exploited will be discussed later.
Note that an analog filter of order N = 18 is very high.

The MATLAB function, which is a part of the accompa-
nying toolbox,

N=BW _ORDER (Wc, Ws, Amax, Amin)

is used to determine required filter order. Because the order
must be chosen to an integer, we get a design marginal. The
MATLAB function

[G, z, Zref, P,
Amax, Amin, N)

Wsnew] =BW_POLES (Wc, Ws,

is used to determine poles and zeros and the gain constant, G,
so that |H(jw)|,.x= 1. Z is an empty vector as Butterworth

A
[dB] | A(w)

min —

max

O Wy

Fig. 2.10 Specification of an LP filter
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filters lack finite zeros. The function BW_POLES uses the
whole design marginal to reduce the stopband edge, i.e., so

)

Wc=40000; Ws=56000;
Amin=40;
N=BW ORDER (Wc, Ws, Amax, Amin);
% Re-run the program after selecting N=integer
[G, Z, Zref, P, Wsnew] =BW_POLES (Wc, Ws, Amax, Amin, N) ;

Q=-abs(P) ./ (2*real (P));

Amax=10.28029;

N=18;

omega = linspace (0, 1e5, 1000) ;
H=PZ 2 FREQ S (G, Z, P, omega) ;

Att=MAG 2 ATT (H) ;

Tg=PZ 2 TG _S(G, 2, P, omega) ;
PLOT A TG S(Att, Tg, omega, 60, 6*10"-4);

that the attenuation A4,,;, is achieved at a lower frequency
than w,. We get

% Synthesis of a lowpass Butter worth filter
% Requirement for the lowpass filter

%1000 values between 0 and leb rad/s
% Compute the frequency response

% Compute the attenuation

% Compute the group delay

Figure 2.11 shows the resulting attenuation and the group

delay.

The poles can, thus, be computed either according to
Equation (2.18) or by using the above program and plotted
with the following addition.

xmax =10000;
xmin=-80000;
ymax =80000;

PLOT PZ S(Z, P, Wc, Ws, xmin,

ymax)

P=1.0 et04 *

-0.3758591
-0.3758591
-1.1161570
-1.1161570
-1.8225411
-1.8225411
-2.4735482
-2.4735482
-3.0493977

Fig. 2.11 Attenuation
and group delay for an
18th-order Butterworth filter

W W W W W D

.29608931
.29608931
.16555481
.16555481
.90845201
.90845201
.53259291
.53259291
.04939781

A() [dB]

Xmax,

O O O O 0o o o o o O

.5019
.5019
.5176
.5176
.5517
.5517
.6104
.6104
L7071

-3.0493977 - 3.04939781 0.7071
-3.5325929 + 2.47354821 0.8717
-3.5325929 - 2.47354821 0.8717
-3.9084520 + 1.82254111 1.1831
-3.9084520 - 1.82254111 1.1831
-4.1655548 + 1.11615701 1.9319
-4.1655548 - 1.11615701 1.9319
-4.2960893 + 0.37585911 5.7369
-4.2960893 - 0.37585911 5.7369

G=12.6614803 e+83

All zeros of a Butterworth filter lie at s=oco while the
poles lie on a circle with the radius r,y, which is shown in
Fig. 2.12 where two semicircles with the radii . and wy
have been marked. The complex conjugate poles can be
combined into a second-order equation according to

(s=sp)(s—5,) = 5 - 2Re(sp)s + |Sp‘2

—_ 2 2
=3 —20,,s+r[,.

To() [s]

o [rad/s] x 10%
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g x 10%
18 zeros at oo

'8 6 -4 =2 0
x 10*

Fig. 2.12 Poles for an 18th-order Butterworth filter

The transfer function is

Wc=40000;
Amax=0.28029;
tmax=10"-3;
N=18;

[G, Z, Zref,
t axis=[0:0.01*tmax:tmax];

Ws=56000; %
Amin=40;

[h, dirac0, t axis]=PZ 2 IMPULSE RESPONSE S(G, Z,

H(s) = 1.8597653 x 10°
777 \s% + 85921.785s + 1.8597653 x 109
1.8597653 x 10°
"\s2 4 83311.0955 + 1.8597653 x 10°
1.8597653 x 10°
"\ 52 + 78169.04s 4 1.8597653 x 109
1.8597653 x 10°
"\ 52 4 70651.858s + 1.8597653 x 10°
1.8597653 x 10°
“\s2 + 60987.955s + 1.8597653 x 10°
1.8597653 x 10°
"\ 52 +49470.963s + 1.8597653 x 10° )"
1.8597653 x 10°
"\ 52 4 36450.822s + 1.8597653 x 10°
1.8597653 x 10°
“\s2 4+ 22323.1415 + 1.8597653 x 10°
1.8597653 x 10°
“\s2 + 7517.1822s + 1.8597653 x 10° )

We use the following program for computing the impulse
and step responses:

Requirement for the lowpass filter

P, Wsnew] =BW_POLES (Wc, Ws, Amax, Amin, N);

P, t axis);

[s of t,t axis]=PZ 2 STEP RESPONSE S(G, Z, P, t_axis);

h scale=5*10"-5; ymin=-0.4; ymax=1.3;

PIOT h s S(h, h scale, s of t, t axis, tmax, ymin, ymax)

Figure 2.13 shows the corresponding impulse and step
response, where the impulse response has been multiplied
with a scaling factor in order to fit into the same
diagram.

The area under the impulse response equals the final value
of the step response, i.e., ;m?c s(t) = H(0) = 1.

Hence, if the bandwidth of the filter is increased, the
length of the impulse response becomes shorter and
its amplitude becomes larger. Note that the impulse response
has a relatively long ringing, which becomes larger and longer
for higher-order Butterworth filers. The delay of the step
response is almost 0.3 ms.

Note also the long ringing and the larger overshoot in the
step response and compare this to the impulse response. The
step response can be obtained from the impulse response
through integration. The step response approaches 1,
because we have normalized the Butterworth filter to
H(0)=1,1i.e., A4(0)=0dB.

2.4.4 Chebyshev I Filters

A Butterworth filter does not use the allowed passband
tolerance efficiently. By allowing the magnitude function to
vary within the acceptable passband bounds, a smaller
transition band than for a Butterworth filter of the same
order is obtained. For a Chebyshev I filter, the magnitude
function varies between the two tolerance bounds, that is,
the filter has equiripple variation, i.e., the error oscillates with
equal peaks across the magnitude response in the passband.
An equiripple error is optimal in the Chebyshev sense.

Figure 2.14 shows the attenuation for Chebyshev I
filters of different orders and Fig. 2.15 shows the corre-
sponding group delays. All filters have 4,,,.=1.25 dB
and w.=1 rad/s.
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Fig. 2.13 Impulse and step
response for the Butterworth
filter

Fig. 2.14 Attenuation for
Chebyshev I filters of
different orders

Fig. 2.15 Group delay for
Chebyshev I filters of
different orders

1.5 T T T T T T T T T

A(w) [dB]

T,(®) [s]

 [rad/s]

10! 102

o [rad]
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Note that a direct comparison between different
filter approximations of the same order, which often,
unfortunately, is done in the literature, is not correct
as the filters meet different magnitude specifications.

The magnitude function squared for a Cheby-
shev I filter can be written as

I
1+ e} (2)

where Ty is an Nth-order Chebyshev polynomial®
of the first kind, which is defined as

|H(joo)|” = (222)

x| <1
x| > 1.

cos[Nacos(x)]
cosh[Nacosh(x)]

Tnx) = { (2.23)

Chebyshev polynomials are easily generated by
using the recursion

Tni1(x) =2xTn(x) — Ty-1(x) (2.24)

with Ty(x) =1 and Tj(x) = x. The Chebyshev
polynomials oscillate between —1 and 1 for values
of x between —1 and 1. Hence, the squared magni-
tude response oscillates in the passband between a
maximum value of 1 and a minimum value of
1/(1 4+ ¢%). Hence,

&= V100 4m — 1

The use of Chebyshev polynomials was proposed
by W. Cauer in 1931. Figure 2.16 shows the attenua-
tion in the passband for Chebyshev 1 filters for
different orders. A Chebyshev I filter has equiripple

(2.25)

in the passband and monotonically decreasing mag-
nitude in the stopband.

The attenuation is obtained from Equations
(2.22) and (2.23)

2
1+ {scosh (Nacosh (g) )} 1 . (2.26)

The attenuation at the passband edge, i.e., w = w,
iS A,.. Note that an even order filter has the
attenuation A4,,,, at w =0.

The filter order can be determined from
Fig. 2.16 as the order is equal to the sum of the
number of minimum and maximum in the pass-
band. Actually, the detailed variation in the pass-
band is of little interest because we are only
requiring the variation to be within the tolerance
bounds. Furthermore, to obtain filters that are
less sensitive to errors in the component values,
we will require that the allowed passband varia-
tion is small, i.e., 4,,,. is small. This issue will be
further discussed in Chapter 3.

Note that the transition band is smaller and the
group delay is larger and varies more within the
passband for higher order filters. The group delay
also varies more than for a Butterworth filter of the
same order. However, we should avoid comparing
filters of the same order because they do not per-
form the same amount of filtering.

The required filter order for a Chebyshev I filter,
which can be determined with Equation (2.21)
[29, 135], is

A(w)=10log

A(m) [dB]

Fig.2.16 Attenuation in the
passband for Chebyshew I
filter of different orders

SPafnuty L. Chebyshev, (1821-1894), St. Petersburg, Russia.

o [rad/s]
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100-14min—1

acosh ( W)
. (2.27)

acosh <&>
D¢

or alternatively we may use the function

N=CH ORDER(Wc, Ws, Amax, Amin).

2.4.5 Poles and Zeros of Chebyshev |
Filters

The transfer function is an all-pole function, i.e., all
zeros are at infinity. The poles are obtained by sol-
ving the denominator of Equation(2.22) with s = jw

2
1+ {acos <Nacos( ,S ))] =0. (228
Jae
cos {Nacos( ,S )] = iz.
JW¢ €

By letting

We get

(2.29)

Nacos( - ) =Xx+jy
Jo

(2.30)

c

we get
cos(x +jy) = cos(x) cos(jy) — sin(x) sin(jy) =
= cos(x) cosh(y) — jsin(x) sinh(y) = ié
which yields the two equations
cos(x)cosh(y) =0
and
. . 1
— sin(x)sinh(y) = j:g.
Now, because cosh(y) >0, the first equation yields

cos(x):0:>x:(2k—l)g 231)
fork=0,£1,42,...

The second equation can now be solved.

1
y = & asinh (E>

(2.32)

Let s, denote the poles. Equations (2.29) —(2.32)
yield

Nacos( ?‘pk> = k- l)gj:jasinh<%>

w,
and

< < L i 3 1
i:w:cos i(21{—1):|:iasmh -1
Jjo, Jo, 2N N e

The poles for an Nth-order Chebyshev I filter are
[5, 135]
. (n(2k—1)
Spk = = @ asin| ——-—

ibos(L2E21))

fork=1,2,..., N where®

a = sinh (l asinh (l) ) b = cosh (l asinh (l> ) (2.34)
N 2 N &

E=V 100-1/4111(1.\' — 1

(2.33)

(2.35)

All zeros lie at s = co. The poles to a Chebyshev I
filter can also be computed with the function

[G, Z, P]=CH I POLES (Wc, Ws, Amax,
Amin, N).

Z is an empty vector, as Chebyshev I filters lack
finite zeros. P is a column vector with poles and G is
the gain constant. Here and in corresponding pro-
grams, G is chosen for simplicity so that |H(jw)|,,x
= 1. After the filter has been synthesized, G can be
multiplied with a suitable factor to obtain appro-
priate passband gain.

The poles positions are shown in Fig. 2.17 for a
fifth-order Chebyshev I filter with 4,,,,.=1.25 dB
and o.= 1 rad/s. A semicircle with the radius o, has
been marked in the figure. Note that here we have
chosen A,,,.=1.25 dB, which is a relatively large
value.

bacosh(x) =In(x4vx2 — 1)and asinh(x) = In(x + vx2 +1).
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T T T
5 zeros at:co Sy
l -

0.8 |
0.6 [
04

02

0F

02}
—04 |
-0.6 | X
08 |

—1F

112 -1 08 06 —04 —02 002
Fig. 2.17 Poles for the fifth-order Chebyshev I filter

We will show in Chapter 3 that an LC filter that
has a large passband ripple will have high sensitivity

for errors in the element values. Hence, we may
often design a filter with lower passband ripple

G

than required by the application in order to be
able to use less precise components. Moreover,
both the Q factors for the poles and the group
delay is reduced for Chebyshev I filters if the design
margin is used to reduce A4,,,,.

In tables, Chebyshev I filters are usually repre-
sented with TNp, where T stands for Chebyshev
(Tshebycheff, according to German transcription),
N is the filter order, and p is the reflection coefficient
in the passband.

The poles of Chebyshev I filters, which are nor-
malized with a passband edge = 1, are denormalized
by multiplying with ..

Definition 2.5 The reflection coefficient, p, which is
given in %, is related to the ripple in the passband
according to

Apax = —101log(1 — p?). (2.36)
Thus, the filter T0815 represents an eighth-order
Chebyshev 1 filter with A4,,,.=0.09883 dB. Filter
tables are often made with respect to the reflection
coefficient, p, instead of with respect to A,,,.-
The transfer function for a Chebyshev I filter is

H(s) = G

N = odd

(s = 00)(s2 = 2015 4 17)) -+ (82 = 20,8 +12,,)

N = even

(2 =2a15+15)) - (82 = 2008 + 17

(2.37)
pm)

where rpr = 4 /aﬁk + w[z?k. The transfer function has

only poles and lacks (finite) zeros, i.c., the filter is of
all-pole type and all zeros are at s = co.

2.4.6 Reflection Zeros of Chebyshev
I Filters

It is also of interest to determine points in the s-
plane where the attenuation is minimum. These
points are referred to as reflection zeros. For
Butterworth filters, all N reflection zeros are at
s=0, and for Chebyshev I filters, we get the
zeros by finding the minima of Equation (2.26).
Hence,

cos (Nacos( ,S >> =0
J¢

which yields the N reflection zeros for Chebyshev I filters

n(2k—1)

2N
which all lie in the passband and on the jw-axis. As
can be seen in Fig. 2.16, there is a reflection zero at
s =0 for filters of odd order.

Sy = I, cos< (2.38)

2.4.7 Impulse and Step Response
of Chebyshev I Filters

Figure 2.18 shows the impulse and step responses.
Both the impulse response and step response have a
larger and longer ringing than in the Butterworth filter
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Fig. 2.18 Impulse and step
responses for the fifth-order
Chebyshev I filter

of the same order. However, we shall refrain from
comparing different filter types with the same order,
as they do not perform the same amount of filtering.

Note, however, that the Chebyshev I filter meets
a stricter requirement. Thus, a comparison of dif-
ferent filter approximations of the same order is
incorrect. Instead, different filter approximations
should be compared when they meet the same spe-
cification of the attenuation.

The rise time of the step response is proportional to
the width of the first half-period of the impulse response.
The rise time and delay of the step response are also
larger than for the Butterworth filter of the same order.

Example 2.2 Write a MATLAB program that determines
necessary order, poles and zeros, and impulse and step

% Synthesis of lowpass Chebyshev I filter
Wc =40000; Ws =56000;
Amax=0.28029; Amin=40;

N=CH ORDER (Wc, Ws, Amax, Amin)

t[s]

responses for a Chebyshev I filter that meets the specification
shown in Fig. 2.10 where 4,,,,=0.28029 dB, 4,,;,=40 dB,
w.=40krad/s, and w,= 56 krad/s, i.e., the same specification
as in Example 2.1. Verify the result by plotting the attenua-
tion, the group delay, and poles and zeros in the s-plane and
verify the result with Equations (2.21) and (2.22).

Equation (2.21) yields

N 10° -1
acos 100028029 __ 1
N 10202802 — 1 ] acosh(387.277)
=z wcosh 56 "~ acosh(1.4)
40
= 7.6726.

We modify the program in Example 2.1 according to the
following:

Re-run the program after selecting an integer order

N=38; %

[G, 2, Zref, P, Wsnew] =CH_I POLES (Wc, Ws, Amax, Amin, N);
0 =-abs (P) ./ (2*real (P))

omega = linspace (0, 1e5, 1000) ;

H =Pz 2 FREQ S(G, Z, P, omega) ;

Att =MAG 2 ATT(H);

Tg =PZ 2 TG S(G, Z, P, omega) ;

1w =2; fs=16; fn=‘times’ ;

PIOT A TG S(Att, Tg, omega, 80, 810"-4);
set (gca, ‘FontName’ , fn, ‘FontSize’, fs);
xtick ([0:10000:1000007)

which yields
N=38
P=1.0 e+04 * Q =
- 0.2035170 + 4.05436431 0.6366
- 0.2035170 - 4.05436431 0.6366
- 0.5795674 + 3.43712411 1.4151

- 0.5795674 - 3.43712411 1.4151
- 0.8673839 + 2.29661291 3.0071
- 0.8673839 - 2.29661291 3.0071
- 1.0231491 + 0.80646321 9.9733
- 1.0231491 - 0.80646321 9.9733

G=1.9829574 e+35.
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The poles and zeros for the eight-order Chebyshev I filter
is shown in Fig. 2.19. Two semicircles with the radii . and w,
have been marked in the figure. Note that the poles lie closer
to the jw-axis and that the Q factors are higher compared
with the corresponding Butterworth filter.

x 10*
SZero‘satoo‘
6, 4
4t ]
X
2l X ]
('OL‘
('OS
0,
X
ot % ]
X
4t ]
6L ]
B8 6 4 2 0
x 10*

Fig. 2.19 Poles for an eigth-order Chebyshev I filter

The transfer function is

1.6479289 - 10°
(52 4 4070.3401s + 1.6479289 x 10%)

1.2149721 - 10°
(s2 + 11591.3485 + 1.2149721 x 109)

0.60267857 - 10°
(52 4 17347.678s 4 0.60267857 x 10%)

0.16972169 - 10°
(s2 + 20462.9815 + 0.16972169 x 10°)

H(s) =

The constant G has been chosen so |H(j®)|,..x=1 in the
passband and has been divided into four Ofactors. These
factors should be selected so that the internal signal levels in
the corresponding realization are optimized. We will discuss
this issue later. This optimization is referred to as scaling the
signal levels in the filter realization.The attenuation and the
group delay are shown in Fig. 2.20.

Note that the difference in the group delay of the filter
shown in Fig. 2.20 and the filters in Fig. 2.14 is mainly caused
by the difference in A4,,,.. The group delay is largest just
above the passband edge and it varies somewhat within the
passband, whereas for Butterworth filters the group delay
increases monotonically in the passband.

By modifying the program for computing the impulse and
step responses for Butterworth filters, we can compute the
impulse and step responses for Chebyshev I filters. Figure 2.21
shows the impulse and step responses. The step response can also
be computed by integration of the impulse response. Note the
long ringing in the impulse and step responses.

The step response approaches |H(0)| = 1079347 for a nor-
malized Chebyshev 1 filter of even order. Here we have
|H(0)| = 0.968246. However, for filters of odd order, the step
response approaches |H(0)| = 1.

2.4.8 Chebysheuv II Filters

The attenuation for Butterworth and Chebyshev
I filters of LP type approaches infinity for high fre-
quencies. Thus, the filters have a much larger attenua-
tion in the stopband than necessary. In most practical
applications, we only require that the attenuation in
the stopband is sufficiently large; for example, at least
60 dB attenuation in the whole stopband. This extra
attenuation comes at a higher cost.

A filter approximation that is similar to a Butter-
worth filter in the passband, but has equiripple
stopband attenuation, is the Chebyshev II filter,
which is also called inverse Chebyshev filter. Cheby-
shev II filters do not provide more attenuation than
necessary in the stopband.

Figures 2.22 and 2.23 show the attenuation and
the group delay for Chebyshev II filters of different
orders.

The attenuation for Chebyshev II filters is mono-
tonically increasing in the passband and has equir-
ipple stopband attenuation. The Chebyshev II filter
has finite zeros, which are situated on the jw-axis.
In the passband, the filter resembles a Butterworth
filter. Due to the finite zeros, the filter gets a smaller
transition band than a Butterworth filter of the
same order, but the same transition band as for a
Chebyshev 1 filter of the same order. Figure 2.24
shows the corresponding attenuations in the pass-
band for Chebyshev II filters of different order. All
filters have 4,,,,=1.25 dB.

The magnitude function squared for a Chebyshev
II filter is

\H( joo)|* = (2.39)
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Fig. 2.20 Attenuation

and group delay for an x 107
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Fig. 2.23 Group delay for 6

Chebyshev II filters to
different orders

T,(0) [s]
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Fig. 2.24 Attenuation in the 5
passband for Chebyshev 11
filters of different orders 4l
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where T is an Nth-order Chebyshev polynomial,
which is either an even or odd function of .

The required order for Chebyshev II filters can
be determined ecither by using the function
CH _ORDER, which is the same for Chebyshev I
filters, or from Equation (2.21).

The pole-zero configuration for a fifth-order
Chebyshev II filter with 4,,,. = 1.25dB, 4,,,,=40
dB, w.=1 rad/s, and wy;=1.4 rad/s is shown in
Fig. 2.25. Circles with radii . and o, are marked
in the figure. The filter has two finite zero pairs; one
pair is close to the stopband edge, the other pair is
further inside the stopband, and finally, a zero at
s=o00. Note the large difference between the pole

G(s?+r2) - (& 47

0.6 0.8 1 1.2 1.4
o [rad/s]

positions of Chebyshev I and Chebyshev Il filters.
Transfer functions with poles close to the jow-axis are
more difficult to realize than if the poles lay far from
the jw-axis. A simple measure of how difficult it is
to realize a transfer function is Q factors for the
poles.

The transfer function has finite zeros. For odd-
order filters, there is a zero at s = oo, but for even-
order filters, the magnitude function approaches
Ajpin- For Chebyshev II lowpass filters, we can
choose G so that |[H(0)| = 1.

The transfer function for a Chebyshev II filter
can be written as

N = odd

H(s) =

(s —00)(s? — 2015 + ”,2;1) .

G(s*+12) (s +12,)

(s — 20,5 + rﬁm)

N = even.

(s2 = 2015 +175)) -+ (82 = 20,8 + 12

(2.40)
pm)
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Fig. 2.25 Poles and zeros 3 : :
for a fifth-order 1 zero at: oo
Chebyshev 1I filter 2.5¢ O 1
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2.4.9 Poles and Zeros of Chebyshev II
Filters

The squared magnitude response as given by
Equation (2.39) can be rewritten as

|H(joo)|* = H(s)H(~s)

RO
L (1—)
= 5 S p for s = jo.
R()+on ()
(2.41)

The transmission zeros are obtained when the
numerator is zero, i.e.,

7% (]%) = cos? {Nacos (]C;Sﬂ =0.

All of the transmission zeros lie on the imaginary
axis, and at these frequencies the attenuation is

Wy

infinite. Associating half of them to H(s) and the
other half to H(—s) yields

Wy

cos[5% (2k — 1)]

Sk =) for k=1,2,--,N.(2.42)

For N = odd, one zero is obtained at infinity.
The poles are obtained by solving for the roots of
the denominator of Equation (2.41)

Wy w,
T (j— (=) =0
N(Jsp](>+3 M o,

or

cos? [Nacos (]&ﬂ + ¢2cosh? {Nacosh (ﬁﬂ =0.
Spk We

(2.43)

Letting K = ¢ cosh [Nacosh (&ﬂ yields

W,

cos’ {Nacos <]&)} =—K2.
Spk

In the same way as was done for Chebyshev I
filters, we get

Ds _ cos| 2k — I asi
—cos[zN(Zk l)iNdsmh(K)}

and by wusing a polar representation, i.e.,

Spk = I'pkelP, we get

%sin(‘ﬁk) =cos [%V(Zk — l)} cosh[Nasinh(K))

%COS(@J = sin 75 (2K = 1) sinh{Nasinh(K)).

Selecting the poles in the left-hand s-plane yields

T
= at: —cot|—
¢, =a an{ co {ZN

fork=1---N

T'pk =
1
2" ok 2 |2 asi
\/cos [2N(2k 1)} + sinh [ asmh(k)]

(2.44)

2k — 1)} coth le asinh(K)} } e
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The transfer function can now be written in the
form

G n
Dy(s)

24 2
H(s) = 5T+ w7

(2.45)

i (87 = 205 + rﬁk)

where w_i = |52k, 01 = i cOS(Pr), n =2 floor (N/2),
and

S — Opyl for N odd
1 for N even.

Dols) = { (2.46)

Poles and zeros can be determined with the
function CH ITI POLES. The reflection zeros for
Chebyshev II filters are at s =0.

2.4.10 Impulse and Step Response
of Chebyshev I Filters

Figure 2.26 shows the impulse and step responses. Note

Example 2.3 Determine poles and zeros for a Chebyshev II
filter that meets the same attenuation requirement as the filter
in Example 2.1.

We know that an eighth-order Chebyshev I filter meets
the requirement and, hence, an eighth-order Chebyshev II
filter meets the same requirement, i.e., A,,,,=0.28029 dB,
Ajpin="40 dB, o, =40 krad/s, and w,= 56 krad/s.

The poles and zeros for the Chebyshev II filters can be
computed by modifying the program for computing the poles
and zeros for Chebyshev I filters. We therefore modify the
program in Example 2.2 and instead call the function

CH II POLES.
The above, modified program yields

N=38

Z=1.0 e+05 *
0 + 0.57097101
0 - 0.57097101
0 + 0.67350631
0 - 0.67350631
0 + 1.00797341
0 - 1.00797341
0 + 2.87046531
0 - 2.87046531

) P=1.0 et04 * =
that the impulse and step responses for Butterworth and _0.52 92 096 + 4.59062275 (? 5265
Chebyshev I filters are similar and that the size of the -0.5295096 - 4.59062271  0.5265
ringing and its duration in the step response is small. -1.8485257 + 4.77081371  0.7463
For Chebyshev II filters of even order, the -1.8485257 - 4.77081371  0.7463
. . -4.0650817 + 4.6840490i  1.3380
impulse response has an impulse, §(¢) at t=0, and _4.0650817 - 4.68404901  1.3380
the corresponding step response has a small initial -7.1772824 + 2.46196221  4.1989
step. The step response approaches 1 for high fre- =7.1772824 - 2.46196221  4.1989
quencies for Chebyshev II filters because H(0)=1 0. 0100000
for both odd and even filter orders. o ’
T T
1
.8 oo b :
0.6 | .
A ool oo :
0.2 k- o N T e s :
0 :
Fig. 2.26 Impulse and step -0.2 0 é 1|0 1|5 2|0 2|5 30

response for a fifth-order
Chebyshev II filter
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The poles and zeros of the Chebyshev II filter are shown in
Fig. 2.27. Note that the Q factors are lower than for the
corresponding Chebyshev I filter. For N=even, all zeros
are finite, and for N =odd, there are (N-1) finite zeros and
one zero at s =oo. Two semicircles with the radii w. and wy
have been marked in the figure.

0.06987403(s2 + 82.395710 x 10°)

The poles of Chebyshev 11 filters, which in tables often are
normalized with a stopband edge =1, are denormalized by
multiplying with w3, i.e., the 3-dB passband frequency.

The attenuation and the group delay are shown in
Fig. 2.28. The constant G has been chosen so |H(0)| = 1.

The transfer function for the Chebyshev II filter is

0.37858268(s2 + 10.160103 x 10°)

() = (s2 + 143545.655 + 5.7574641 x 10%) (s> + 81301.635s + 3.8465204 x 10°)

0.57708826(s2 + 4.5361070 x 10)

0.65506019(s% + 3.2600794 x 10°)

(52 +36970.5135 + 2.6177710 x 10%) (52 + 10590.192s + 2.1354197 x 10°)°

Fig. 2.27 Poles and zeros

5
for an eighth-order 3 a 10- o
Chebyshev II filter
2+
1F
X
0
X
1t
2l
-3 . O
-10 -5 0
x 10#

The impulse response and step response for the Cheby-
shev II filter can be computed by modifying the previously
discussed program for computing the impulse and step
responses for Chebyshev I filters. Figure 2.29 shows the
corresponding impulse and step responses.

The impulse response, in this case, has an impulse, 6(z) at
t=0, because the filter order is even. The impulse is thus so
small that it does not show up in the figure. Note that the
delay of the step response is smaller than for the two earlier
filter approximations, which agrees with the fact that the
group delay is smaller.

In order to realize a Chebyshev I filter of even order
with a passive LC filter, the poles and zeros positions
must be modified. A necessary requirement for an LC
realizable lowpass filter is that there is at least one zero
at s = oo. This modification, which also is necessary for
Cauer filters of even order, will be discussed later.

2.4.11 Cauer Filters

Cauer filters, also known as elliptic filters or Zolo-
tarev filters, have equiripple in both the passband
and stopband and therefore exploit the acceptable

x 1074
4

A() [dB]

Fig. 2.28 Attenuation

35
3
2.5
2
1.5
1

To(®) [s]

and group delay for the
eighth-order Chebyshev I1
filter

o [rad/s]
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Fig. 2.29 Impulse and step

response for the eighth-order 15 f f
Chebyshev II filter
s(t) -
0.5

h(t)*5e-05

05 01 02

tolerances in the filter specification optimally. This
means that a Cauer filter meets a standard magni-
tude specification with lower filter order than any
other filter approximation. The main contribution
to the development of Cauer, Chebyshev I, and
Chebyshev II filters was made by the German scien-
tist Wilhelm Cauer (1933).

The characteristic function for an Nth-order Cauer filter
involves the Chebyshev rational function Ry(x,L). Ry is a
complicated function and its details are beyond the scope of
this book, and the interested reader is referred to [5, 29, 96].
The Chebyshev rational function Ry has the following
properties

® Ryisodd (even) for N odd (even).

® The N zeros lie in the interval -1 < x < 1 and the N poles
lie outside this interval.

® Ry oscillates between 1 in the interval -1 < x < 1 and
Ry(1, L)=1.

® [/Ryoscillates between £1/L in the interval |x| > x; = o,/

w, where

L= \/(100»1Amm —1)/(100 s — 1), (2.47)

The characteristic function for an Nth-order lowpass
Cauer filter is

[CaGjon) = RS (g : L) (2.48)
where
N/2 SN
as ] 3724;(2':‘@’) Nodd
i i
Ry(s, L) = (2.49)
N-1)/2 , ’
a 1 % Neven.

i=1

015
t [s]

0.3 0.4 0.6 0.7 0.8 0.9 1

x 1073

The normalizing constants ¢; and ¢, are determined from
R(1, L)=1. Obviously, for x = x;/x; we have a reflection zero,
,;, because Ry(xz/x;, L)=0, i.e., |H(jw)|=1, and a transmis-
sion zero for x = x;= w.;. Note that the reflection and transmis-
sion zeros are related according to

oy 1

(2.50)

Wy = .
D¢ Wz

The expression for the transmission zeros, wy; involves
the elliptic sine function, which is the reason why the name
elliptic filter sometimes is used.

Figures 2.30 and 2.31 show the attenuation and
the group delay for Cauer filters of different order.
Figure 2.32 shows the passband for corresponding
attenuations for Cauer filters of different order.

The order of a Cauer filter can be determined from
the passband response as the sum of the number of
maxima and minima in the passband. This is also true
for Chebyshev I filters. Filters of even order have the
attenuation A4,,,,, at w = 0 while odd-order filters have
Aax=0. Note, however, we are not really interested
in the detailed behavior in the passband. In fact, we
are only interested in that the requirement is met.

The required filter order for a Cauer filter can be
determined with the function

CA ORDER (Wc, Ws, Amax, Amin).

In tables, Cauer filters are usually represented by
CNp0, where C stands for Cauer-Chebyshev (the
prefix CC is also used), N is the filter order, p is
the reflection coefficient (%), see Equation (2.36),
and 0 is the modular angle (degrees). The three
quantities are given with two digits. Cauer filters,
which in tables are normalized with a passband edge
of 1, are denormalized by multiplying the poles and
zeros with ..
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80

60—‘ ) ) " o

40F i

A(w) [dB]
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0
107! 10° 10! 102
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Fig. 2.30 Attenuation for Cauer filters with different orders with 4,,,,, = 1.25dB, A,,;;, =40dB, andw. = 1 rad/s
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T
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15| ! § 1
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Fig. 2.31 Group delay for Cauer filters with different orders with 4,,,,, = 1.25dB, A,,;;, =40dB, andw. = 1 rad/s

A(m) [dB]

Fig.2.32 Attenuation in the
passband for Cauer filters
with different orders

o [rad/s]
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Definition 2.6 The modular angle is defined as
0 = arcsin <w(>
Wy

2.4.12 Poles and Zeros of Cauer Filters

(2.51)

The poles and zeros are complicated to derive. An
algorithm for computing the poles and zeros is given
in [5]. The transfer function has finite zeros. Filters
of odd order have a zero at s = oo, but for filters of

G(s2 + r_%l) .. (s2 + rzm)

even order, the magnitude function approaches the
stopband attenuation, 4,,;,. The gain constant G is
chosen in the programs so that |H(jw)|,,ux=1.

The poles and zeros of Cauer filters, which are
normalized with respect to w,, can be determined
with the function

[G, Z, R_ZEROS, P, Wsnew]=
CA POLES (Wc, Ws, Amax, Amin, N).

The transfer function for a Cauer filter can be
written

H(s) =

(s —a0)(s? = 2015+ 17)) ...

(2 =2a15+715)) . (52 =

N = odd
(s* =205 +12,) ©
(2.52)
5 N = even.
20,8 + rpm)

Thus, C042056, denotes a Cauer filter with N =4,
Apax=0.1772877 dB, and w,/w.= 1.2062 = sin(56°).

The poles and zeros for a fifth-order Cauer filter
with A4,,,.,=1.25 dB, A4,,,,=40 dB, w.=1 rad/s,
and w,=1.205 rad/s is shown in Fig. 2.33. Note
that one of the pole pairs lies close to the jw-axis
and that the lower finite zero pair lies close to the
stopband edge.

1 zero at o 10}
1.5F
D
1 F
X
0.5
mL
0 |-
u’S
-0.5
X
~1F
D
-1.5F
, o)
Fig. 2.33 Poles and zeros
for a fifth-order Cauer filter -5 -1 =05 0 05

2.4.13 Impulse and Step Response
of Cauer Filters

Figure 2.34 shows the impulse and step response
for the Cauer filter C055056. The impulse response
contains a small impulse for =0 for Cauer filters
of even order. The step response approaches
asymptotically 1 and |H(0)| = 10 %-94» for normal-
ized odd-order and even-order Cauer (filters,
respectively. The impulse response has larger ring-
ing than any of the previous filters, but note that
they do not meet the same requirements on the
magnitude function. Hence, we should not compare
these filters. A proper comparison will be done in
Section 2.4.14.

Example 2.4 Determine the poles and zeros for a Cauer filter
that meets the same attenuation requirement as the filter in
Example 2.1.

We modify the program by instead calling CA_ORDER and
CA_POLES for computing of poles and zeros. We get

[N

e+04*
.92170421
.92170421
.46102941
.46102941

+ 1+ 1 = w»,
[N RN -]

P=1.0 et04*
-1.2952788 - 3.05120451
-1.2952788 + 3.05120451

0 =
1.2795
1.2795
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Fig. 2.34 Impulse and step T
response for the Cauer filter :
C055056

-0.2 .

0 5
-0.3208531 - 4.11059681 6.4249
-0.3208531 + 4.11059681 6.4249
-2.1649281 0.5000

G=2.1607653 e+03.
The locations of the poles and zeros for the Cauer filter
are shown in Fig. 2.35.

x 10°
! ; ; ;
1 zero.at o

08F - -

04t

02

Fig. 2.35 Poles and zeros -6 4 =2 0
for a fifth-order Cauer filter x 10*

For N =even, all zeros are finite, and for N = odd, there is
a zero at s = co. Two semicircles with radii . and wy are also
shown in the figure.

Note that is a zero pair, s.34==%754610.294, in the
transition band, i.e., inside the utter semicircle because
54,610.294 < 56,000. This is because the design margin has
been used to reduce the stopband edge.

10 15 20 25 30
t[s]

The transfer function can be written as

21607653
(s+2164.9281)

(s? 4+ 62753397) 2.53)
(52 +2590.5577s + 1.0987596 x 10°) 2.

(57 +29822842)
(s + 6417.06185 + 1.6999953 x 10°)°

H(s)=

The two finite zero pairs can be combined with either of the
two second-order sections to optimize the signal levels inside the
filter realization, see Section 7.3.

The attenuation and the group delay are shown in Fig. 2.36.
The constant G has been chosen so |H(0)|=1. Note that the
magnitude function approaches zero when w — oo as there is a
transmission zero at s = 0o.

By modifying the above program in the same way as done
earlier, we get the impulse and step responses. Figure 2.37 shows
the impulse and step responses. Note that the ringing has a
somewhat longer duration than for corresponding Butterworth
and Chebyshev I, and Chebyshev II filters that meet the same
specification. The impulse and step responses for filters with large
group delays are delayed proportionately to the group delay.

2.4.13.1 Cauer Filters with Minimum Q Factors

A less expensive circuit, with smaller element spread, is
required to implement a pole pair with a low Q factor.
The importance of Q factors will be further discussed in
Chapter 6. Cauer filters with the following relationship
between 4,,,,« and 4,,,;, have minimal Q factors [71]

10().1A,m-”
Apax = 1010g(7100um — 1). (2.54)

Hence, for an arbitrary specification it may be
favorable to modify the specification so that
Equation (2.54) holds. For example, 4,,,,=40 dB
yields 4,,,,.=0.0004343 dB, which is a very small
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Fig. 2.36 Attenuation and

4
group delay for the fifth- x 10
order Cauer filter 80 T T T 4
70 3.5
60 | 3
m S0F 25
S, i)
— 40} 3
g Attenuation %o
< 30 {15 *©
20 - Group:delay 1
10 0.5
0 0
0 1 2 3 4 5 6 7 8 9 10
o [rad/s] % 10*

Fig. 2.37 Impulse and step 0
response for the fifth-order
Cauer filter

0.1 0.2

passband ripple. It may appear that this is an unrea-
sonable small ripple, but in fact it is advantageous
to design the filter for a smaller ripple than required,
asitresults in a less sensitive LC filter. This issue will
be further discussed in Sections 3.3.8 and 3.3.9.
This special case is related to digital half-band filters
where the poles lie on the imaginary axis in the z-plane.

[G, Z, R _ZEROS,

[G, Z, R_ZEROS, P, Wsnew]=CA B POLES (G,

P, Wsnew] =CH II B POLES(G, Z,
z, P,

0.9 1
x 1073

0.3
t[s]

2.4.13.2 Cauer and Chebyshev Il Filters of Type B

In order for an LP filter to be realized with an LC ladder
network without the couples coils (see Chapter 3), the trans-
fer function must have at least one zero at s = oo. Cauer and
Chebyshev 11 filters of even order lack this zero. However, the
transfer functions can be modified to circumvent these pro-
blems. The modified filters are denoted type b and type ¢ [29].

P, Wc,
Wc, Ws,

Ws, Amax, Amin)
Amax, Amin)

Figure 2.38 shows the attenuation for a fourth-order
Cauer filter and corresponding modified filter.

The highest zero pair has been moved to s=o00 so the
modified filter obtains a double zero at s=oo. The
remaining finite zeros are also moved slightly, which has
the effect that the stopband edge is increased. Such filters
are provided with a suffix b, e.g., C045042h. The passband
edge, w., and 4,,,, and A4,,, do not change, but the
transition band increases with this modification.

Sometimes we use the suffix a for the unmodified Cauer
filter to avoid misunderstandings.

2.4.13.3 Cauer and Chebyshev I Filters of Type C

Cauer and Chebyshev I filters of even order must be modified
so that |H(0)| = 1 in order to be able to use the same source and
load resistances in a ladder network (see Section 3.3.3). In type
b filters, the highest finite zero pair is moved to infinity as was
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©C045042b

C045042a

Fig. 2.38 Cauer filter, 60
C045042a, and
corresponding modified 50 b
Cauer filter, C045042b
— 40t
o)
=
§ 30
< 20
10
0
107!

done in type b filters. In addition, the lowest reflection zero is
moved to the origin. The passband edge w. and attenuations
Apax and A,,;, are not affected by this modification, but the

10° 10! 102

o [rad/s]

transition band becomes larger compared with C0450425.
This modification is indicated with the suffix ¢, e.g.,
C045042¢. Figure 2.39 shows how the attenuation is changed.

60 — T T T T
S C045042¢ - |-
: : Lo C045042a
o AOf ——
g 2
= 5k 0 C045042a 1
< : o :
10k | coasoa2¢ i
Fig. 2.39 Cauer filter, IR vl
C045042a, and 0_1 70 — ““"I ““2
corresponding modified 10 10 10 10
Cauer filter, C045042¢ o [rad/s]
The programs
[G, Z, P, Wsnew]=CH I C POLES(G, Z, P, Wc, Ws)
[G, Z2, R ZEROS, P, Wsnew] =CA C POLES(G, %, P, Wc, Ws, Amax, Amin)

generate the modified pole and zeros for a type c filter. Note that
for these two filter approximations, it is not valid that the sum of
the number of maxima and minima in the passband is equal to
the filter order.

2.4.14 Comparison of Standard Filters

In comparing the standard approximations Butter-
worth, Chebyshev I, Chebyshev II, and Cauer fil-
ters, we find that the two latter have less variation in

the group delay. In the literature it is often stated
that Cauer filters have larger variation in the group
delay than, i.e., Butterworth filters and that this is a
valid reason for using the Butterworth approxima-
tion. The mistake is that the two filter approxima-
tions are compared using the same filter order. This
is obviously not correct, which is evident of the
following example, as Cauer filters can handle a
considerably stricter requirement on the magnitude
function. Even the step response for a Cauer filter is
better. The difference between Chebyshev II and
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Cauer filters is however relatively small, the latter
has a somewhat smaller group delay however the
order is on the other hand larger.

Example 2.5 CompareButterworth, Chebyshevl, Chebyshevll,
and Cauer filters that meet the same standard LP specification:
Apax=0.01dB, 4,,,;, =40dB, w. = 2rad/s,and w, = 3rad/s[135].
Notethat 4,,,, hasbeenchosenverysmallbecausethiswillmakethe
elementsensitivityinacorresponding LCrealizationsmall. Thiswill
bediscussed indetailin Section 3.3.

We get the following filter orders with the four standard
approximations.

Butterworth: Np=18.846 = Nz=19
Chebyshev I and Chebyshev II: Nc=8.660 = Nc=9
Cauer: Nc,=5.4618 = Nc,=6

Note the large difference between the required orders for
standard approximations that meet the same requirement.

Figure 2.40 shows the attenuation for the different
approximations. The allowed passband ripple is very small,
and we are only interested in that the requirement is met, and
not in detailed variation inside the passband. Figure 2.41
shows the corresponding group delays.

80

The attenuation in the transition band and the stopband
varies between the different filters. The Chebyshev II filter
has a more gradual transition between the passband and
stopband compared with the Chebyshev I filter in spite of
the fact that they have the same order. Note that the Cauer
filter has a smaller transition band than required. The order
has been rounded up from 5.46 to N=6.

The attenuation approaches infinity for all of the filters,
except for the Cauer filter, as its order is even.

The differences in the group delays are large between
different approximations. The peaks in the group delays lie
above the passband edge w.=2 rad/s. The Butterworth and
Chebyshev I filters have larger group delay in the passband
whereas the Chebyshev II and Cauer filters have considerably
smaller group delay and the difference between the latter two
is small.

In the literature, it is commonly stated that the Butter-
worth filter has the best group delay properties. This is
obviously not correct and is based on an unfair comparison
between the standard approximations of the same order.
According to Fig. 2.41, Chebyshev II and Cauer filters have
considerably better properties. The Q factors for the four
filters are shown in Table 2.1.

The element sensitivity for an LC filter is proportional to the
group delay, see Section 3.3.9. For example, by using a Cauer
filter instead of a Butterworth filter, the group delay can be

[AVAN ‘ ‘Butterworth ‘
Chebyshev 1
60 Cauer 1
~
o
< Chebyshev. II auer
20 : 4
Chebyshev I Butterworth
Fig. 2.40 Attenuation for
Butterworth, Chebyshev I, 0 L ; =
Chebyshev 11, and Cauer 10 10
filters ® [rad/s]
12
10 d
8r Butterworth T
3 6 d
& Chebyshev I Chebyshev II
4 R
2
Fig. 2.41 The group delay
1

for Butterworth, Chebyshev 0 ;
I, Chebyshev II, and Cauer
filters

(Y=
[O¥]
S
w H
(o)}
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Table 2.1 Comparison of Q factors 4 Ao

Butterworth ~ ChebyshevI  ChebyshevIl  Cauer N {

N=19 N=9 N=9 N=6 ’Z $a

0.5000 0.5000 0.5000 No real pole

0.5069 0.6821 0.5980 0.5832

0.5286 1.1807 0.9067 1.4315

0.5685 2.2638 1.6395 6.0126

0.6336 7.2466 5.1370 Apnax 'é

0.7382 Apax min /

0.9142 I A >0

1.2447 C Opmar Ogmin.

2.0368

6.0548 Fig. 2.42 Example of distribution of the design margin

reduced with about a factor 3 and the component tolerance is
increased with the same factor. Components with large toler-
ances are considerably cheaper than those with small tolerances.
Besides, the number of components is fewer. It is therefore
important to use an approximation with small group delay.
Cauer is often the preferred approximation because the require
order is significantly lower than for Chebyshev II and the group
delay and Q factors are similar.

The conclusion is that Cauer is the best approximation in
most cases, i.e., when we have requirements on both the
magnitude function, the group delay, and step response. We
will later see that the Cauer filter has almost as low sensitivity
to errors in the element values as Chebyshev 11 filters when it
is realized with an LC filter.

2.4.15 Design Margin

The filter order must be an integer. Often, but not
always, the order is chosen to the closest larger inte-
ger. The difference between theoretical and chosen
filter order allows that the slightly more stringent
requirement can be met. The design margin can
then be used to reduce the passband and the stop-
band ripples and reduce the width of the transition
band in excess of what is required in the specification.

For example, we first compute the case where the
whole design margin is used to reduce the stopband
edge, wg,in, and afterwards choose a suitable reduc-
tion of this as shown in Figure 2.42.

In the same manner, we can then use the remaining
part of the design margin to determine the largest
possible attenuation in the stopband and afterwards
choose a suitable increase of the attenuation require-
ment with ;. Finally, in the same manner the remain-
ing part of the design margin is used to increase the
passband edge and reduce the passband ripple.

The intention is to obtain a safety margin for the
errors, which always are present in the element

values in the circuit that realizes filter. By exploiting
the design margin appropriately, we can minimize
the number of filters that violates the specification
with a given statistical error distribution of the
component values.

It can be shown that the Q factors of the poles
become smaller if we use the design margin to
reduce the passband ripple, and, hence, the filter
will be simpler to implement.

2.4.16 Lowpass Filters with Piecewise-
Constant Stopband Specification

Cauer filters have equiripple in both the passband and stop-
band, i.e., they meet a filter specification with a maximum
attenuation of A4,,,, in the passband and has at least the
attenuation A4,,;, in the stopband. However, we often have
different requirements in different parts of the stopband as
illustrated in Fig. 2.43. In such cases, the Cauer filter is not
the best filter approximation. The zeros must in these cases be
computed using numerical optimizing methods.

4 Alw) ;
)

max

T T T > ®
[0 Wy Oy O3

Fig. 2.43 Lowpass filter that meets a piecewise-constant
stopband requirement
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A program that is based on a well-known method [29] is
called the PolePlacer where the ancient term pole refers to
attenuation poles, i.e., the zeros of the transfer function.

The transfer function can be optimized by making the
distance d; between the attenuation function and attenuation
requirement equal. In this way, we get an equally large
attenuation margin in the whole stopband. It is however
not certain that there exists an optimum where all d; become
equal.

The passband requirement is constant in the passband, and
we can let the filter have equiripple or maximally flat passband.

In the same way can highpass and bandpass filters, which
meet a piecewise-constant stopband requirement, be synthe-
sized using the functions

oe

Amax=0.5;
We=1;
Amin=1[75 55];
Wstep=1[2 2.5];
Wfi=1[2.5 4];

oo

o

Break frequencies

oo

POLE PLACER LP EQ S

POLE_PLACER HP MF S
POLE_PLACER HP EQ S
POLE _PLACER BP MF S
POLE PLACER BP EQ S

where MF and EQ indicate maximally flat and equiripple
passband, respectively. Note that we must provide reason-
able initial values for the number of finite and non-finite
zeros and their placement in order for the programs to find
an optimal solution.

Example 2.6 Below is shown how the POLE_PLA CER_L-
P_EQ_ S program may be used.

Amin=75 dB from 2 and 55 dB above 2.5 rad/s

Initial guess of finite zeros %j2.5 and %j4 rad/s

NIN=1; % Number of zeros at infinity, N=2Nfi + NIN
% Hence, a 5th-order LP filter with equiripple passband
[G, 2z, zZzref, P, dopt] =POLE PLACER LP EQ S(Amax, Wc, Amin, Wstep, Wfi, NIN)

W= (0:1000)*4*pi/1000;
H=PZ 2 FREQ S(G, Z, P, W);

axis ([0 8 0 100]), subplot (‘position’,
PLOT_ATTENUATION S (W, H)

[0.1 0.4 0.88 0.51);

If the program does not converge, a new initial placement of the
finite zeros or an increase of the number of zeros may be tried. If
dopt < 0, the number of zeros might be too small. If instead the
function POLE_PLACER LP_MF_Sis used, a filter with maximally
flat passband is obtained. However, this requires an increase of the
filter order. Figure 2.44 shows the resulting attenuation function.

All design margins in the stopband are equal with dopz.
The program yields the following poles and zeros. The design
margin in the stopband is at least 2.27 dB. Zref is a vector
with the reflection zeros. For the maximally flat case, all
reflection zeros are at the origin.

100

80

60

A(w) [dB]

40

20

N

Fig. 2.44 Lowpass filter 00 1
with piecewise-constant
stopband requirement

3 4 5 6 7 8
o [rad/s]
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N=5

7 = P =

0 - 2.04720761 -0.0921637

0 - 2.38686611 -0.0921637

0 + 2.04720761 -0.2886563

0 + 2.38686611 -0.2886563
-0.4023776

G=0.009392200

.01232701
.01232701
.67531311
.67531311

+ +
O O

dopt =2.2734442

2.5 Miscellaneous Filters

2.5.1 Filters with Diminishing Ripple

The sensitivity to errors in the element values in the double
terminated ladder that implements an LP filter is low for
o =0 and increases for increasing frequency and becomes lar-
gest where the group delay is maximal, i.e., just above the
passband edge. The sensitivity can be reduced by reducing the
ripple, i.e., use an approximation where the ripple decays
toward the passband edge. We will discuss this case in more
detail in Chapter 3.

2.5.2 Multiple Critical Poles

Another way of reducing the sensitivity emanates from the
fact that the most sensitive pole pair is the one that has the
highest Q factor, see Section 6.4. By increasing the filter
order, i.e., higher than necessary, we can make the pole pair
with the highest Q factor a multiple pole pair and reduce their
Q factors. This technique is called multiple critical root and
can be used for both maximum flat passband (MUCRM AF)
and equiripple passband (M UCROER) [94].

2.5.3 Papoulis Monotonic L Filters

In the literature, there exist a number of different types of all-
pole approximations, e.g., Papoulis, parabolic, and Halpern
approximations [68, 88]. These filters can have, in some cases,
either better group delay, step response, or lower Q factors.

However, the interest for different standard approxima-
tion has diminished with the event of effective optimizing
programs that are able to optimize several different para-
meters at the same time.

Papoulis developed this class of filters whose attenuation
increases monotonically in the passband and has maximal
attenuation rate at the cutoff edge. The approximation max-
imizes the rate of change of the magnitude function at w =1
under the constraint of monotonic attenuation response.

The filters combine the desirable features of the Butter-
worth and Chebyshev responses. The step response of these
filters is good because the magnitude response monotonically
decreases. The characteristic function for these filters is an
Legendre polynomial of the first kind, and they are therefore
referred to as Monotonic L filters.

2.5.4 Halpern Filters

Halpern filters are closely related to Papoulis filters but optimize
the shaping factor under the conditions of a monotonically
decreasing response. Halpern filters have a monotonic step
response and maximum asymptotic cutoff rate. The character-
istic function is a polynomial related to the Jacobi polynomials.
From the point of view of the stopband attenuation, little can
be gained from maximizing the asymptotic attenuation cutoff
rate instead of maximizing the attenuation rate at the edge as
done for the Papoulis filters. In addition, the Papoulis filters yield
much smaller passband magnitude distortion than the Halpern
filters, and the latter are therefore only of academic interest.

2.5.5 Parabolic Filters

This class of filters has all the poles located in a parabolic
contour in the left-hand side of the s-plane. Parabolic filters
have a monotonic passband magnitude response, similar to
the Halpern filters, and the variation between the maximum
and minimum values of their group delay is better, and the
step response has the fastest response without overshoot [68].

2.5.6 Linkwitz-Riley Crossover Filters

Loudspeakers are not capable of covering the entire audio
spectrum with acceptable loudness and distortion. However,
high-quality loadspeakers can be manufactured for smaller
frequency ranges. Audio crossover filters are therefore used
to split the audio signal into separate frequency bands, which
are sent to individual loudspeakers that have been optimized
for those bands.
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Linkwitz-Riley crossover filters, named after S. Linkwitz
and R. Riley, consist of a parallel combination of a lowpass
and a highpass filter. Each filter consist of two cascaded
Butterworth filters. Because each Butterworth filter has 3
dB attenuation at the cutoff frequency, the resulting Link-
witz-Riley filter will have 6 dB attenuation at the cutoff
frequency. The overall attenuation at the cutoff frequency
of the lowpass and highpass filter will be 0 dB, and the
crossover filter behaves like an allpass filter with a smoothly
changing phase response.

2.5.7 Hilbert Filters

Hilbert filters are used in single-sideband modulation
schemes. The Hilbert filter is an allpass filter that approxi-
mates the phase function —90° for > 0 and 90° for w < 0.
Hilbert filters have the ideal frequency response

—j ®>0
H(jo)=<¢ 0 0=0 (2.55)
J w <0.

Thus, a Hilbert filter generates an output signal that is
+90° different compared to the input signal. It is, however,
often simpler to realize the Hilbert filter as a filter with two
outputs with 90° difference in their phase responses.

2.6 Delay Approximations

In previous sections, transfer functions that meet a given
magnitude specification have been discussed. In this section,
we will discuss filter approximations, which approximate
linear phase or constant group delay. A group delay require-
ment is more stringent than a linear-phase requirement.
There exist standard approximations with maximally flat or
equiripple group delay.

2.6.1 Gauss Filters

Characteristic for a Gauss filter [11, 29, 68, 88, 146] is that
the step response does not have any overshoot or ringing
and that the impulse response is approximately symmetric
around the time ¢, i.e., the phase function is almost linear.

Both Gauss and Bessel filters are nowadays of limited
interest because filters that meet demands on both the mag-
nitude function and the phase function can be determined
with the help of optimization programs.

2.6.2 Lerner Filters

Lerner filters have approximately linear phase in most of the
passband and a relatively small transition band [88].

2.6.3 Bessel Filters

A Bessel filter, which also is called a Thomson filter, approximates
a lowpass filter with linear phase [88]. Bessel filters were first
described by Z. Kiyasu 1943 and later by W.E. Thomson 1952.
Bessel filters have a maximally flat group delay for w = 0. Figure
2.45 shows the magnitude function for Bessel filters with orders 1—
5. The magnitude function decays monotonically and the filter has
relatively poor attenuation in the stopband and a wide transition
band. The passband edge depends on the filter order. There exists
no simple expression for computing the required filter order of the
poles given an attenuation and group delay requirement.

Figure 2.45 shows the attenuation and Fig. 2.46 shows the
corresponding group delays for Bessel filters with orders 1-5. The
filters have been normalized to have 7,(0)=1 s. Note that the
frequency range over which the group delay is approximately
constant increases with increasing filter order. In fact, the band-
width-group delay product’ is fixed and increases with the filter
order. Hence, we may obtain a larger group delay over a small
bandwidth or vice versa.

60
SOf
wf

30

A(w) [dB]

20

10f—

Fig. 2.45 Attenuation for 0=
Bessel filters of different
orders

o [rad/s]

"This product is an alternative formulation of the Heisenberg
uncertainty principle.
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The transfer function for a Bessel filter is

H(s) = ?V(((S))) = Nb" (2.56)
v E kak
N -k o
2N —k)! . .
where b, = m and By(s) is a Bessel polynomial
[140].

The Bessel polynomial can easily be computed by the recursion

B,=(2n—1)B,_; + 5By (2.57)

with By =1and B; =s + 1. Bessel filters do not have finite zeros.

The poles for a fifth-order Bessel filter are shown in Fig. 2.47
with 7,(0) = 3.93628 s, and Fig. 2.48 shows the impulse and step
responses of the corresponding filter.

Fig. 2.47 Poles for a fifth- 1.5 y y
order Bessel filter 5 zeros at e
05 - X :
of
05} X :

o [rad]

Note that a filter with linear phase has an impulse
response that is symmetric around the time #y ~ 7, The
impulse response for the Bessel filter is almost symmetric,
which results in an almost linear phase response. Note that
because the impulse response only has a small undershoot,
the ripple in the step response will also be small. The over-
shoot and the ringing in the step response are much smaller
compared with the previously discussed filters.

The required order for a Bessel filter with a given group
delay at @ =0, a maximal deviation in the group delay from
74(0), and a maximum ripple in the passband at wy, can be
computed with the function BESSEL_ORDER.

Filters that are similar to Bessel filters are used in the read
channel for hard drives to equalize both magnitude function
and the group delay and to reduce the noise. The resulting
read channel should have linear phase in order to reliably
detect the ones and zeros. In this application, the filter’s
bandwidth varies depending on which track is being read. A
typical filter has order seven and a bandwidth that can be
varied between 10 and 100 MHz. The allowed variation in
phase function is less than £0.05°.

Because hard drives are manufactured in several hundred
million units annually, these filters are economically impor-
tant, and large development efforts have been made to inte-
grate the filters on the same chip as other digital logic that is a
part of the read channel.

It is common to use different compromising solutions
between, e.g., Chebyshev II filter and Bessel filter. Such a
filter can therefore obtain a relatively good group delay
and at the same time a good attenuation and narrow
transition band because the finite zeros give large stop-
band attenuation and do not affect the group delay [11,
29]. Note that zeros on the jw-axis do not affect the group
delay. Moreover, the area under the group delay for an
Nth-order all pole filter depends only on the filter order.
We have

(2.58)
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Fig. 2.48 Impulse and step 1.5

response for a fifth-order
Bessel filter

s(t)

0.5

h(t)

Hence, because the area under the group delay is con-
stant, an increase in the bandwidth will result in a decrease in
the group delay and vice versa.

2.6.4 Lowpass Filters with Equiripple
Group Delay

Lowpass filters with equiripple group delay response can be
designed by using numerical optimization routines. The equiripple
group delay filters have a wider equiripple-group delay band and
similar stopband attenuation as the corresponding Bessel filter of
the same order and are therefore often preferred.

2.6.5 Equiripple Group Delay Allpass
Filters

An allpass filter can be derived from any of the previously
discussed allpole, lowpass filters by forming the transfer func-
tion using their denominator, i.e.,

(2.59)
The group delay of this filter is twice that of the corre-
sponding lowpass filter, e.g.,
Tgap = 2":;,7305501‘

The ripple will also be twice as large as in the lowpass filter.

2.7 Frequency Transformations

In the following sections, we will discuss a method to
compute the poles and zeros of highpass, bandpass, or
bandstop filters from the poles and zeros of a lowpass
filter [68]. This technique is based on a frequency trans-
formation. These transformations, which are also

called reactance transformations, result in a filter that
meets a magnitude specification. However, the result-
ing filters are in general not optimal, except for high-
pass filters, which are optimal if the corresponding
lowpass filter is optimal. Hence, bandpass and band-
stop filters designed using reactance transformations
result in suboptimal solutions, but the technique is
often used due to its simplicity. The group delay with
the lowpass filter is not retained by the transformation.
Thus, it is not meaningful to frequency transform Bes-
sel filters because the group delay is distorted.

Optimal frequency selective filters can, however, be
designed by using numerical optimization techniques.
We discuss how bandpass filters that are optimal with
respect to the magnitude specification can be synthe-
sized with a PolePlacer program. It is also possible to
synthesize corresponding bandstop filters.

2.8 LP-to-HP Transformation

To design a highpass filter, we first design a corre-
sponding lowpass filter according to the methods
that have been described earlier. The requirement
on the magnitude function of the LP filter depends
on the requirement on the highpass filter.

Figure 2.49 shows the specification for the highpass
filter, which shall be synthesized, and the correspond-
ing specification for the lowpass filter, which is used
in the synthesis. Note that A4,,,, and A4,,;, are the same
in the highpass filter and the lowpass filter.

To separate the frequency variable for the lowpass
filter from the corresponding frequency variable for
the desired frequency transformed filter, capital
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Fig. 2.49 Specificaiton for a highpass and corresponding
lowpass specification

letters and lowercase letters are used, respectively.
The complex frequency for the lowpass filter and
highpass filter is S=2+4+,Q and s= o+ jo,
respectively.

The relation between s and S is

(2.60)

where wy is the transformation angular frequency. It
is often favorable, as it simplifies the computations,
to choose w;= w,.

Figure 2.50 shows how the poles and zeros are
transformed when w/>= 3.5. Poles on the real axis
are mapped onto the real axis and zeros on the
jQ-axis are mapped onto the jw-axis. A complex
pole pair is mapped to a complex pole pair. Zeros
in the LP filter at S= oo are mapped to s=0.

Wc=30000; Ws=8000;
Amax=0.1; Amin=140; %
WI=Wc; % We select WI=Wc

oe

Omegac=Wc;

Omegas =WI"2/Ws;

NLP=5; % Synthesis
[GLP, ZLP, ZreflP,
QLP=-abs (PLP) ./ (2*real (PLP))

% Transform the LP to a HP filter
[GHP, ZHP, PHP]=Pz 2 HP S(GLP, ZLP,
N=NLP; %
QHP =-abs (PHP) ./ (2* real (PHP))

PLP,

lzeroates |

3 2 -1 o 6 5 4 3 2 -1 0

Fig. 2.50 LP-HP transformation of poles and zeros

The design process for highpass filter is as follows:

1. Determine the LP specification from the HP
specification using Equation (2.60). That is,
Q. =—-wllo, Q= —w,z/ws and with the same
Amax and Amin-

2. Determine required filter order, poles and zeros
for the lowpass filter.

3. Transform poles and zeros of the lowpass filter
as well as any zeros at S=oc using Equation
(2.60).

Example 2.7 Write a MATLAB program that determines
necessary order and poles and zeros for a Butterworth filter
that meets the specification shown in Fig. 2.51. Verify the
result by plotting the attenuation and poles and zeros in the s-
plane.

We get

Requirements for the highpass filter
Omegac =WI"2/Wc=Wc
of 5th-order lowpass Butterworth filter

PLP, Wsnew] =BW POLES (Omeagc, Omegas, Amax, Amin, NLP);

WI™2)
LP and HP filter has the same order
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[dB] A A(O)) PHP=1.0e+04 * QHP =

-2.05989 0.50000

Apyin =40 -1.666485 - 1.210772i 0.61804
-1.666485 + 1.2107721 0.61804
-0.6365407 - 1.9590711i 1.618034
-0.6365407 + 1.9590711i 1.618034

Aa=0.1 +

T > O
®,=8 ®.=30 [krad/s] Fig. 2.52 Poles and zeros x10*

Fig. 2.51 HP filter specification

Here we use the function PZ_2_ HP_S to transform the LP
poles and zeros. The program yields

NLP=5

PLP=1.0e+04 * QLP =
-4.369168 0.50000
-3.534731 - 2.5681321 0.61804
-3.534731 + 2.5681321 0.61804
-1.350147 - 4.1553261 1.618034
-1.350147 + 4.1553261 1.618034
GLP=1

GHP=1

ZHP =

0

0

0

0

0

for the HP filter

-3 -2 -1 0

The poles and zeros for the highpass filter are shown in
Fig. 2.52. The attenuation and the group delay for the high-
pass filter are shown in Fig. 2.53. The transfer function of the
highpass filter is

s>

H(s) =
() (s + 20598.888)(s2 + 12730.813s + 424314200)

1

(2.61)

's? 4 33329.701s + 424314200

Note that the orders of the highpass and lowpass filters
are the same and that a Butterworth filter of highpass type
has N zeros at s = 0 while the corresponding lowpass filter has
N zeros at S=oco. The Q factors are the same in the lowpass
and highpass filters.

Note that all poles and zeros are mirrored in a circle with
radius w;”. This means that if the poles with the LP filter lie
on a circle with radius R, as is the case for Butterworth
filters, the poles with corresponding highpass filters will also
lie on a circle, but with the radius r,

»?
oo = 75—
R0

An HP filter with piecewise-constant stopband requirements
can be synthesized with the programs POLE_PLACER HP MF S
and POLE_PLACER HP EQ S where MF and EQ denote maxi-
mally flat and equiripple passband, respectively.

2.8.1 LP-to-HP Transformation
of the Group Delay

The group delay of the highpass filter can be expressed in terms
of the group delay for the corresponding lowpass filter. We have
for the highpass and lowpass filters
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_d _d Replacing Q with @ according with Q@ = —w?/w yields for a
Tep(0) = — - Pup(0) = — 2 D1p(Q) real pole
dQd dQ
= B Q) = (0
doda ) = G reer(Q)

and the relation between the lowpass and highpass angular fre-
quencies is, according to Equation (2.60), Q = —a? /w. We get

e doj_o
do~  do o o

Finally, we get

2
tenp(®) = - t,1p(2). (2.62)
The transfer function can be expanded into a partial fac-
tion expansion. Each term in this expression consists of a
first- or second-order transfer function. The group delay for
the lowpass filter is the sum of contributions for each indivi-
dual pole pair

N
TeLr(Q) = ZTg»I(Q)
n=1

—26,(Q*+ 12
_ 2—0‘,,2 and ng(Q) _ 4 F( [’2
@0, Q' +20202 —12)Q" +rt
for a first-order pole and second-order pole pair, respectively.

where 14 (Q)

w? 1
Tenp(0) = (- 0—1> "
I] —_

4
o? +—L
o2
P
and for a second-order pole pair
4
: o+
G,m r
r@1 ?
Tenp(©) = =2 2 4 3
g + 20; (262 — o’ + @1
4 »~'p A
P P

The group delay for the highpass filter has a similar
shape as the group delay for the lowpass filter, but distorted
according to Equation (2.62). The group delay for the high-
pass filter approaches zero for @ — oo and toward a con-
stant for o — 0. Figure 2.54 shows the group delays for a
fifth-order lowpass Butterworth filter with 4,,,,=0.1 dB
and Q.=1 rad/s and the corresponding highpass filter,
which is obtained with w;= Q.. Hence, they have the same
passband edges. Note that the group delay for the highpass
filter is small in the passband.

T, () [s]

Fig. 2.54 Group delay for a

lowpass and corresponding
highpass filter

o [rad]
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2.9 LP-to-BP Transformation

In the same manner as for highpass filters, a lowpass
filter can be frequency transformed to a bandpass
filter [68]. The frequency relation between the band-
pass filter and the lowpass filter for the LP-BP
transformation is

. 52+ w%

N

S (2.63)

However, this frequency transformation requires
that the product of the passband and the stopband
edges meet a condition for geometric symmetry, i.e.,

(2.64)

2
W7 = W51 W = W1 W2

where wy is the transformation angular frequency.
Figure 2.55 shows the specifications for a band-
pass filter and the specification for a corresponding
lowpass filter.
The relations between the edges in the LP and BP
filters are

Qc = W2 — W¢]
(2.65)
Qs = wp — wy.

The bandwidth of the lowpass filter is equal to
the bandwidth of the bandpass filter, and the

A A((D)
Amin —
Amax ] | | > ©
wsl (Dcl (Dc2 (032
A A(Q)
Amin 1
A _
max
: > Q
Qc QS

Fig. 2.55 Specification for a bandpass filter and correspond-
ing LP specification

stopband edge corresponds to the difference
between stopband edges for the bandpass filter.
Normally, the specification does not meet the con-
dition in Equation (2.64). The specification must
therefore be sharpened by changing at least one of
the band edges.

If the transition bands or the attenuation require-
ments in the upper and lower stopbands differ, the
bandpass filter must be designed to meet the most
stringent requirement. This means that bandpass
filters often get higher order than necessary because
the frequency response meets a higher requirement
than necessary. The bandpass filter that is obtained
is a geometric symmetric bandpass filter.

Figure 2.56 illustrates how the poles and zeros
are mapped by the LP-BP transformation. A com-
plex conjugate pole pair is mapped to two complex
conjugate pole pairs, both with the same Q factors.

From Fig. 2.56 it is obvious that this way of design-
ing bandpass filters results in a filter with the same
number of zeros in the upper and lower stopbands. An
optimizing program must be used to design a more
complicated bandpass filter with, for example, differ-
ent number of zeros in the two stopbands.

The design process for geometric symmetrical
bandpass filters is

1. Compute the LP specification from the BP spe-
cification. If needed, change the band edges so
that the symmetry constraint is satisfied.

60 60

1 zero at.co \\ 1 zero af o
40 1 : ] - A 40 +
20
e
| —1
0 o
20t
40} QO
—60 - . —60 . .
—40 -20 0 -40 -20 0

Fig. 2.56 LP-BP transformation of poles and zeros
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2. Determine necessary order and the poles and
zeros of the LP filter.

3. Transform the poles and zeros of the LP filter.
Transform also the zeros at S=occ.

A
[dB] A(w)

60

Example 2.8 Write a MATLAB program that determines
necessary order and poles and zeros for a Cauer filter that
meets the specification shown in Fig. 2.57. Validate the result
by plotting the attenuation and poles and zeros in the s-plane. 028
The requirement of geometric symmetry, Equation (2.64), ’

is not met because w.;m.» =800 [krad/s]2 and wgwen =720 T T
[krad/s]>. The symmetry requirement can be met, i.e., if the 12 25 32
lower transition band is made smaller, i.e., w,; is changed so
Wy = 13.333333 krad/s.

» O

60 [krad/s]

Fig. 2.57 BP filter specification

Wcl=25000; Wc2=32000; % Requirement for the bandpass filter
Wsl1l=12000; Ws2=60000;
Amax=0.28; Amin=60;
if Wel*Wc2 <= Wsl*Ws2; % Modify band edges if needed
Ws2 =Wcl*Wc2/Wsl;
else
Wsl=Wcl*Wc2/Ws2;
end

WI2=Wcl*Wc2;
Omegac=Wc2 - Wcl;
Omegas =Ws2 - Wsl;
NLP=CA ORDER (Omegac, Omegas, Amax, Amin)$% Synthesis of LP filter

NLP=3; % Select the next higher integer

[GLP, ZLP, R ZEROSLP, PLP, Wsnew] =CA POLES (Omegac, Omegas, Amax, Amin, N);
QLP=-abs (PLP) ./ (2*real (PLP))

% Requirements for lowpass filter

o

% Transform the lowpass to a bandpass filter
[GBP, ZBP, PBP]=PZ 2 G _SYM BP S(GLP, ZLP, PLP, WI2);
figure (1)
PLOT PZ S (ZBP,
ZBP

PBP

GBP

QBP=-abs (PBP) ./ (2*real (PBP))
W=1[0:100:1000001];

pBP, 0,0, -40000, 10000, 80000)

H=PZ 2 FREQ S(GBP, ZBP, PBP, W);

figure (2)

axis Amax=280; axis Tg max=1.6*10"-3;

Att =MAG 2 ATT (H); % Compute the attenuation
Tg=PZ 2 TG S(GBP, ZBP, PBP, W); % Compute the group delay
PLOT A TG S(Att, Tg, W, axis Amax, axis Tg max);

set (gca, ‘FontName’ , ‘times’ , ‘FontSize’, 16);

We use the function PZ_2 G _SYM BP_S to synthesize a

. S s PLP=1.0 e+03 * QLP =

geometric symmetrical bandpass filter. The program yields 2 563182 - 7.5662481 1.558365
Wsl—13333.333 -2.563182 + 7.5662481  1.558365
NLP=3 -5.257168 0.500000

ZLP=1.0 e+04 *
0 - 5.0644871
0 + 5.0644871

GLP=1.3080498 e+02
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For the BP filter we get
N=6
ZBP =1.0 e+04 *

0 - 1.2641041

0 + 1.2641041

0 - 6.3285901

0 + 6.3285911

0

PBP=1.0 e+04 * OBP =
-0.111152 - 2.4724741 11.13352
-0.111152 + 2.4724741 11.13352
-0.145166 + 3.229101 11.13352
-0.145166 - 3.229101 11.13352
-0.262858 - 2.816191 5.380143
-0.262858 + 2.816191 5.380143

GBP=1.3080498 e+02

Poles and zeros and two semicircles, which indicated the
passband and the stopband edges for the highpass filter, are
shown in Fig. 2.58. Note that every pole (or zero) in the LP
filter is mapped to a complex conjugate pole (or zero) pair in
the BP filter while the zero at S = oo in the LP filter is mapped
to s =0and s = co. There are equally many zeros in the upper
and lower stopband. The order for the bandpass filter is twice
as high as for the corresponding lowpass filter, and the Q
factors are much larger. The transfer function is

H(s) =

x10*

1 zero'at co

x10*

Fig. 2.58 Poles and zeros for the bandpass filter

130.80050s(s + 15979600)

(s 4 2223.036s + 61254838)(s2 4 2903.327s + 1044815429)
(s> 4 4005106465)

(2.66)

(s? + 5257.168s + 8000000000) -

Note that the design margin for Cauer filters is used so the
stopband edge is reduced and the lower stopband edge has
been increased so an infinite zero pair lies in the specifica-
tion’s lower transition band. The attenuation and the group
delay for bandpass filter are shown in Fig. 2.59.

The group delay of the LP filter is mapped to two peaks for
the BP filter, see Problem 2.34. Note that the group delay is
largest at the lower end of the passband. The impulse response
is shown in Fig. 2.60. The frequency of the ringing is related to the
center frequency of the bandpass filter, and the envelope is related
to the impulse response of the corresponding lowpass filter.

x1073

A(o) [dB]

1.6
1.4
12
1

0.8

T, () [s]

0.6
0.4
0.2

o [rad/s] X 104

Fig. 2.59 Attenuation and group delay for the bandpass filter in Examples 2.8
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Fig. 2.60 Impulse response for the bandpass filter

2.10 LP-to-BS Transformation

Bandstop filters can be designed in a similar way as
the bandpass filter [68]. Figure 2.61 shows the spe-
cifications for a bandstop filter and corresponding
lowpass filter.

The frequency relation between the bandstop filter

and lowpass filter using the LP-BS Ltransformation is
wls

2+ w?

(2.67)
M A (@)

Amin

t[s]

Amax -

2.5 3 3.5 4 4.5 5

The frequency transformation of BS filters yields
a geometric symmetrical BS filter, i.e., the frequency
transformation results in that the product of pass-
bands and respective stopband edges will meet the
geometric symmetry constraint

2
Wy = Ws1Ws2 = W1 W2 (268)

where w; is the transformation angular frequency.
The relations between the LP and BS filters band
edges are

wcl

AQ)

Amin

Amax 7

W1 O

(%)

Q;

Fig. 2.61 Specification for a bandstop filter and corresponding LP specification
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2
(0]
Q. = L
W2 — Wel
2.69
. (2.69)
Q= !
Wy2 Wy1

Because Equation (2.68) must be met, the band-
stop filters often need to meet a stricter requirement
than necessary [29, 112].

Figure 2.62 illustrates how the poles and zeros
are mapped by the LP-BS transformation.

The design process for geometric symmetrical
bandstop filters is

1. Compute the LP specification from the BS
specification. If needed, adjust the band edges
to meet the symmetry constraint.

2. Determine necessary order and poles and zeros
for the LP filter.

3. Transform the poles and zeros of the LP filter.
Transform also any zeros at S = oc.

x10°

Example 2.9 Write a MATLAB program that determines
necessary order and poles and zeros for a Cauer filter that
meets the specification shown in Fig. 2.63. Verify the result
by plotting the attenuation and poles and zeros in the s-
plane.

The requirement on geometric symmetry, Equation
(2.64), yields w.w. = 540 [krad/s]* and w0, = 650 [krad/
s]>. The symmetry requirement can be met if the transition
band is made smaller, i.e., w, is changed to wg =20.769
krad/s, as it is the lower transition band that determines the
filter order. We get

A A
()
[dB] )
60 —| —
0.28 —
12 25 26 45  [krad/s]

Fig. 2.63 BS filter specification

T T T
1 zero at o - E—

Fig. 2.62 LP-BP

transformation of poles and
Zeros
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Wcl=12000; Wc2=45000;

% Requirement for the bandstop filter
Wsl=25000; Ws2=26000;
Amax=0.28; Amin=60;

)

% Modify band edges if needed
if Wel*Wec2 >= Wsl*Ws2;

Ws2 =Wcl*Wc2/Wsl;
else

Wsl=Wcl*Wc2/Ws2;
end
WI2 =Wcl*Wc2;
% Requirements for lowpass filter
Omegac=WI2/ (Wc2 - Wcl)
Omegas =WI2/ (Ws2 - Wsl)

% Synthesis of lowpass filter (Cauer)
NLP=CA ORDER (Omegac, Omegas, Amax, Amin)

NLP=3; % Select next higher integer

[GLP, ZLP, R ZEROSLP, PLP, Wsnew] =CA POLES (Omegac, Omegas, Amax, Amin, N);

QLP=-abs (PLP) ./ (2*real (PLP))

% Transform the lowpass to a bandstop filter

[GBS, ZBS, PBS] = PZ 2 G SYM BS S(GLP, ZLP, PLP, WI2);
0OBS = -abs (PBS) ./ (2*real (PBS))

figure (1)
PLOT PZ S(ZBS, PBS, 0,0, -50000, 10000, 50000);
alfa=1linspace(pi/2, 3*pi/2, 200);
plot (Wcl*cos(alfa), Wcl*sin(alfa), ‘',
)
)

’

! ‘linewidth’, 1)
plot (Wc2*cos (alfa), Wc2*sin(alfa), ‘', ‘linewidth’, 1);
plot (Wsl*cos(alfa), Wsl*sin(alfa), ‘', ‘linewidth’, 1)
plot (Ws2*cos (alfa), Ws2*sin(alfa), ‘', ‘linewidth’, 1);
N=2*NLP % The BS filter has the order 2*NLP
ZBS
PBS
GBS
W=7[0:10:10000017;
H=PZ 2 FREQ S(GBS, ZBS, PBS, W);

’

figure (2)

axis Amax=80; axis Tg max=0.8%*10"-3;

Att =MAG 2 ATT (H); % Compute the attenuation
Tg=PzZ 2 TG S(GBS, ZBS, PBS, W); % Compute the group delay

PLOT A TG S(Att, Tg, W, axis Amax, axis Tg max);
set (gca, ‘FontName’, ‘times’, ‘FontSize’, 16);
xtick ([0:10000:10000017)

O O B

.0370861
.0370861
.75708331
.75708331

QOBS =
2.918536
.918536
.918536
.918536

We get -0.7020074
-0.7020074
N=6 -2.197004
ZBS=1.0e+04 * -2.197004
0 - 2.5631041
0 + 2.5631041 GBS=-1.000000e+00
0 - 2.1068211
0 + 2.1068211 QLP =
0 - 2.3237901 1.558365
0 + 2.3237901
1.558365
PBS=1.0e+04 *
0.500000

-0.2257678 - 1.2983341
-0.2257678 + 1.2983341

.5288544
.5288544

o o N NN
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The poles, zeros, and semicircles, which indicate the pass-
band and stopband edges for the bandstop filter, are shown
in Fig. 2.64. The Q factors are not affected by the transforma-
tion. Because the MATLAB routine for the Cauer filter uses
the design margin to lower the stopband edge for the lowpass
filter, the width for the corresponding stopband will increase,

H(s) =

which is evident as two finite zeros lie in the transition band.
The stopband thus becomes larger than necessary.

The attenuation and the group delay for the bandstop
filter are shown in Fig. 2.65. Note that the group delay
becomes largest in the lower transition band.

The transfer function is

—(82 + 6.569500 - 10%)(s> + 5.400000 - 10%)

(s> +4.438669 - 10°)

(8% +4.394007 - 10%s + 5.400000 - 10%)(s> + 1.404015 - 10*s + 16.79088 - 10%)

"2 4 0.4515357 - 10%s + 1.736657 - 108~

X 104

Fig. 2.64 Poles and zeros for the bandstop filter

2.11 Piecewise-Constant Stopband
Requirement

Frequency transformations of lowpass filter to bandpass
filter result in both stopbands meeting the same attenuation
requirement 4,,;,. Furthermore, one of the transition bands
normally becomes smaller than necessary due to the geo-
metric symmetry constraint. The filter, thus, gets unnecessary
high order. In many applications, the requirements are dif-
ferent in the two stopbands and the requirements usually
vary, which is shown in Fig. 2.66.

With the help of an optimizing program of the type Pole-
Placer, the poles and zeros can be determined to a filter that
meets a partially constant stopband requirement. The passband
can be chosen with equiripple or as a maximum flat. By choosing a
suitable number of zeros in both stopbands, the filter order can be
minimized.

A way of optimizing the filter, so the design margin is used
well, is by making the distances d; between the attenuation
function and the specification equal. It is however not certain
that the program always will find such a solution. In such cases,
we have to try with another set of the start values for the zeros
or increasing the number of zeros if the filter order is too small.
There are, however, in both cases certain limits on how the
zeros can be placed in order for the transfer function to be
realized with an LC network.

Example 2.10 Below is shown the use of POLE PLA-
CER BP MF S for a maximum flat passband. Using the
program POLE_PLACER BP EQ S, a BP filter with equir-
ipple passband can be synthesized. Note that the program is
sensitive to the initial positions of the zeros.
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stopband requirement

% POLE _PLACER BP MF S with maximally flat passband
Amax=0.5;

Wcl=3; Wc2=4;
Amin low=1[40];

Wstep low=1[2];

Amin high=1[35 60];

Passband edges 3 and 4 rad/s
40 dB between 0 and 2 rad/s

oe o°

35 dB between 5 and 6 rad/s
60 dB from 6 rad/s and higher

oo o°

Wstep high=[5 6];
Wi low=1[0.471;
Wi high=[7 871;

Initial finite zeros in the lower stopband
and in the upper stopband

NIN=1; One zero at infinity

NZ=1; One zero at the origin

[G, Z, P, dopt]=POLE PLACER BP MF S (Amax, Wcl, Wc2,

Amin low, Amin high, Wstep low, Wstep high, Wi low, Wi high, NZ, NIN)
W= (0:1000)*15/1000;

H=PZ 2 FREQ S(G, Z, P, W);

Att=MAG 2 ATT (H);

subplot (‘position’, [0.08 0.4 0.90 0.5]);

o° o o° oP
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PLOT ATTENUATION S (W, Att)

axis ([0 15 0 100]); color=[0.7 0.7 0.7]; % Gray

patch ([0 Wstep low(l) Wstep low(l) 0], [0 O Amin low (1)

Amin low(1l)], color);

V=axis;

patch ([Wstep high(1)V(2)V(2)Wstep high(2)Wstep high(2)...
Wstep high(1)], [0 O Amin high(2) Amin high(2) Amin high(1)...
Amin high(1)], color);

N
I

o
I

0 -2.328055e-01 - 4.103456e+001
0 - 1.7774251 -2.328055e-01 + 4.103456e+001
0 + 1.7774251 -6.190255e-01 + 3.779765e+001
0 - 5.6784861 -6.190255e-01 - 3.779765e+001
0 + 5.6784861 -6.267145e-01 + 3.224695e+001
0 - 7.5746651 -6.267145e-01 - 3.224695e+001
0 + 7.5746651 -2.3233%94e-01 + 2.894913e+001
00 -2.323394e-01 - 2.894913e+001
G=1.631020e-02 dopt=1.008892e+00

With the specification given in the program we the group delay so that the two combined filters meet
obtain the attenuation shown in Fig. 2.67. both a magnitude and group delay specification.

.. Example 2.11 The program below computes the poles and
2.12 Equalizing the Group Delay zeros of an allpass filter for equalizing the group delay of a

fifth-order Cauer filter in Example 2.4. The frequency range

. .. has been normalized to w.=1.
By connecting a minimum-phase filter that meets

a specification for the magnitude function with
an allpass filter, we can, according to Fig. 2.4, equalize

)

% Determine poles and zeros for the Cauer lowpass filter
Wec=1; Ws=56/40;

Amax=0.28029; Amin=140;

N=CA ORDER(Wc, Ws, Amax, Amin);

N=5;
[GLP, ZLP, R _ZEROSLP, PLP, Wsnew] =CA POLES (Wc, Ws, Amax, Amin, N);
Wl=0; wW2=1; % Equalization range =passband
Nap=7; % 7th-order allpass filter
100
80 1
=)
S, 60 F
o
S 40
<
20
. i 0
Fig. 2.67 Bandpass filter 0 5 10 15

with a piecewise-constant
stopband requirement  [rad/s]
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[PAP, Wpas]=EQ TG LP_S(Wl, W2, GLP, ZLP,

figure (1)

PLOT PZ_S(-PAP, PAP, Wc, Ws,-1.5, 0.5, 2.
.5, 2.

TgH=PZ 2 TG S(GLP, ZLP, PLP, Wpas
TgAP=PZ 2 TG S(1, -PAP, PAP, Wpas

’

0
PLOT Pz S(zZLP, PLP, Wc, Ws, -1.5, 0
)
)
figure (2);
subplot ("position’, [0.08 0.4 0.90 0.51);
plot (Wpas, TgAP + TgH, ‘linewidth’, 2)
hold on; grid on; axis([0, 1, 0, 25]);
plot (Wpas, TgH, ‘linewidth’, 2)
plot (Wpas, TgAP, ‘linewidth’, 2)

PLP, Nap):;

The poles and zeros for the allpass filter are

ZAP =

0.1834844 - 0.5600611
0.1834844 + 0.5600611
0.1873279 - 0.28305021
0.1873279 + 0.28305021
0.1649636 - 0.84411111
0.1649636 + 0.8441111
0.1921410

PAP =

-0.1834844 - 0.5600611
-0.1834844 + 0.5600611
-0.1873279 - 0.28305021
-0.1873279 + 0.28305021
-0.1649636 - 0.84411111
-0.1649636 + 0.8441111
-0.1921410

Note that zeros of an allpass filters lie in the right half-plane
and that they are mirror images in the jw-axis of corresponding
poles. That is, poles and zeros of the allpass filter have the same
imaginary part and the same real part except for the different
signs. Typically, most of the poles of the allpass filter lie closer to
the jw-axis than the poles in the lowpass filter. That is, most of
the Q factors are higher than in the lowpass filter.

Figure 2.69 shows the resulting group delays for the lowpass
filter in Example 2.4, allpass filter, and resulting overall group
delay using a seventh-order allpass filter. Figure 2.68 shows the
pole-zero configurations for the lowpass and allpass filters.
Synthesis of the allpass filter can be made with the help of the
above optimizing program, which yields an approximately equir-
ipple solution. In this case, the minimax error is about 1.7372.

Fig. 2.68 Pole-zero 2.5 T - T
configuration for the 1 zero at oo
lowpass and allpass filters 2F D 1
1.5F 1
D
] - 4
xX|O
05t X 10 ]
X|O
N N 1O
0 KX TCO
X0
-05F X O B
1t X0 :
-15¢ ) 1
2t (ORSE
=25 . -

Fig. 2.69 Group delay for a

lowpass filter, allpass filter,
and the resulting group delay 0 0.1 0.2



74

2 Synthesis of Analog Filters

2.13 Problems

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8
2.9

2.10

2.11

2.12

2.13

a) Derive an expression for the required filter
order for a Butterworth filter.

b) Derive an expression for the poles for a
Butterworth filter.

Derive the relation between A4,,,,,, ¢, and p.

The poles in a normalized Butterworth filter are

denormalized by multiplying with the factor,

rpo, and not with the passband edge, w., which
is done with the other approximations. Deter-

mine the attenuation at w = r.

Show that the first 2N—1 derivatives of the

magnitude function squared of a Butterworth

filter are zero at w =0.

Determine how the impulse and step responses

are affected by a scaling of the frequency with

a factor k.

Determine the extreme values of 7,,(x) =cos(n

acos(x)).

Determine the poles and zeros and transfer

function for a third-order Butterworth filter

with 4,,,,=0.1 dB and w.=5 Mrad/s and
determine the attenuation at =10 Mrad/s
and o =20 Mrad/s.

Repeat Problem 2.7 for a Chebysheyv I filter.

Repeat Problem 2.7 for a Chebyshev II filter

with A4,,,, =40 dB.

Repeat Problem 2.7 for a Cauer filter with

A,in =40 dB.

a) Determine the required filter order and the
poles and zeros for a filter with maximally flat
magnitude function that meets the following
attenuation requirement: A,,,,. = 0.40959 dB
(p=30%), Apin=>50 dB, w.=3 Mrad/s,
w,=12 Mrad/s.

b) Repeat a) but only a fourth-order filter can
be afforded. How much of the stopband
attenuation must be sacrificed?

Design a fifth-order Butterworth lowpass filter

for use in a high data rate Bluetooth system,

which is required to meet the requirements: 3 dB

cutoff edge at 1 MHz and passband gain of 5.

a) Write a MATLAB program that computes
required filter order, poles and zeros for a
Butterworth filter that meets the requirement:
p=30%, A4,,=35 dB, w.=10 krad/s,
o, =30 krad/s.

2.14
2.15

2.16

2.17

2.18

2.19

2.20

2.21

b) Validate the program by plotting the
attenuation.

c) Plot the group delay.

d) Plot the poles and zeros in the s-plane.

e) Plot the impulse and step responses in the
same diagram.

Repeat Problem 2.13 for a Chebyshev I filter.
Repeat Problem 2.13 for a Chebyshev II filter
with 4,,,;,, =40 dB.

Repeat Problem 2.13 for a Cauer filter with
Apin=40 dB.

Compare the filters in Problems 2.13, 2.14,
2.15, and 2.16 and plot the magnitudes,
group delays, and poles and zeros.

Determine the constant G in Example 2.2 so
that the gain at w =0 is 32. Determine also the
rate of attenuation increase in dB per octave at
high frequencies.

Determine and compare the required filter
order and the poles and zeros for a

a) Butterworth filter
b) Chebyshev I filter
c¢) Chebyshev II filter
d) Cauer filter

that meets the following requirement:
p=15%, A,,,,=60 dB, w.=5 Mrad/s, and
w,=2.5 Mrad/s. Mark the poles and zeros in
the s-plane and determine the transfer
function.

Compare using MATLAB the Butterworth,
Chebyshev 1, Chebyshev II, and Cauer
approximations with respect to

a) Required order for a given standard lowpass
specification.

b) The width of the transition band for filter
of order N=4 and N=15. Select typical
values for 4,,,. and A4,,,,.

Determine the required filter order and the
poles and zeros for a

a) Butterworth filter
b) Chebyshev I filter
¢) Chebyshev II filter
d) Cauer filter

that meets the following requirements:
p=15%, A,;,=60 dB, w.,=10 Mrad/s,
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wy=25 Mrad/s. Mark the poles and zeros in
the s-plane and determine the transfer function.

2.22 An anti-aliasing filter in front of an analog-to-
digital converter (ADC) in a video system is used
to bandlimit the input signal before sampling.
The passband is up to 8 MHz and the stopband
edge is at 12 MHz. The acceptable passband
ripple corresponding to p =5% and the stop-
band attenuation is at least 40 dB. Select a sui-
table filter approximation and find the transfer
function find and the poles and zeros.

2.23 LP (long-playing) records are engraved with
reduced bass levels and increased treble levels

because of two main reasons. Low signal fre-
quencies require a larger groove, which has
the drawback of shorter recording time and
difficulties for the stylus to follow, and, thus,
causes distortion. In addition, at high frequen-
cies the stylus has difficulty to accurately fol-
low the groove, which causes high frequency
noise. RIAA (Recording Industry Association
of America) has standardized a scheme where
the high frequencies are amplified during
recording to obtain a higher signal-to-noise
ratio and attenuated at playback through a
filter described by the RIAA frequency curve

N = —10log(1 + »?t}) 4+ 10log(1 + w?c3) — 10log(1 + w?13)

where N =level in dB; treble time constant, 7, =75

ps; medium time constant, 7, =318 ps; and bass

time constant, t3=23.180 ms. Find the corre-
sponding transfer function and its poles and
zeros. The attenuation should be normalized to

0 dB at 1 kHz.

2.24 Find a second-order allpass transfer function
with gain=-2 and @, p(w)=-n/4 rad at
w=2m Mrad/s.

2.25 Determine how the group delay of a lowpass
filter is transformed by the LP-HP transforma-
tion and mark the positions of the poles and
zeros in the s-plane.

2.26 Determine how the group delay of a lowpass filter
is transformed by the LP-BS transformation.

2.27 Compute by hand the poles and zeros for a
highpass filter of Butterworth type that meets
the requirement: A4,,,,. = 1 dB, w.= 70 Mrad/s,
Apin=25dB, and oy, =20 Mrad/s.

2.28 Design an allpass filter that minimizes the
overall ripple in the group delay of the cascade
of the filter in Problem 2.22 and the allpass
filter to less than 5%.

2.29 A filter design program found on the Internet,
a so-called shareware program, produces the fol-
lowing transfer function for given specification

$0 — 31s* 4+ 17552 — 625
$3— 552+ (3 +4j)s — 15— 20j°

H(s) =

Give several reasons why you should not buy the
program, at least not in this version.

2.30 Design an LP filter with rise time of 3 ms and a

delay of 1.5 ms.

Determine the poles and zeros for a Cauer

filter that meets the attenuation requirement:

p=15% A,,,,=45 dB, w.=5.5 Mrad/s, and

wy=3.5 Mrad/s.

2.32 Write a MATLAB program that computes the
required filter order, poles and zeros, and
transfer function, for a

a) Chebyshev I filter

b) Cauer filter that meets the following require-
ment: p=30%, w.=10 krad/s, A4,,;,,=35
dB, and w,=6 krad/s.

c) Plot the impulse and step responses.

2.31

2.33 Show that lowpass and highpass Butterworth
filters can be designed so that: \HLP(jco)\z +
Hyp(jo)* = 1.

2.34 Determine how the group delay of a low-
pass filter is transformed by the LP-BP
transformation.

2.35 Determine the poles and zeros for a Chebyshev
I filter that meets the specification: p =30%,
Apin="00 dB, wg =2 krad/s, w.; =6 krad/s,
w.=38.5 krad/s, and wy, =25.5 krad/s.

2.36 Compute by hand the poles and zeros for an
analog filter that meets the requirement:
p=30%, w.=10 krad/s, w,=12 krad/s,
Apin=35 dB, w; =5 krad/s, and w, =232
krad/s. The filter approximation should be of
Chebyshev I type.



76 2 Synthesis of Analog Filters
2.37 Writea MATLAB program that computes the 2.40 Determine the required filter order and the
required filter order and the poles and zeros as poles and zeros for a
well as the transfer function for a a) Butterworth filter
a) Butterworth filter b) Chebyshev I filter
b) Chebyshev I filter ¢) Chebyshev II filter
¢) Chebyshev II filter d) Cauer filter
d) Cauer filter that meets the requirement: w,; =3 krad/s,
that meets the requirement: p=230%, w. =5 krad/s, w,=8 krad/s, and
w1 =10 krad/s, w., =12 krad/s, A4,,,;,,=35 Wy =15 krad/s.
dB, wq =5 krad/s, and o =17 krad/s. Mark the poles and zeros in the s-plane and
2.38 Add plotting of the impulse and step responses determine the transfer function.
to the MATLAB program developed in Pro- 2.41 Design an equiripple passband filter with
blem 2.37. p=30% and w.=15 Mrad/s that meets the
2.39 Write a MATLAB program that computes the following piecewise-constant stopband require-

required filter order and the poles and zeros as
well as the transfer function for a Chebyshev I
filter that meets the specification:
A ppax1 =0.409586 dB .1 =27 49.5 krad/s
A a2 = 0.409586 dB w.,=2x 50.5 krad/s
Apin=29 dB w; =2n 48.5 krad/s
ws =27 51.5 krad/s

242

ment: A4,,;,,; =65 dB at w, =23 Mrad/s, and
A iz =40 dB at o, =30 Mrad/s.

Use the POLE_PLACER BP EQ S program
to design a BP filter that meets the specifica-
tion in Problem 2.40 and discuss the pros and
cons of using the geometric symmetric LP-BP
transformation.



Chapter 3
Passive Filters

3.1 Introduction

The transfer functions that were discussed in
Chapter 2 can be realized with so-called LC filters,
or more correctly RLC filters, where RLC refer to
resistors, inductors, and capacitors. Such filters are
normally realized with only passive elements and
are implemented with resistors, coils, and capaci-
tors. A passive or lossless circuit element cannot
increase the signal energy. Passive LC filters
belong to the oldest implementation technologies
but still play an important role as they are being
used in large volumes and are used as prototypes
for the design of advanced frequency selective
filters.

Passive LC filters were first studied by George A.
Campbell (USA) and Karl Wagner (Germany) in
1915 in connection with transmission lines and
vibrations in mechanical systems. Electrical filter
models were also successfully used to improve the
frequency response of electromechanical systems
such as loudspeakers and phonographs. The most
important contributions to filter theory were made
in the 1920’s and 1930’s by Otto J. Zobel, USA,
Ronald M. Foster, USA, Wilhem E.A. Cauer,
Germany (1900-1945), Otto Brune, South Africa
(1901—-1982), Hendrik W. Bode, USA (1905—
1982), and Sidney Darlington, USA (1906—1997)
to mention just a few [30].

A drawback with LC filters is that it is difficult
to integrate resistors and coils with sufficiently
high quality in integrated circuit technology. LC
filters are for this reason not well suited for systems
that are implemented in an integrated circuit.

A more important aspect is that the theory for
LC filters is used as a basis for realizing high-
performance frequency selective filters. This is the
case for mechanical, active, discrete-time, and SC
filters as well as for digital filters. The main reason is
that the magnitude function for a well-designed LC
filter has low sensitivity for variations in the element
values.

3.2 Resonance Circuits

An ideal resonator has poles on the jw-axis. In
practice, though, there will always be some losses
so the poles will lie in the left half plane. In some
literature, the poles are referred to as the natural
modes of the network. A measure of quality for a
resonance circuit is the Q factor.

Definition 3.1 The Q factor is

0-2 Maximally stored energy per cycle
- Energy loss per cycle ’

3.1)

3.2.1 Q Factor of Coils

Large inductors are typically implemented with a
coil with a magnetic ferrite-based core whereas
smaller inductors may be implemented without
magnetic cores. The most important problem with
an LC filter is due to losses in the inductors. These
are mainly due to two phenomena. The first is the
wire resistance, r << L, in the coils, which is

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_3, 77
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frequency dependent due to the skin effect. The
second component is due to losses in the ferrite
core, which exhibits both frequency and current
dependence.

A coil can be modeled with a series resistance
according to Fig. 3.1. There are also parasitic capa-
citances, so-called stray capacitances, between the
different wires. These stray capacitances can be
modeled with a parallel capacitance C; [26, 138].
The coil is only usable for frequencies where C; can
be neglected, i.e., for frequencies well below the
resonance frequency. A coil has the Q vfactor

Fig. 3.1 Model for a coil

; . L L
with ferrite core
—o YV AA\\—9—o
CL

3.2)
ry,

For an ideal coil we have r; = 0. The Q factor
should be large for a good coil, typically larger than
100. A too low Q factor impairs the filter’s frequency
response. The attenuation will increase, especially
near the passband edge, and decrease in the stop-
band. The Q factors of the coils should therefore be
sufficiently large at the passband edge. For low fre-
quencies (< 100 Hz), it is difficult to manufacture
good coils due to wire losses. The coils also become
heavy and take up large space. Good coils can, how-
ever, be manufactured for higher frequencies.

Coils with magnetic cores are nonlinear when the
current through the coil becomes too large. Coils
without magnetic core can be used for frequencies
above 10 MHz. Small wire coils for surface assembly
in the format 0402, 1.e., 1.19 x 0.64 x 0.61 mm, can be
manufactured with inductances in the range 1-40 nH
and with 5% or 10% tolerances. At high frequencies,
wire coils have relatively low Q factors. For example,
at 1.8 GHz, a wire coil for surface assembly at 2 nH
has Q factors less than 100, which is not enough to
implement LC filters that shall meet strict require-
ments on frequency selectivity.

LC filters for higher frequencies are often imple-
mented directly on the printed circuit board or on a
thick-film substrate using coils of spiral type with-
out a magnetic core.

Coils of spiral type are often used in filters and
oscillators for high frequencies but are, however,
difficult to implement in integrated circuit technol-
ogies due to losses that limit the Q factor for coils on
a silicon substrate to about 10. Integrated coils have
a great potential use of filters and oscillators in
radio applications, i.e., in the frequency range 1 to
5 GHz. Because these applications demand consid-
erably higher Q factors, extensive research is for the
moment pursued to develop methods of improving
the Q factor with integrated coils or replacing these
with active components.

3.2.2 Q Factor for Capacitors

A simple model for the losses of a capacitor is a
parallel resistance, r, which usually is caused mainly
by leakage across the dielectric. The maximum
accumulated energy for a sinusoidal voltage over
the capacitor is 0.5 CV? and the losses during a
cycle are 7 V?/rw where V is the r.m.s. value. For a
capacitor, the Q factor thus becomes

Oc = wCr. 3.3)

The Q factor for most capacitors is very large.
The parallel resistance, r, is usually inversely pro-
portional to the capacitance, i.e.,

(3.4)

e
where k can be as high as 10*. Hence, the Q factor
for a high-quality capacitor may be Q. = wk, which
is a very high value.

High-quality discrete capacitors with tolerances
1% and Q > 1000 are mica capacitors, which consist
of silver-plated mica plates that are encapsulated in
a plastic compound. Typically, capacitance values
are below 1 nF. They have small sizes and can with-
stand high temperatures, and the temperature co-
efficients of these capacitors lie in the range 0 to
10~* 1/°C. Polystyrene and polypropylene capaci-
tors are used in high-quality filters. They typically
have Q’s >10,000 and typical temperature coeffi-
cients of 107 1/°C and 2 10~* 1/°C, respectively.

Even resistors have different types of defects,
which can be modeled with a series inductor and a
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parallel capacitor, but their effect on the frequency
response is relatively small compared with that of
coils. The component’s values are affected by the
temperature and by aging. It is therefore important
at an early stage in the design process to estimate the
effect of component tolerances and parasitic ele-
ments such as stray capacitances, etc. In Section
3.4, these questions are discussed in detail. In the
next section, the cause for the errors in the compo-
nents in certain types of LC filter structures having
only a small effect on the magnitude function is
discussed.

3.3 Doubly Terminated LC Filters

The first usable theory for designing an LC filter
was the image parameter method [48, 76], developed
by G.A. Cambell, Otto Zobel, and others (1923).
The method does not normally give optimum filters
unless advanced methods and skilled designers are
used.! It has nowadays fully been replaced by a
more effective method, which was developed inde-
pendently by W. Cauer? (1931) and S. Darlington
and H. Piloty (1939). The method is based on mini-
mizing the mismatch between the load and source
resistors and is known as the insertion loss method.
The insertion loss method, however, requires long
and complex computations with high accuracy [26,
29, 112, 124]. Therefore, it did not become the
favored approach until computers become widely
available in the mid-1960s. The insertion loss
method is today the standard method for design of
frequency selective filters [100, 146].

3.3.17 Maximum Power Transfer

To explain the good sensitivity properties of cor-
rectly designed LC filters, we first consider the
power transferred from the source to the load in the

"Torben Laurent, Royal Institute of Technology, Sweden.
>The civilian Wihelm A.E. Cauer was executed by soldiers of
the Red Army in the streets of Berlin in 1945. He became the
victim of fate similar to that of Archimedes, who was killed in
Syracuse by Roman soldiers in 212 B.C.

circuit shown in Fig. 3.2. We assume that the input
signal is v(¢) = V1e/' where V| is the effective value.
The dissipated power in the load is P = Re{V,,*} =
Re{] Vz\z/Zz*} where 1/, is the r.m.s. value.

Fig. 3.2 Signal source with
source and load impedances

Theorem 3.1: Maximum Power Transfer 7The max-
imum power that can be transferred to the load impe-
dance Z in the circuit shown in Fig. 3.2 is

2

Pomax = % (35)

and it is attained when Z, = Z ;* where R; = Re{Z;}
and R> = Re{Z5}.

In the case of Z; = R| # Z, = R,, a transformer
can be used to match the load to the source. Max-
imum power is transferred to the load if a transfor-
mer with the turns ratio n:1 is placed between the
source and load resistors.

The input impedance to the primary side of the
transformer is #°R» and the maximum power trans-
fer occurs if we select R, = n°R,. In this case is an
equal amount of power dissipated in the resistor R;
and R,, and the ratio of the output and input power
is 0.5.

3.3.2 Insertion Loss

Consider the circuit in Fig. 3.2 with real impe-
dances, i.e., resistors. The maximum power trans-
ferred to the load, i.e., available from the source, is
given by Equation (3.5). If a network is inserted
between the source and load impedances, the
power dissipated in Z, will be equal to or smaller
than P,,,... Hence, there is a loss in transferred
power due to the inserted network, which is referred
to as insertion loss.

Definition 3.2 The insertion loss is

P
IL = —10log (P—2> (3.6)

m
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Thus, if IL = 3 dB, only 50% of the incident
power from the source is delivered to the load.

It is common to consider the power that might
have been dissipated in the load to be “reflected”
back to the source. The reflected power is

P, = Pypax — P2 (37)

In the next few sections, we will show that LC

filters that are insensitive to errors in the component

values can be designed by minimizing the insertion
loss.

3.3.3 Doubly Resistively Terminated
Lossless Networks

Consider the doubly resistively terminated network
in Fig. 3.3, which is lossless, i.c., it dissipates no
power. A lossless reciprocal network can be realized
by using only lossless circuit elements, e.g., induc-
tors, capacitors, transformers, and lossless trans-
mission lines. Although other circuit elements can
be used, these filters are often referred to as LC
filters.

Lossless Network Ry Vour

Fig. 3.3 Doubly resistively terminated LC network

We shall later discuss realizations that contain
active circuit elements, which enhances the signal
energy, but are used in a configuration that makes
the overall circuit lossless.

The ratio of the power dissipated in the load
resistor and the maximum power, given by Equa-
tion (3.5), is

Py _ 4Ry \Vom(jw)|2
Pautmax RL |Vin(jw)|2 B

where V,,(jo) is the r.m.s. value of the sinusoidal
input signal. An important observation is that the

power that the signal source can deliver to the load
is limited. The upper bound for the maximal power
transfer is the base for the design of filter structures
with low element sensitivity.

We define the frequency response’ as the ratio
between input and output voltages, i.e., the relation
between signal quantities and corresponding physi-
cal signal carrier, according to

4RA‘ Vuul(jw)
RL Vin (]CO)

H(jo) = (3.8)

which means that the frequency response is
bounded from above according to

P()M[

= |H(jo)|> < 1. (3.9)
Poutmax
The corresponding transfer function® is
4R, N(s)
H(s) = 3.10
)=\ %, b0 (3.10)

where D(s) is a strictly Hurwitz polynomial as the
poles lie inside the left half of the s-plane. The poly-
nomial N(s) is either even or odd, and its zeros are
the transmission zeros’. For a lossless ladder net-
work, all loss poles (transmission zeros) lie on the
Jjw-axis.

3.3.4 Broadband Matching

A more difficult and constrained problem is when either the
source or load resistor or both are not purely resistive. Another
case is when the network between the source and load is fixed,
e.g., antenna, loudspeaker, frequency-dependent input and
output impedances of an amplifier [23]. The performance can
be optimized by placing lossless networks between the source
and the amplifier and between the amplifier and load resistor
[70]. The approximations discussed in Chapter 2 no longer
yields optimal power transfer and selectivity [21, 24, 145].

3Note that in the passive filter literature, the transfer func-
tion, often referred to as the output, is divided by the input
signal.

*The reciprocal of Equation (3.10) is often referred to as the
transducer function.

3Often referred to as loss poles.
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Formulas for the element values for Butterworth and Cheby-
shev I filters have been derived for more general terminations
[22,24, 145]. Theoretical limits and performance constraints of
wideband matching networks have been derived by Bode-
Fano [8, 28, 145].

3.3.5 Reflection Function

Note that the signal source shown in Fig. 3.3 does
not deliver maximum power for all frequencies as
the input impedance to the reactance network is
frequency dependent. This can be interpreted as
part of the maximum available power is reflected
back to the source. The relationship between the
power that is absorbed in R; and the power that is
reflected back to the source can be derived in the
following way.

The input impedance to the LC network is
Z(jo) = Ri(w) + jXi(w). Because the reactance
network is lossless, the power into the network will
be absorbed in R, i.e.,

_ |V our (joo) |2

(o) Ri(e) = =2~

Furthermore, we have

. o Vin(jw)
MU = RS 2

After some simplifications, we obtain

2

4R, N Z;— R,
H =1-
o) &+&
and
4R

H(jo)P=1~|p(jo)  (3.11)

Ry

where p is the reflection function® for port 1.

Definition 3.3 The reflection function for port 1 is

(s) Z;— Rg
p(s) = .
! Zi+ Rs

(3.12)

®In some literature, p; and p, are defined with the opposite
signs.

The reflection function for port 2 is defined
analogously

Zp— Ry

e 3.13
Zn+ Ry (313)

pa(s) =
where Z;, is the input impedance to port 2. Unless
explicitly indicated, p(s) will henceforth refer to port 1.

Definition 3.4 The reflection coefficient is

p =max{|p,(jw)|} for w, <o <wso (3.14)
The reflection coefficient is related to the pass-
band ripple according to Equation (2.36). The

reflection functions at the ports can be written as

m@zi%@) (3.16)

where the sign in Equation (3.16) is positive (nega-
tive) if Z(s) is odd (even). The polynomial D(s),
which is equivalent to the denumerator of the trans-
fer function, is either even or odd. In general, the
polynomial F(s) has no special constraints on its
zeros. We will later discuss the polynomials F(s)
and D(s) in more detail.

The voltage standing wave ratio (VSWR) is often
used in the high-frequency literature. It is defined as

Definition 3.5 The voltage standing wave ratio
(VSWR) is

3.3.6 Characteristic Function

The characteristic function plays an important role
as it tends to simplify the approximation problem
and is directly used in the synthesis of LC ladder
structures.

Definition 3.6 The characteristic function is

_pls) _ )

|C(s)? is proportional the ratio of the reflected
power and the transferred power. Hence, the zeros
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of C(s), i.e., zeros of F(s), are the frequencies at
which P> = P, also known as the reflection
zeros. The poles of C(s) are the frequencies of infi-
nite loss at which P, = 0, i.e., the transmission zeros
of H(s).

A frequency selective filter will have all of the
zeros of C(s) in the passband and the poles in the
stopband. F{(s) is either even or odd, with a degree
no greater than that of P(s). The poles and zeros of
C(s) will, therefore, lie on the jw-axis, and hence
C(s) is either even or odd.

Sometimes the term return loss, Ly, is used, where

L = ~20 log(|p(jo)). (3.18)

The maximum return loss, over a frequency
band, is a measure of the matching of the load and
source in that band. The return loss is infinite when
the source and load is perfectly matched.

3.3.7 Feldtkeller’s Equation

Feldtkeller’s equation (1938) for the lossless two-
port is
4R,
Ry

H(jo) +p(jo)P=1 (.19
which describes how the power is distributed in the
filter, i.e.,

P, P

POll[ max

(3.20)

P()Ll[ max

Alternatively, the Feldtkeller equation can be
written as

D(s)D(—s) = F(s)F(—s) + Z(s)Z(—s). (3.21)

D(s)D(—s) is an even function of s. One of the
most difficult problems in filter synthesis is to accu-
rately compute F(s) from D(s) and Z(s), due to
unavoidable loss in accuracy in the coefficients in
the sum of squared polynomials.

Theorem 3.2: The transfer function and the reflec-
tion function with a doubly resistively terminated
reactance network, which is designed for maximum
power transfer, have the same poles. The zeros of p(s),
called reflection zeros, correspond to frequencies with
maximum power transfer.

LC filters, which are designed using the insertion
loss method, have maximum power transfer at the
angular frequencies (reflection zeros) wy, k = 1, 2
and 3, as illustrated in Fig. 3.4.

P

out max

E)Lll max

2

g () W3 Wy s

Fig. 3.4 Power transfer to R;and reflected power as a func-
tion of frequency

In a doubly resistively terminated reactance net-
works the part of the P»,,,, thatis not absorbed in Ry,
will be reflected in the reactance network back to the
source. This means that the frequency response and
the reflection function are power complementary
magnitude functions. If the filter is a lowpass filter
from the source to R;, then the reflection function is
a highpass filter. However, if the stopband attenua-
tion of the highpass filter is large, the passband ripple
of the lowpass filter becomes extremely small. This
property with doubly resistively terminated reac-
tance network is used in some applications.

3.3.8 Sensitivity

A doubly resistively terminated LC filter that has
been designed for maximum power transfer has a
very low sensitivity for errors in the element values.
The ripple in the passband and passband edges
changes very little if the circuit elements differ some
from their nominal values. A measure of sensitivity is
relative sensitivity of the magnitude function.

Definition 3.7 The relative sensitivity of the magni-
tude function is
O|H(jo)|

H(j
IH(jw)| _ |H(jo)|
ox
X

H(jo)|
S [H(jo)|  ox

(3.22)
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The sensitivity equals the relative change in the
magnitude function divided by the relative change
in the element value.

It is difficult to find a simple and good measure of
how the attenuation changes when several element
values vary at the same time. The reason for this is
that the influence of errors in different element
values interacts. In fact, for a doubly resistively
terminated reactance network, we will demonstrate
below that they tend to cancel. We shall therefore
use and interpret sensitivity measures according to
Equation (3.22) with care. It is very difficult to
compare different filter structures in a fair way.
But it is important in an early stage of the design
process to estimate the influence of component tol-
erances. To design a filter, that shall meet a given
requirement, we must start from a filter with nom-
inal element values that meets a stricter
requirement.

3.3.8.1 Passband Sensitivity

The sensitivity is a function of the angular fre-
quency. The sensitivity in the passband can be deter-
mined from the derivative of Feldtkeller’s equation

4R,
Rp

|H(joo)*+|p(jeo) = 1 (3.23)

with respect to an arbitrary circuit element x. We get

8Ry O|H(jo)| Ap(jo)|

R, B +2|p(jo)| —F%—"=0

[H(jo)| et

which together with Equation (3.22) yields

. 2
st _ 2ol

4R,

lp(jo)|

PU) [ ol . (3.24)

H(jw)

A. Fettweis showed (1960) that the sensitivity
becomes minimal in the whole passband if the filter
is designed for maximum power transfer at a num-
ber of angular frequencies in the passband. At these
angular frequencies, the reflection function p(jw) is
zero, as Z;, = R, and the sensitivity is therefore,
according to Equation (3.24), zero. If 4,,,. is small,
both the reflection coefficient, according to Equa-
tion (2.36), and the magnitude of the reflection func-
tion |p( jw)|, according to Equation (3.11), will be
small. This also leads to that the sensitivity will be

small. If the ripple is increased in the passband, the

sensitivity is also increased.
That a doubly resistively terminated LC filter

has low element sensitivity can also be realized
through the following reasoning. Irrespective of if
the element value is increased or decreased from its
nominal value, P,,, will decrease, since P,,; = P,y
max for the nominal element value. Because the
derivative is zero where the function has a max-
imum, i.e.,

aPOu[

0x =0

for w = w; and nominal element values.
If there are many angular frequencies, wy, with
maximal power transfer in the passband, the sensi-
tivity will be low throughout the passband. This
line of reasoning is called Fettweis-Orchard’s’
argument [86].
Example 3.1 In this example, we study the sensitivity of the
frequency response for errors in the element values in
the doubly resistively terminated ladder network shown in
Fig. 3.5. The filter is a Chebyshev I filter with 4,,,,. = 3 dB.
The filter has been chosen with unusually large ripple in the

passband to clearly demonstrate the sensitivity for errors in
the element values.

T oT

Fig.3.5 A doubly resistively terminated Chebyshev I filter of
ladder type

The element values are varied £20% around the nominal
values. Note that this variation is extremely large and is used
only to clearly demonstrate the difference in element
sensitivity.

Ry=1,L; = Ls = 3.4813,C, = C4 = 0.7619,
Ly =4.5375,R;, = L.

Because the filter is symmetrical with respect to both
structure and element values, i.e., L, and Ls will have the
same affect on the magnitude function, which is evident in
Fig. 3.6. Fully symmetrical filters, which both symmetrical
structure and element values, has, in general, very good
sensitivity properties. very good sensitivity properties. Note

"H.J. Orchard, USA (1922-2004).
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IH(jw)! %
@ IH(jo)!
R
N
+20%

Fig. 3.6 Variation of the magnitude function due to £20%
variation in L; or Ls

—20%

7

N\

that the variation in the magnitude function is convex and
that it is relatively small. The peaks in the passband lie essen-
tially on the same level. Thus, the sensitivity is zero at these
frequencies. The influence of errors in C, and Cy is also small
according to Fig. 3.7. A small reduction and frequency shift
can be observed.

IH( jw)! %C

$ 1H(jo)

(O]

—20%
+20%

\

Fig. 3.7 Variation of the magnitude function due to £20%
variation in C, or Cy

The filter is symmetrical, independently of errors in the
inductor L3, which is placed in the center of the filter. Experi-
ence indicates that errors in such symmetrically placed circuit
elements tend to have a small effect on the magnitude func-
tion. As shown in Fig. 3.8, a deviation in L3 mainly causes a
frequency shift of the highest pole pair.

AL
IH( jo)! T
T IH(jo)l

+20%
—-20%

e

Fig. 3.8 Variation of the magnitude function due to £20%
variation in L;

AR
IH(jo)

ROV HGo) 0
N I LT

M
\

Fig. 3.9 Variation of the magnitude function due to £20%
variation in R

)

The effect of variations in source and load resistance is
different even though the elements are symmetrically placed.
They mainly affect the filter gain and the ripple size, which is
evident from Figs. 3.9 and 3.10. This is often of little impor-
tance because we are mainly interested in the frequency
selectivity.

IH(jo)l %
I IH(jo) +20%
/‘\\j}’\ o
—20%

=

Fig. 3.10 Variation of the magnitude function due to £20%
variation in Ry

A doubly resistively terminated LC filter, which has been
designed according to the insertion loss method, is optimal
from a sensitivity point of view. Thus, doubly terminated
ladder structures are the best filter structures from a sensitivity
point of view.

Example 3.2 Compare the sensitivity for errors in the element
values in the singly resistively terminated ladder network that
are shown in Fig. 3.11 with the filter in Example 3.1. The filter

L Ly Ls
+
+
Vin JoX T Cy T R, < Vour
Fig. 3.11 Singly resistively terminated Chebyshev I ladder
network
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is a Chebyshev I filter with 4,,,,, = 3 dB. The element values AL
vary +20% around the nominal values IH(jo)l L
Ly =2.1491,C = 1.3015, Ly = 2.6227, H(jwy *20%
C4 = 1.2501,Ls = 1.7409, R;, = 1. @
The effect of errors in L, is evident from Fig. 3.12. Note -20%

that the variation in the magnitude function is very large,
especially near the passband edge. The ladder is not symme-
trical with respect to element values, and L, and Ls will there-
fore not have the same sensitivity.

IH( jo)l %
N IH(jo)  —20%

\_/ ®

+20%

T

Fig. 3.12 Variation of the magnitude function due to £20%
variation in L;

According to Figs. 3.13, 3.14, 3.15, 3.16, the effects of
errors in the components C,, L;, C4, and Ls are also very
large. More expensive components that have smaller toler-
ances compared with the doubly terminated filter must there-
fore be used in order for an implementation to comply with
the specification.

AC

C
HHGO! N20%_ [\ .

IH(jo)l

+20%

T

Fig. 3.13 Variation of the magnitude function due to £20%
variation in C,

The effect of variations in the load resistance is evident
from Fig. 3.17. Errors in the load resistor tilt the passband,
unlike the doubly resistively terminated ladder network
where an error only causes a change of the gain.

A singly resistively terminated ladder for which the prin-
ciple of maximum power transfer is not valid has, thus, a high

.,

=

Fig. 3.14 Variation of the magnitude function due to £20%
variation in Lz

AC
C
IH(jo)l

\H( i)l +20%/
I (jo) )

—20%

NS

Fig.3.15 Variation of the magnitude function due to +20%
variation in Ly

AL
H( jo)l Q L
‘é'\\t\\\\ pIHCjo) /*\20%“{1 .
NSRRI
;v%@ -20%

A

Fig.3.16 Variation of the magnitude function due to £20%
variation in Ljs

sensitivity in the passband. Such LC filters should therefore
not be used because it would require more expensive compo-
nents with smaller tolerances.

A singly resistively terminated LC ladder net-
work is much more sensitive for variations in the
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AR
R

t |H(](x))| I +20%\7‘\
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-20%

IH(jo)!

4,

=

Fig.3.17 Variation of the magnitude function due to £20%
variation in R,

element values than a doubly resistively terminated
LC ladder network. In practice, there are few
applications involving frequency selective filters
where we have to use singly resistively terminated
filters.

3.3.8.2 Stopband Sensitivity

The transmission zeros will, for the ladder struc-
tures discussed in Section 3.4.4, depend on only
two reactances that affect each zero. If the reso-
nance frequency of the two components is trimmed
accurately, which is easy to do, and their tempera-
ture dependency matches, then the deviation in the
zero will be small. The sensitivity to changes in the
element values in the stopband will therefore be
relatively low if there are many tightly spaced trans-
mission zeros in the stopband.

3.3.9 Element Errors in Doubly
Terminated Filters

Any error in an element from its nominal value will
cause a deviation in the attenuation. Moreover, any
deviation of an element from its ideal behavior, e.g.,
losses in an inductor, will also cause a deviation in
the attenuation. A naive approach to mitigate this
problem is to use better and more accurate compo-
nents. However, this may become too expensive. A
better approach is to select and design a circuit that
is less sensitive to errors in its components. Less

expensive components may thereby be used while
still meeting the specification.

3.3.9.1 Errors in the Reactive Elements

It can be shown that the deviation shown in Fig. 3.18
in the passband attenuation for a doubly resistively
terminated filter is [133]

Ad(w) <8.69%2Y o0 (o) B (3.25)
|H(jow)]

A(m)

Al
@ ANom(m)

AA=1A(®) = Ay (O)]

> O

Fig. 3.18 Deviation in the attenuation

where ¢ = |AL/L| = |AC/C| represent the uni-
formly distributed errors in the inductances and
the capacitances, i.e., (1—¢)L < L < (1 +¢)L, etc.
It can be shown that AA4 is proportional to the
electric and magnetic energy stored in the capaci-
tors and inductors and that Equation (3.25) also
holds for commensurate transmission line filters,
which will be discussed in Chapter 4. Note that
Equation (3.25) is not valid for singly terminated
filters.

If the component tolerances are halved, e.g.,
from £+2% to 1%, the deviation, A4, in the pass-
band will be halved.

The deviation will, according to Equation (3.25),
be largest for frequencies where w1 () is largest,
as the magnitude of the reflection function, |p(jw)|
is in the passband equal to the reflection coeffi-
cient, see Equation (2.36). Hence, |p(jw)| is small
in the passband. Hence, a doubly resistively termi-
nated filter with 3 dB ripple in the passband is
significantly more sensitive for element errors
than a corresponding filter with smaller passband
ripples, e.g., 0.01 dB. Moreover, the Q factors of
the poles will be smaller if the passband ripple is
smaller. Thus, it is often better to design a filter
with a smaller ripple at the expense of a slightly
higher filter order.
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3.3.9.2 Errors in the Terminating Resistors

The sensitivities with respect to R; and R; are [112]

sHU®) _ _g g9P11/2) (21(”) (3.26)
and
sHio) _ —8.69@. (3.27)

The sensitivities S} (jo) and S7 (jw) are small
in the passband, as |p(jw)| << 1, and equal zero for
the frequencies at maximal power transfer.

For a doubly resistively terminated LC filter we
have

01 ()| = 1p2(je0)| = [play = V1 = 107,

The deviation in the attenuation, see Fig. 3.18,
due to errors in the terminating resistors is

AR
AA(0)<8.69V 1 — 1070 max )

where we have assumed that the terminating resistors
have the same tolerances. Hence, the effect of errors in
the resistors can be reduced by selecting a small pass-
band ripple and in addition Equations (3.26) and
(3.27) indicate that the error becomes zero for the
frequencies at maximal power transfer. For example,
Apaxe = 0.5 dB and resistors with 2% tolerances yield
AA(w) < 0.057 dB. However, this error is an almost
constant shift of the frequency response, i.e., essentially
an error in the gain of the filter and of little concern.

3.3.9.3 Effects of Lossy Elements

The effect on the attenuation of lossy reactive elements
can be estimated in terms of their Q factors where we
assume that all inductors have the same Q factor and the
same holds for the capacitors [70, 112]

869/ 1 1 869 /1 1 o1+ ps
AA(w) T(EJFQC)mg(wHT(E—@)I{ : } (3.29)
and
8.69 [ 1 1 8.69 [ 1 1
Ad(w) T<E+@)w1g(w)+7<a@>|p|max' (3:30)

Also in this case it is favorable to select a small
ripple in the passband. The deviation will be lar-
gest at the passband edge, i.e., where wt,(w) is
largest.

Example 3.3 Consider the doubly resistively terminated LC
filters in Example 2.5. We do not consider the sixth-order
Cauer filter, because even-order lowpass filters cannot be
realized as LC filters. However, Cauer type b filters can be
realized.

The group delay at the passband edge is for the Cheby-
shev II, Chebyshev I, and Butterworth filters, 2.7457s,
7.275s, and 7.817s, respectively. The factor wt,(w) is for
the three filters: 5.4914, 14.55, and 15.634, respectively.
Apax = 0.01 dB corresponds to |p|max = 0.048. Hence, the

first term in Equation (3.30) dominates. We assume that Q;
> 200 and Q¢ > 1000. We get for the four filters:

AA (w) accordingto  AA (w) according to

Equation (3.30) Equation (3.25)
Chebyshev II  0.144 dB 0.0457 ¢ dB
Chebyshevl  0.380 dB 0.1210 ¢ dB
Butterworth 0.408 dB 0.1300 ¢ dB

where ¢ is the tolerances in the reactive elements. Note that
the Chebyshev 11 filter requires only 11 components, which
may have 2.8 times larger tolerances, compared with the
Butterworth filter, which requires 19 components. In
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addition, note that it is more important to use reactive
components with high Q factors than low-tolerance
components.

3.3.10 Design of Doubly Terminated
Filters

Instead of using expensive components with low
tolerances and large Q factors, we can compensate
for an increase in &, i.e., using components with
larger tolerances, using either or all of the following
trade-offs so the maximum of 4+ AA in the pass-
band does not increase.

e Use a doubly resistively terminated reactance
network that is designed for maximum power
transfer, i.e., Equation (3.25) is valid.

e Reduce |p(jw)| by reducing the passband ripple,
Apax, Of the filter more than required by the
application. However, this requires the filter
order to be increased. That is, we can use a few
more, but cheaper components to reduce the
overall cost of the implementation.

e Use an approximation that has low group delay,
i.e., Chebyshev II and Cauer filters are preferred
over Butterworth and Chebyshev 1 filters, see
Fig. 2.41.

e Use an approximation with diminishing ripple,
as will be further discussed below.

3.3.10.1 LC Filters with Diminishing Ripple

Because of deviations in the attenuation caused by
errors in the element values, a part of the allowed
ripple in the passband A4,,,,, must be reserved to allow
for the errors in the component values. The filter
must therefore be synthesized with a design margin,
i.e., with a ripple, which is less than required by the
application, 4,,,,.. According to Equation (3.25), the
deviation is smaller for low frequencies and increases
toward the passband edge. In practice, however, in
order to simplify the synthesis, the design margin is
for the standard approximations distributed evenly
in the passband even though the margin will not be
exploited for lower frequencies.

In order to better exploit the allowed passband
ripple in a doubly resistively terminated filter, we

may let the reflection function p(jw) of the synthesized
filter decrease at the same rate as the other factors
in AA(w) increase. That is, so that A(w) + Ad(w) <
A nax- The ripple will decay toward the passband edge
and the corresponding LC filter can be implemented
with components with larger tolerances, i.e., the filter
can be implemented with a lower overall cost. The
group delay of a filter with diminishing ripples is
slightly smaller than for the original filter.

Figure 3.19 shows the attenuation, A(w), in the
passband of a fith-order filter where the function
A(w) + AA(w) is equiripple. The attenuation has
diminishing ripples in order to compensate for the
increasing AA(w).

. /TN ada/N ]
0.3 2\
ol ) N\
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Fig. 3.19 Diminishing ripple

Note that A4(w) = 0 for the frequencies of
maximum power transfer and that 4(w) also was
assigned a small margin at the cutoff edge to allow
for the element errors (£1%).

3.4 Lowpass Ladder Structures

The most commonly used type of filter structure
lowpass filters are the ladder network with alternating
series and shunt impedances (reactances) according
to Fig. 3.20. Ladder networks for highpass, bandpass,
and stopband filters will be discussed in Section 3.5.

Fig. 3.20 7 ladder
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Here we focus on doubly resistively terminated
ladder networks that are designed for maximum
power transfer and therefore have superior sensitivity
properties.

For a lowpass filter, the impedances, Z;, Z3,..,
are inductors and the shunt impedances are series
resonance circuits. In the dual network shown in
Fig. 3.21, the series impedances are parallel reso-
nance circuits and the shunt branches are capacitors.

Fig. 3.21 7 ladder

Usually, R, = R; is chosen in order to get max-
imum power transfer, i.e., low sensitivity, without
needing to use transformers or corresponding cir-
cuits. However, for even-order filters, this requires a
transformer between the last ladder element and the
load resistor. The transformer is not needed if we

R
select _L = 2. IOO‘IA’"“’" — 1:|:2\/100~2Amu,\‘ — 100~]Amu,'(

S
For example: p =25% =>A,,,.=0.28028 dB=>R;/
R;=0.6 or R;/R;=1/0.6=1.66666.

In addition to the minimal passband sensitivity,
ladder structures also possess advantageous stop-
band properties, as a ladder structure has a trans-
mission zero, if and only if a shunt admittance or
a series impedance is zero for that frequency. That
is, a transmission zero is realized by two circuit
elements, L and C, in a single branch.

A ladder structure can only realize transfer func-
tions with zeros on the jw-axis and it cannot realize
zeros on the real g-axis or conjugate complex quads.
In fact, not even all transfer functions with only jw-
axis zeros can be realized with a ladder structure
with positive elements. If all transmission zeros lie
on the jw-axis and if there is at least one ats = O or s
= 00, then a ladder realization may be possible.
Although restricted, ladder structures are used in
most practical cases.

The constraints of the transmission zeros and the
fact that they depend only on the elements in a
single series or shunt impedance causes ladder struc-
tures to have low stopband sensitivity to element

variations. This simplifies the tuning of the ladder
filters. In practice, it is often enough to tune the
inductors in the series and shunt impedances to
within a few percent of their nominal values and
then tune the frequencies of the resonance circuits.

Westress that the process of determining the element
values in any structure from the transfer function is an
extremely ill conditioned problem [87]. That is, small
errors in the numerical calculations will result in large
errors in the element values. It has therefore been neces-
sary to develop special synthesis algorithms based on,
for example, the transformed variable technique to alle-
viate the numerical problems and/or perform all opera-
tions using only the roots of polynomials.

On the other hand, the inverse problem, i.e., a
small error in an element value in a doubly resis-
tively terminated reactance network, will have a
small affect on the magnitude function.

3.4.1 RCLM One-Ports

Conditions for a realizable impedance are given in terms of a
positive-real function®, often abbreviated PR function [124,
131] by the following theorem, which is undoubtedly the most
important concept in network theory.

Theorem 3.3 A function Z(s) is realizable as the
impedance of a one-port consisting of only R, C, L,
and M (mutual inductance) elements with positive
values only if it is a rational PR function, i.e., it
satisfies Brune’s conditions

® /(s) is a real rational function of s
® Re{Z(s)} > 0 for Re{s} >0

or equivalently

® Z(s) is a real rational function of s
Re{Z(jw)} > 0 for all real ®

o All poles of Z(s) are in the closed left half plane and
all jo-axis poles are simple with positive residues.

3.4.2 Generic Sections

Darlington and Piloty showed that a cascade connection of
the four basic sections, shown in Figs. 3.22, 3.23, 3.24, 3.25, is
sufficient to realize any realizable reactance two-port[7, 124, 145],
but more general sections, e.g., E section, are also used [24].

8Proposed by Otto Brune.
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Fig. 3.22 A section

Fig. 3.23 B section

The A and B sections can only realize a pair of zeros on the
Jjw-axis, including zeros at s = 0 and s = oo. It is convenient
to describe the sections with their chain matrices, see
Section 5.4. The chain matrix for an A4 section is

14} 1 Z1[ 1,
= (3.31)
I 0 1]|-bh
and for the B section
|12 1 01V,
= . (3.32)
I Y 1||-b
Vi 1 CLlsz +1
I | CMs+1 Cs

Fig. 3.24 ( section

Fig. 3.25 D section

The chain matrix for the C section is

(Ly+ Ly —2M)s
CL2S2 +1

Vs

(3.33)
-1

where M = +/LL,. The factor CMs> + 1 in Equation
(3.33) contributes, if M > 0, to a pair of finite zeros on the
Jjw-axis at s = +j/+/CM. In this case, the C section is known
as the Brune section. If M < 0, it is known as the Darlington
C section, and it realizes a pair of zeros on the real axis.
Finally, the D section can realize a complex zero quadruplet,
ie,s = +ag. % jo..

As shown in Figs. 3.24 and 3.25, the C and D sections
contain coupled inductors, which may be difficult to imple-
ment. These sections are therefore in practice realized by using
electrically equivalent networks [80, 100]. Figure 3.26 shows

Fig. 3.26 Four possible equivalent circuits for the C
section with zeros on the jw-axis

four equivalent ladder structures for a C section with finite
zeros on the jw-axis.

Note that there is always a negative circuit element. How-
ever, these elements can often be removed by performing
network transformations on the complete ladder structure,
see Section 3.6, in order to arrive at a ladder with only
positive elements. Note that the maximum power transfer
principle is not valid for a ladder structure with negative
element values and it should not be used.

3.4.2.1 Coupled Inductors

Figure 3.27 shows two coupled inductors and their equivalent
T network. The coupled inductors are described by

{

V| = SL]I] + SMIQ

(3.34)
V2 = SM]] +SL2[2

Fig. 3.27 Coupled inductor and their equivalent T network
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where M is the mutual inductance. The dots in Figs. 3.24 and
3.27 indicate that an increase of the voltage at port 1 results in
an increase of the voltage at port 2. The coupling coefficient
k, which cannot be greater than unity, is defined by

M2
2
= . 3.35
L (3.35)
The chain matrix for the coupled coils is
L (L1L2 - M2>
v v\ Sl
[ 1}: M M { 2} (3.36)
I 1 Ly -

Ms M

The elements in the equivalent 7' network and the coupled
inductors are

L,=1Ly— Ly
Ly=M (3.37)
Lo=1L— Ly

3.4.2.2 C Section with Tapped Coils

An efficient way to realize a C section is to use a single coil
with a tap, as illustrated in Fig. 3.28. The relations between
the element values and the elements in 7 network, which
corresponds to a C section, are also shown in Fig. 3.28.

L,

Fig. 3.29 Nth-order

Fig. 3.28 T network and its equivalent tapped coils
realization

3.4.3 Lowpass Ladder Structures without
Finite Zeros

Figure 3.29 shows ladder networks of T type and
Fig. 3.30 shows ladder networks of 7 type®, which
can only realize transfer functions of LP type with
all zeros at s = oo, i.e., to realize LP filters of
Butterworth and Chebyshev I type. T and n refer
to the left side of the ladder, i.e., a T type LP ladder
always begins with a series (4 section) inductor

L
3 Ly 0Odd Even

C C Ry C R 2y
T 2 T 4 L out N out

T ladder for LP filters
without finite zeros

Fig. 3.30 Nth-order R L
7 ladder for LP filters ’
without finite zeros

Butterworth R; > R,

T T

Chebyshev I R, > R coth?(a)

L n Even

Odd
—_—— + _—— +
CN T RL % V(mt RL Voul
-_ - L - [ -

Butterworth R L SR,

The case when L, is negative is obtained by interchanging
the ports in the upper rightmost circuit.

Theorem 3.4: A passive, reciprocal ladder network
without mutual coupling between branches can only
realize a minimum-phase transfer function.

Chebyshevl R; <R Stanhz(a)

°Also the terms symmetrical and antisymmetrical network
are used for odd-order and even-order networks, respec-
tively. The terms refer to the scattering matrix for the corre-
sponding LC two-port, see Chapter 9.
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whereas the 7 type begins with a shunt (B section)
capacitor. The n ladder is often preferred because it
has fewer inductors than the 7 ladder.

The nature of a ladder network can directly be
obtained by noting that at low angular frequencies
(o =~ 0), the capacitors have no effect and the
inductors have low impedance (short circuit).
Hence, the network behaves as a resistive voltage
divider. At very high frequencies, a series impe-
dance consisting of an inductor behaves as an
open circuit; whereas a shunt impedance consisting
of a capacitor behaves as a short circuit. This leads
to that no signal power is transferred to the load
resistance. Hence, each series and shunt impedance
create a zero at s = oo.

There are two possible structures for odd-order
filters. For odd-order filters with R; < R, there are
shunt capacitors at both ends; whereas in the dual
filter with R; > R,, there are series inductors at both
ends. Because the ladder network is reciprocal, we
can chose to place the voltage source in series with
either R, or R;. In both cases, we get the same transfer
function except for a possible difference in the gain
if Ry # R;. Even-order filters have in both cases a
series inductor at the end with the smaller resistor
and a shunt capacitor at the end with the larger resis-
tor. There exist simple formulas to compute

Fig. 3.31 Nth-order T
ladder for LP filters with
finite zeros

the element values for Butterworth and Chebyshev
I filters[21, 33]. For Butterworth and Chebyshev I the
terminating resistors are constrained as indicated in
Figs. 3.29 and 3.30 where the constant « is

1
a = 0.5asinh (Z) .

In the case of singly terminated ladders, the last
element is either a shunt capacitor with an open
circuit termination or a series inductor with a
short circuit termination.

(3.38)

3.4.4 Lowpass Ladder Structures
with Finite Zeros

There are two different types of ladder networks for
realization of LP filters with finite zeros. These
filters can be used to realize LP filters of Chebyshev
IT and Cauer type. Figure 3.31 shows a T ladder,
which can realize finite zeros because the series
resonance circuits work as short circuits at the
resonance frequencies.

Figure 3.32 shows a © ladder, which can realize
finite zeros because the parallel resonance circuits

Fig. 3.32 Ladder of 7 type

for LP filters with finite zeros
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work as open-circuits at the resonance frequencies.
In both cases, zeros are realized by reflection of the
signal at a resonance circuit to be absorbed in the
source resistor. This method results in low sensi-
tivity close to the reflection zeros. The = ladder is
often preferred because it has fewer inductors than
the 7 ladder.

The sensitivity with respect to errors in the
element values and the spread in the element
values depends on in which order the zeros are
extracted in the synthesis of the LC ladder. For
example, an 11th-order Cauer LP filter, which has
five finite zero pairs and one zero at s = oo, has 6
series and shunt impedances. Hence, there are 6!
= 720 different possibilities to assign the zeros to
the ladder arms. The designer has to select one of
the best among these structures depending on the
element sensitivity and spread in the elements.
Note that a small spread tends to make all impe-
dances of the same order and, hence, voltages and
currents are also of the same order, and the
dynamic range will be better. The dynamic signal
range is the ratio of the largest input signal that
does not cause severe distortion to the thermal
noise voltage.

As a rule of thumb, a good ladder network is
obtained by beginning at both ends of the ladder
and working toward the center and assigning the
zeros with the lowest and highest resonance fre-
quency to the first and last branch [48].

Ladder structures can only realize transfer func-
tions of minimum phase type. Thus, they cannot
realize transfer functions with zeros in the right
half of the s-plane. The transfer function for an
LP filter must also have at least one zero in
s = oo to be realizable with a ladder network.
Chebyshev II and Cauer filters of even-order can
therefore not be realized without using transfor-
mers and often requires unequal terminations. The
transfer function can, however, be modified to a b
or ¢ type so the filter can be realized with a ladder
structure.

An odd-order Cauer filter has a symmetric
topology and may have equal termination resis-
tors. The number of resonance circuits is (N—1)/
2. An even-order Cauer filter of type a requires
coupled inductors and therefore type » or ¢ is
often preferred.

3.4.5 Design of Lowpass LC Ladder Filters

The synthesis of a ladder structure according to
the insertion loss method is complicated and
requires high-accuracy computations and is for
this reason performed by advanced computer
programs. The synthesis of a ladder structure
for a realizable transfer function is generally
carried out by alternating extracting series impe-
dances and shunt admittances from the input
impedance Z;, using special algorithms [29, 80,
96, 112, 124].

An alternative approach is to first find a feasible
ladder, possibly with negative elements, which can
by applying certain network transformations be
modified into a realizable ladder structure. The lat-
ter will be discussed in Section 3.6. The element
values are then determined by using a numerical
optimization procedure.

The following sections are required in a ladder
structure.

e For a transmission zero of order n at s = 0, there
will be a sequence of n alternating 4 and B sec-
tions, where the A4 sections will consist of a series
capacitor and the B sections will consist of a
shunt inductor.

e For a transmission zero of order n at s = oo,
there will be a sequence of n alternating 4 and
B sections, where the 4 sections will consist of a
series inductor and the B sections will consist of a
shunt capacitor.

e For each conjugate pair of finite, nonzero jw-axis
zeros, there will be one C section.

The sections may be placed in any desired order
as long as the alternation of the 4 and B type
sections for the zeros at s = 0 and s = oo is pre-
served, and the first section (either an A4 or B
section) is compatible with the required input and
output impedance of the reactance network at
s = 0 and s = oo. Finite zeros, or zeros on the
negative real axis, requires C sections whereas zero
quadruplets requires D sections.

There exists many possible ordering of the sec-
tions. For example, consider a 12th-order band-
pass filter with four finite zero pairs and double
zeros at s = 0 and s = oo. The number of possible
orders of the n = 8 sections is n! divided by the
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multiplicity of the zeros as these orders appear
several times. Hence, we have

8!

different configurations. Hence, many different
ladders, consisting of the same sections, but in
different order, can realize a given transfer func-
tion. Some of these may, however, have negative
element values. Moreover, the ordering of the
sections has a significant effect on the element
sensitivity and spreads of the element values. By
applying network transformations, the element
spread as well as negative element values can
often be removed. This further increases the num-
ber of potentially good structures. It is therefore a
challenging task for the designer to find the “best”
realization among the many alternatives.

Here we will use the functions BW LADDER,
CH I LADDER and CH II LADDER and
CA LADDER, which are a part of the toolbox, to
compute the element values in a ladder network
that realizes a standard LP approximation. How to
use these functions is demonstrated using a few
examples.

3.4.5.1 Element Values in Butterworth
LC Ladders

Simple algorithms for computing the lumped element values
in a Butterworth lowpass filter have been derived [33, 96].
A recursive algorithm for a Butterworth lowpass filter with
w. = 1 and 4,,,, = 3.01 dB, shown in Fig. 3.29, is

[oN]
[«

4RR;, \7"
a= |1 -
(RsJFRL}
br=1+0o? —2¢xcos<k

2a1 4a;\.a/‘,1
k=7
bk*lg/cfl

) k=1,2,...,N

=la

(3.39)

k=2, ...,N

where g; are alternating between inductance and capacitance.
For N = odd and if R; < Ry, g; and g are shunt capacitors
for a 7 ladder and series inductors for a 7 ladder. For N =
even, there is an inductor at the low-resistance end and a
shunt capacitor at the high-resistance end. Because the LC
ladder is a reciprocal network, the signal source can be placed
at either end. The denormalization is done by multiplying the
inductances with Ry/r,, and capacitances with 1/(Rgrp0)
where Ry is the desired source resistor.

Example 3.4 Determine the element values in a doubly resis-
tively terminated LC ladder that realizes a Butterworth filter
with N = 5, w. = 20 krad/s, o, = 62 krad/s, 4,,,. = 0.5, and
Apin = 40 dB. Use a T ladder shown in Fig. 3.33 with Ry =
R; = 1000 Q.

Fig. 3.33 Fifth-order Butterworth filter realized with a
T ladder

The element values in the ladder networks can be deter-
mined using the function BW_LADDER, which implements
the algorithm in Equation (3.39). We select R; = R, to get
low element sensitivity and minimal insertion loss. The
attenuation for the filter is shown in Fig. 3.34

A(w) [dB]
Now A W
S & & 5

—_
(=]

(=]

Fig. 3.34 Attenuation for a
fifth-order Butterworth filter
realized with a T ladder

o [rad/s] x 10*
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Wc = 20000;

Ws = 62000;

Amax = 0.5;

Amin = 40;

Rs = 1000;

RL = 1000;

Ladder = 1; % 1 for a T ladder and 0 for a m ladder
N = BW ORDER (Wc, Ws, Amax, Amin)

Norder = 5; % Must be an integer. We select a 5S5th-order filter
[L, C, K] = BW _LADDER(Wc, Ws, Amax, Amin, Norder, Rs, RL, Ladder);

z0 = [1; T = 1; % Used only for transmission lines

omega = [0:Ws/200:2*Ws];

H = LADDER 2 H(Norder, z0, L, C, Rs, RL, K, omega, T);

Att = MAG 2 ATT(2*H); % Normalize attenuation to 0 dB
subplot ( position’, [0.08 0.4 0.90 0.51);
PLOT ATTENUATION S (omega, Anorm);

PLOT LP SPEC S(Wc, Ws, Amax, Amin);

axis ([0, 2*Ws, 0, 1.5*Amin]);

oo

Amin = 0 => No stopband spec

LI
CI
We get for a T ladder Note that the element values for each ladder section are
the same, except for a scaling factor. That is, L, in the T’
L, = 2.503946e-02 C;y =0 ladder corresponds to a capacitor C; = L;/R”in the dual ©
L, =0 C, = 6.55542e-08 ladder.
L; = 8.10293%-02 C3 =0
L, = 0 Cyq = 6.55542e-08
Ls = 2.503946e-02 Cs =0 3.4.5.2 Element Values in Chebyshev I LC
) Ladders
We get the following element values for a = ladder
L, =0 C; = 2.503946e-08 Similar recursive formulas also exists for Chebyshev I filters
L, = 6.55542e-02 C, =0 [33, 96]. Simpler formulas, but involving impedance inver-
L, =0 Cs = 8.102939%e-08 ters, are given in [96].
Ly = 6.55542e-02 C, =0
Ls = 0 Cs = 2.503946e-08
LIQL? N = odd
o (RS + RL)'
a 4R5RL8
—— N=even
(Rs+ Ry)
5 = sinh Fasinh(l)] 5 —sinh|Lasinn (Y%
N € N € (3.40)
— 22 o r 2 (kX =
be=n"+y MM%@M+M(H)k 1,2,...,N
—sn 2k—-1n
W= 2N
o =20 g A g LN,
n—y bi—18k-1
According to Figs. 3.29 and 3.30, g is a capacitor for k If R, > Ry coth(a)z, then g, is an inductor for £ = odd
= odd and inductor for k£ = even in a n ladder if and a capacitor for k = even in a 7T ladder. For Chebyshev I

R; < Ry tanh(a)2 where a is given by Equation (3.38). filters, these values are not unique [96].
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Example 3.5 Determine the element values in the n ladder
shown in Fig. 3.35 to Chebyshev II filter with w, = 22
krad/s, wg; = 43 krad/s, 4,,,. = 0.5 dB, and 4,,;,, = 40
dB that yields N = 4.921. We therefore select N = 5 and

The element values are computed using the function
CH_I_LADDER, which implements the algorithm in Equa-
tion (3.40).

% We select a S5th-order filter
% 1 for a T ladder and 0 for a m ladder

%Used only for transmission lines

% Normalize attenuation to 0 dB

Ry, = Ry, = 1000 Q.
Wc = 22000;
Ws = 43000;
Amax = 0.5;
Amin = 40;
N = CH ORDER (Wc, Ws, Amax, Amin)
Norder = 5;
Rs = 1000; RL = 1000;
Ladder = 0;
[L, C, K] = CH I LADDER(Wc, Ws, Amax, Amin, Norder, Rs, RL, Ladder);
Zz0=[1;T=1;
omega = [0:Ws/200:2*Ws];
H = LADDER 2 H(Norder, %0, L, C, Rs, RL, K, omega, T);
Att = MAG 2 ATT(2*H); 2

subplot (" position’ , [0.08 0.4 0.90 0.51);
PLOT ATTENUATION_ S (omega, Anorm);
PLOT LP SPEC S(Wc, Ws, Amax, Amin);

oe

Amin = 0 => No stopband spec

axis ([0, 2*Ws, 0, 1.5*Amin]);
LI

CI

which yields

C, = 7.753501e-08

L, = 5.589212e-02

Csz = 1.154921e-07

L, = 5.589212e-02

Cs = 7.753501e-08

Fig. 3.35 Fifth-order Chebyshev I filter realized with a =
ladder

The = ladder has only two inductors, whereas the 7'ladder
has three inductors. For Butterworth and Chebyshev I filters
with R, = R; and N = odd, the ladder networks become
symmetrical with respect to both the structure and element
values.

3.4.5.3 Element Values in Chebyshev Il LC
Ladders

Complicated formulas for a few special cases of Chebyshev I1
filters that involve impedance inverters are given in [96].

Different solutions are obtained, depending on the ordering
of the transmission zeros and the ordering of the section, as
discussed above. Hence, the element values in Chebyshev 11
filters are not unique.

Example 3.6 Determine the element values in the 7" ladder
shown in Fig. 3.36 to realize a Chebyshev II type with @, =
22 krad/s, w; = 43 krad/s, 4,,,,, = 0.5dB, and 4,,;,, = 40dB
that yields N = 4.921. We therefore select N = 5 with Ry =
RL = 1000 Q.

The element values are computed using the function

CH_II_LADDER.

®02

Wo4
"7

Fig. 3.36 Fifth-order Chebyshev II filter realized with a
T ladder

%0
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Wc = 22000;

Ws = 43000;

Amax = 0.5; Amin = 40;

[G, Z, P] = CH _II POLES[Wc,Ws,Amax,Amin,N];

Rs = 1000; RL = 1000;

Norder = 5; We select a 5th-order filter
Ladder = 1; $ 1 for a T ladder and 0 for a m ladder
[L, C, Rs, RL, Wo, KI] = CH II LADDER(G, Z, P, Wc, Ws, Rs, RL, Ladder);
z0=[1; T=1; %$Used only for transmission lines
omega = [0: Ws/200: 2*Ws];

H = LADDER 2 H(Norder, Z0, L, C, Rs, RL, K, omega, T);

Att = MAG 2 ATT(2*H); Normalize attenuation to 0 dB

subplot (' position’,
PLOT ATTENUATION S (omega, Anorm);
PIOT LP SPEC S(Wc, Ws, Amax, Amin);

axis ([0, 2*Ws, 0, 1.5*Amin]);

LI

CI

Wo'

which yields

L, = 1.87202e-02

L, = 3.4900018e-03 C, = 5.353957e-08
Ls = 6.674866e-02

Ly = 1.099776e-02 C, = 4.448067e-08
Ls = 1.255138e-02

[0.08 0.4 0.90 0.51);

0 => No stopband spec

Wpo = 7.315600e+04

Woa = 4.521288e+04

3.4.5.4 Element Values in Cauer LC Ladders

Complicated formulas for a few special cases of Cauer
filters that involve impedance inverters are given in [96].
Similar to Chebyshev II filters, the element values in
Cauer filters are not unique. A computer-based search
among all possible solutions is therefore to be preferred.
As selection criteria, the element sensitivity and spread
may be used.

Fig. 3.37 Fifth-order Cauer
filter realized with a = ladder

Example 3.7 Determine the element values in the = ladder
shown in Fig. 3.37 to realize a Cauer filter with N = 5, p =
50%, Apin = 40.3dB, w, = 10 krad/s. Use a T'ladder with R
= R; = 1000 Q.

The element values are computed using the function
CA_LADDER. The reflection coefficient p = 50% cor-
responds, according to Equation (2.36), to A,
1.2494 dB.
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Wec = 220005

Ws = 28000;

r = 0.5;

Amax = -10*1oglO(1-r"2);

Amin = 40;

Rs = 1000;

RL = 1000;

N = CA ORDER (Wc, Ws, Amax, Amin);

[G, Z, R_ZEROS, P, Wsnew] = (A POLES [Wc, Ws, Amax, Amin, NJ;

Norder = 5; % We select a Sth-order filter

Ladder = 0; % 1 for a T ladder and 0 for a m ladder
[L, C, Rs, RL, Wo, KI] = CA LADDER(G, Z, R _ZEROS, P, Wc, Ws, Rs, RL,
Ladder) ;

Zz0 = []1; T = 0; % Used only for transmission lines
omega = [0:Ws/200:2*Ws];

H = LADDER 2 H(Norder, 20, L, C, Rs, RL, K, omega, T);

Att = MAG 2 ATT (2*H); %
subplot (' position’, [0.08 0.4 0.90
PLOT ATTENUATION S (omega, Anorm);

PIOT LP SPEC S(Wc, Ws, Amax, Amin);

Normalize attenuation to 0 dB

0.51);

% Amin = 0 => No stopband spec

axis ([0, 2*Ws, 0, 1.5*Amin]);

LI

CI

Wo'

We get
C, = 9.076098e-08

L, = 3.763656-02 C, = 1.839124-08 Wor, = 3.800927e+04
Cs = 10.17367-08

L, = 2.464374e-02 C, = 5.490668-08 Woq = 2.718530e+04
Cs = 6.953684-08

For Butterworth and Chebyshev I lowpass filters
with Ry, = R;, the element values are unique. For
the remaining filter types, there are several different
sets of element values that have the same transfer
function. For even-orders of Chebyshev I and
Cauer filters of b type, R; and R; cannot be chosen
equal. It is possible to determine the ranges in which
the resistances must be chosen. As an alternative,
the transfer function can be modified so that
|[H(0)| = 1. For Chebyshev II and Cauer lowpass
filters of even-order, the transfer function must
always be modified so that a double zero at s = oo

is obtained in order for the filter to be realizable as a
ladder network.

3.5 Frequency Transformations

In Chapter 2, it was shown how the poles and zeros to
an LP filter could be transformed to corresponding
poles and zeros of a HP filter or a geometric symme-
trical BP or BS filter. The frequency transformation
can also be applied directly to the impedances in the
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LP filter. This leads to that if all the impedances in,
e.g., a ladder network of LP type are replaced with
frequency transformed impedances, the same ladder
network is obtained as if we instead synthesized it
from corresponding frequency transformed transfer
function. The principle for frequency transformation
of L filters' is illustrated in Fig. 3.38.

The filters that are obtained are based on the
same frequency transformations that were used in
Chapter 2 and must therefore meet the geometric

= Hpps) =V,

A(o)
Amin
Amax
O)S O)C
A(Q)
Amin
Fig. 3.38 Principle for max
frequency transformation of N o
an LC filter c s

symmetry constraint. In general, the LC filters will
not be optimal for bandpass and bandstop filters.
In this section, we will discuss this technique and its
limitations.

3.5.1 Changing the Impedance Level

For the standard approximations for lowpass fil-
ters, there exist in the literature many tables with
poles, zeros, as well as the element values in the
corresponding ladder structure [100]. However, it
is only possible to compute such tables for filters
with only lumped circuit elements. Both the impe-
dance level and bandwidth of the ladder network
can be changed by simple calculations. In most
tables, the networks are normalized with source

19T differentiate between elements in the LP and HP filters,
we use capital and lowercase letters, respectively.

and/or load resistance = 1 ohm, and the passband

edge w. = 1 rad/s.

Example 3.8 We show with the means of a simple example
that the poles and zeros are not changed if all impedances in a
lumped element network are changed with the same factor k.
Consider therefore the RLC network shown in Fig. 3.39.

Fig. 3.39 Simple RLC R L
network

. C
+
+
V; l
HHP(S) mn \ 2 14 RL vout

M

The frequency response is

1
joC 1

H(jo) = - .
() 1 — @?LC + joRC

1
R+ joL +—
+jo +ij

We multiply all impedances with the factor k.

R — kR
JjoL — kjoL < L — kL
1 k C

Inserting the new element values in the expression for

frequency response yields

1

I — (kL) (%) +jw(kR) (%)

1
"1 —w’LC +joRC

H'(jeo) =

H(jo).

The factor k is cancelled in the expression, as all coeffi-
cients in the expression consist of products of the type LC and
RC.
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Theorem 3.5: A transfer function corresponding to the
ratio V[ Vin or Ly, /Ly is invariant with respect to the
impedance level of the network whereas a transfer func-
tion corresponding to a transfer impedance or admittance
is only affected by a change of the gain factor. That is,

F(aR,aL,C/a,s) = PF(R,L,C,s) (3.41)
1 F = transfer function
where f = ¢ a F = impedance function

1/o  F = admittance function.

3.5.2 Changing the Frequency Range

Example 3.9 Show that the frequency scale is changed with
the factor k if all the normalized inductances and capaci-
tances are divided with k. Assume that the source filter has
the element values R, L, and C, n = 1, 2,... at the edge
angular frequency w,. The new element values are

L, C,
L="" Cc=-"

R=R,
k k

(3.42)

Insertion of the expression for the frequency response gives

1 1
*U)ZLC+]'(URC_ 1 2 L,C, . R,C/
TUTE %

H (jo) =

If the original filter has the same passband edge wy, the
new frequency transformed filter will have the following
passband edge

(02

In a similar way as in Example 3.8, new values on the 2= @F = Open = ka.
circuit elements can be computed so that the frequency
. . . ; . i The new poles are
range is changed, instead of the impedance level.
' 1 R? kR, k2 kK2R?
Spi2 = — 7 - =—-5—%J -~
2 NOE sy 2mONLG 0

The magnitude of the poles has been multiplied with the
factor k, but their relative position remains unchanged. The
frequency response of the filter is unchanged when the fre-
quency scale is multiplied with a factor k. In this way, the
frequency scale can be changed for filters that only contain
lumped circuit element, i.e., when the frequencies are so low
that the physical dimensions of the circuit elements can be
neglected. However, filter structures with distributed circuit
elements can in general not be frequency scaled. The network
has to be synthesized for the intended frequency range.

Hence, in order to change the impedance level

with a factor, Ry, and frequency of a lumped, RLC
network with a factor, w,, we multiply all

e resistances with R
e inductances with Ry/wg

® capacitances with

0o

3.5.3 LP-to-HP Transformation

In Chapter 2, it was shown how the transfer func-
tion to an LP filter can be frequency transformed
into a HP filter using the mapping

2
§=21 (3.43)

N

According to Equation (3.43), an inductor in the LP filter,
with the impedance SL, shall be replaced with an equivalent
impedance w*L}s, i.e., a capacitor with the capacitance ¢ = 1/
o/ L. In the same way a capacitor in the LP filter with the
impedance 1/SC shall be replaced with a network with the
impedance s/w,°C, i.e., an inductor with inductance / = 1/w/C.

Example 3.10 Determine the element values in a ladder net-
work that meet the filter specification in Example 2.8. Select a
T network with Ry = R; = 1000 Q. The requirement on the
LP filter was determined in Example 2.7 to w,. = 30 krad/s, N
= 5,and 4,,,, = 0.1 dB.

Figure 3.40 shows the LP filter and corresponding HP
filter. In Table 3.1, it is shown how the impedances in the LP
filter are transformed.

The element values for the LP filter are computed in the
same way as in Example 3.4 using BW_LADDER, which yields

L, = 1.414535e-02
Ly = 4.577531e-02
Ls = 1.414535e-02

C,=3.703300e-08
Cy4=3.703300e-08

The element values in the HP filter are computed accord-
ing to the relations shown in Table 3.1. R; and R; remain
unchanged. We get

c,=7.854958e-08
c3=2.427315e-08
c5=7.854958e-08

1,=3.000327e-02
1,=3.000327e-02
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Fig. 3.40 Frequency R=1kQ L;=1415mH  L;=45.78mH Ls=14.15mH
transformation of a fifth-
order LP filter to a HP filter C,=37.03nF €,=37.03nF
VDM[
r=1kQ  ¢;=7855nF  ¢3=24.27nF c5=78.55nF
| ° | +
[ I
Vin L,=30.00mH 3 1,=30.00mH r=1kQ Vo

Table 3.1 LP-HP transformation

LP filter HP filter
A(Q) A(m)
min Amin
Q ®
Q. Qg W, O,
®?2 ; ©;
S — _[ QC = — Qsz e
S O)C (DS
R r=R
—\\\—e o \\\—o
L ¢ 2
A ._| . c=1/w L

] L 1=velC
’_{_HC_}_‘ I=1/0;C  c=loyL
!
¢ LA w01=0)fA/LC

._NL\,\_| c e | =l C c=l/orL
— Y Y\ e

2
mm:coIA/LC
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3.5.4 Multiplexers

A multiplexer is used to divide the frequency band of interest
into different bands that essentially do not overlap each
other. Sometimes the term filter bank is used. A multiplexer
that divides the frequency band into two parts is called a
diplexer [145]. Figure 3.41 shows an example of a diplexer
consisting of an LP and HP ladder network in parallel. The
two filters have the same poles.

Characteristic for this diplexer is that the input impe-
dance to the two ladder networks is Z; = R;. Compare with
Fig. 3.2. The signal source therefore transfers a constant
power, which is split between the two ladder networks. The
filters are, thus, power complementary, i.e., the power,

Fig. 3.41 Diplexer of
parallel type

Fig. 3.42 Multiplexer of
series type

which is not dissipated in the LP load is dissipated in the
HP load and vice versa. Hence, we have

Pyax = Prp + Pup = (|Hep| +|Hup[*) Pin- (3.44)

Because, Z; = R;, each of the load resistors can be
replaced with an LP-HP pair that divides each of the two
frequency bands into two bands. A multiplexer with four
bands is thereby obtained. This type of multiplexer has very
low sensitivity for errors in the element values.

Figure 3.42 shows an example of a multiplexer with three
channels where the sum of the input impedances to the two
ladder networks is purely resistive and equals 3R;.

+

Vout 1

V()ut 2
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Note that there exist stringent constraints on the ladder
networks, i.e., in the diplexer of parallel type; the ladder
networks may not have input impedances, which are zero
for any frequency. None of the ladder networks may there-
fore have a shunt inductor at its input. For the series type,
none of the ladder networks may have infinite impedance.

Example 3.11 Figure 3.43 shows a fourth-order branching
filter for a speaker system. Because we do not want to
waste any signal power in resistor Ry, it has been deleted.
Hence, the diplexer has not minimal element sensitivity.
However, in this application, this is of less importance as
the filters are of low order and not highly frequency
selective [72].

Fig. 3.43 Example of
branching filter

With the following element values L; = 800 pH, L, =
267 uH, Ly = 400 pH, L, = 1.20 mH, C; = 3.52 uF,
C, = 10.6 uF, C3 = 7.03 pF, C4 = 2.34 uF, and R, = 8
Q, a branching frequency of 3 kHz is obtained. At the
branching frequency, half of the power is dissipated in
the two load resistors, i.e., the attenuation at the branching
frequency is 6 dB.

3.5.5 LP-BP Transformation

Similarly, an LC filter of lowpass type can be trans-
formed to a bandpass filter by using the relations in
Table 3.2. Figure 3.44 shows a BP ladder that was
derived from an odd-order T ladder with finite
zeros. A bandpass filter that is designed through
this frequency transformation of a lowpass filter
results in a geometric symmetrical bandpass filter.
Such a filter is often not optimal because it always
has the same number of zeros in both stopbands and
the stopbands attenuations are equal. The steepness

of the magnitude function for a geometric symme-
trical bandpass filter becomes larger in the lower
transition band.

The relative bandwidth of a bandpass filter is

W2 — Wl
VOc1 W2

A relative bandwidth that is less than 10% is
considered as small and if it is less than 1% is very
small. The spreads in the element values will become
large for BP filters with small relative bandwidths.

(3.45)

In Section 3.6, we will discuss network transforma-
tions that will reduce the spread.

An LC filter with a relative bandwidth of less than
1% can in practice not be implemented with RLC
structures. In [11, 137] design methods that are suita-
ble for narrow bandpass filters are discussed. Band-
pass filters are much more complicated than lowpass
filters and the choice of the best configuration often
requires considerable skill and experience.

Design of more general types of filter functions
requires a direct synthesis from the transfer function
[112, 124]. Of importance is the order in which the
transmission zeros is realized. For example, in a band-
pass filter, it is favorable if a transmission zero in the
lower stopband is followed by one in the upper stop-
band as this usually will yield smaller spreads in the
element values. However, all possible orders should in
practice be investigated, as there exist orders that yield
filters with small spreads and low sensitivity and filters
with larger spreads and higher sensitivities.
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2 _
W7 = Wy O, Q,

Table 3.2 LP-BP transformation
LP filter BP filter
A(Q) )
min min
Amax Amax
Q [0}
Q. Q Wy D1 O Wy
2o QC:O)CZ_(DCI Q=0 -0
= 2
S WF =00 = Oy O
R r=R
— \W\—e —\\\—e
L e 1 =L c=1/oL
—/ VYo R |_m. 1
©p1=;
C 2
c = 1/0)IC c=C
0—{_' t—}—o ©p1=0;
L vy
L l] 12
C Cl C2
1 Q(2) 0
[ . E— ¢ = C(1+wd) Oy = [— 1+ ——
2 Vo2 02 01 2
C(1 +og)o; 20,
. Q% 1 Q,
Ly= — ¢, = C(1+m2) 02~ 75" T 7,
T 0g,) 0} 2 o1 407 1
1
©F = g O Q = Wire
L c L ¢
Iy ¢y o
1 Qf Q,
I, = L(1+m3) ¢p = — Wy = |— 1+
! 0”2 T I T 0d) e} T de? 2o,
Q5 Q,
1 Oy = [—+ 11— —
L =L(1+03) ¢ 02 402 20,

L1+ 03 0?
1

JLC
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Fig. 3.44 BP filter derived
from a 7 ladder with finite
Zeros

=~
g
|/\\+

Example 3.12 Determine the element values in a ladder net-
work of Chebyshev I type that meets the specification
Apax = 2dB, ¢ = 60 Mrad/s, e = 120Mrad/s,
Amim = 35dB, oy =40Mrad/s, Aum =40dB  and
g = 150 Mrad/s.

The LP filter specification is computed in the same way as in
Example 2.8, which gives w¢, = 60 Mrad/s, wy, = 120 Mrad/s.
Here w,; has been increased to wg = 48 Mrad/s to meet the
symmetry requirement in Equation (2.52).

The element values for the lowpass filter computed in the
same way as in Example 3.5 with CH_I_LADDER, which
yields for a T'network with R, = R; = 1000 Q

1, = 4.71836 e-05 1, = 6.30454 e-05 1. =
c1 = 2.94359 e-12 c3 = 2.20300 e-12
Wp1 = 8.48528 e+07 Wp3 = 8.48528 e+07

i - e
i — |

L,=4.71836 e-05
Ly=6.30454 e-05
Ls=4.71836 e-05

C,=1.49744 e-11
Cy=1.49744 e-11

The element values are transformed according to
Table 3.2. Figure 3.45 shows the lowpass filter and the
corresponding bandpass filter. The inductors are trans-
formed to series resonance circuits

4.71836 e-05
Cs = 2.94359 e-12
Wos = 8.48528 e+07

The capacitors are transformed to parallel resonance
circuits

c,=1.49744 e-11 cy = 1.49744 e-11
1,=9.27511 e-06 1, = 9.27511 e-06
Wo2=8.48528 e+07 wqq 8.48528 e+07

With advanced computer software, the element
values in a ladder network can be computed for a
general transfer function. There must however exist
a zero at s = oo and one at s = 0 in order for a BP
transfer function to be realizable with a ladder
network.

Fig. 3.45 Frequency
transformation of an LP
filter to a BP filter
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Table 3.3 LP-BS transformation

LP filter BS filter
AQ) a,, | A@
min
A Aax "
[0) [0)
Qc Qs Clwsl('osZ c2
2 2
2 [Q] (0]
N Q= ® 10) Qszm Im
S2+ 0)12 c22 cl 52 s
OF =01 Opp =0 Oy
R r=R
—\\\—e —VW\-e
. ~EA ¢ I=L c=1/(0lL)
i @y =0y
Lyl
c e 1 1=1/(02C) e=C
o—”—o ._||_r‘v'vxo 1=
®g; = @
L L Iy
C Cq Cy
2
I = _L ¢ = 1+ @) 0y = I O
(1 +m§l) Lo? z 2Q,
2 ®
L (1+w2) Op = |——+1-—L
L= 6= 02 27T Ig,
(1 +u)02) Lwl
1
oF = 0y 0, Q) = Tic
L c Lo
Iy ¢ )

- (1+mdy) . = C
1= 1=
Co? (1+wf)
(1+w}) Ie.
h=—Fg- @~ )
Coy (1+og,)
1
07 = g O, Qy = —




3.6 Network Transformations

107

Fig. 3.46 Example of a
ladder network of BS type

Ry § Vour
1 1

3.5.6 LP-BS Transformation

In a similar way, BS filters can be designed using the
relations shown in Table 3.3. For bandstop filters,
there are also some restrictions on the ladder network.
A bandstop filter does not have any zeros in s = oo
and s = 0. Thus, the series arms in the ladder network
may not contain a series resonance circuit as it behaves
as an open-circuit at s = oo and s = 0. The series
branches must therefore be parallel resonance circuits.
The shunt branches may not behave as short circuits
ats = oo and s = 0. Thus, the shunt branches in the
ladder network can only contain series resonance cir-
cuits. Figure 3.46 shows an example of a ladder net-
work that can be used for bandstop filters.

3.6 Network Transformations

In this section, we will discuss a number of network
transformations that are used to modify the LC
network into a more suitable form. A well-designed
filter should satisfy the attenuation requirements
but should also be easy to manufacture and have
the following desired features:

e A minimum number of inductors.

e Small element spreads, i.e., the ratio of the largest
and smallest inductor (capacitor) should be small.

e The magnitude of the impedances in the series
and shunt branches should be of the same order
so that the voltages and currents are of the same
order. This will tend to optimize the signal-to-
noise ratio.

o Shunt inductors should have a capacitor in par-
allel to absorb the distributed capacitance of the
coils.

e The floating node in a series resonance circuit in
a series arm should have a capacitor to ground
that absorb any parasitic capacitances.

e Proper distribution of the resonance frequencies
in order to make the network less sensitive to
deviations in the element values and minimize
the element spreads.

3.6.1 Dual Networks

A network and its dual have identical response
characteristics and identical voltage transfer
functions, H(s), but the input and output
impedances may be different. The original
network and its dual are described by the same
set of differential equations, but voltage has been
replaced by currents, resistors by conductors,
inductors by capacitors, and capacitors by induc-
tors while the first set of differential equations is
derived from the loop and the other from the node
equations.

Any planar network'' can be transformed into
its dual by the following rules:

® Place one node in each loop and one outside the
network as shown in Fig. 3.47.

e Connect the nodes with a branch through each
circuit element in the original network, traver-
sing only one circuit element at a time.

® Place an inverse element with the same numeric
element value between the nodes in the dual net-
work. That is, an inductor L = 3 H corresponds
to a capacitor C = 3 F in the dual network. A
resistance is replaced with a conductance; that is,
R = 2Qbecomes G = 28.

e Change voltage sources into current sources and
vice versa.

""A planar network can be drawn on a paper without any
crossing branches.
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Fig. 3.47 Dual networks

These rules converts series branches into shunt
branches and vice versa. The above method will fail
for non-planar networks, but it can be modified to
include those as well.

Thévenin’s theorem, which was derived by von
Helmholtz in 1853, and Norton’s theorem'%, which
was derived by H.F. Mayer in 1926, are examples of
dual theorems. As frequently occurs in science and
engineering, the name given to a theorem or law
may not have been the first or even the main inven-
tor and often more than one person deserve credit
for developing a new concept.

Example 3.13 Consider the sixth-order BP ladder shown
in Fig. 3.48 that was derived from a third-order Cauer
filter, C035025, and derive its dual form. The normal-

ized bandwidth and center frequency are 1 and 10,
respectively.

R L

s

Blatae -

1 ¢ Ly ;
Cra
Lo,
R ; Vour
Cop T Ly,

Fig. 3.48 Sixth-order BP ladder

E.<
I/ N\t
N

121 ¢on Charles Thévenin (1883) and E.L. Norton (1898-1983).

The element values are

Ry=R.=1,
Ly = Ly = 2.08036R,/o, = 2.08036,

C) = C; = 0.480690,./ Ry = 0.48069 1073,
Cay = 6.27350, /Ry 0 = 6.2735,

Loy = Loy = 1.1617R,0, /w3 = 11.6171073, and
Cap = 0.8608/ Ry, = 0.8608.

First, we introduce the nodes 0, 1, 2, and 3, each in a
separate loop of the network, and the node 0 outside the net-
work. Next, we draw a branch between the nodes through each
circuit element. A few of these branches are shown in Fig. 3.49.

Next, we generate the dual network by connecting the
dual elements with their numerical values between the corre-
sponding nodes, as shown in Fig. 3.50. Voltage sources are
replaced with current sources and impedances with admit-
tances and vice versa. The input current source can be con-
verted to a voltage source using Norton’s theorem.

Fig. 3.49 Nodes with a few connected branches through the
circuit elements.

Fig. 3.50 Dual BP ladder



3.6 Network Transformations 109
The element values in the dual network are !
° 1
1
r=Gy=1,r, =G =1, R, N ! Dual N R,
¢ = ¢3 =2.08036, [, = /3 = 0.48069 1073, t
zZ, ! 2y

Cra = cop = 11.6171073, b, = 62.7351073, and
by = 0.8608.

The spread in the element values are proportional to
(wr/@.)* = 100. Hence, the element spread will be very
large for BP filters with small relative bandwidths.

3.6.2 Symmetrical and Antimetrical
Networks

It is of interest to consider symmetrical two-ports, as they
may simplify the design, and experience indicates that symme-
trical ladders have slightly better sensitivity properties. How-
ever, only a very limited subset of networks has any symmetry
properties. We distinguish between electrical and structural
symmetrical two-ports.

A structural symmetrical two-port can be divided with
respect to the center line into two identical halves that are
connected back-to-back as shown in Fig. 3.51 [140].
Unfortunately, only a few standard approximations can be
realized by using a structurally symmetrical or antisymmetri-
cal, which often is referred to as antimetrical, ladder network.

Definition 3.8 The relation between the input impedances at
ports 1 and 2 for an electrically symmetrical two-port is

VARV

—=— 3.46

R R, (3.46)
and for an electrically antisymmetrical two-port

Z R

— = 3.47

RA\' ZZ ( )

The ports in an electrically symmetrical two-port may be
interchanged without any change in its electrical behavior.
An electrically symmetrical two-port can sometimes be
divided into two identical halves, i.e., if it also is structurally
symmetrical, but there exist, networks where this is not pos-
sible. An example of such an electrically symmetrical network
that is not structurally symmetrical is shown in Fig. 3.76.

Z

Fig. 3.51 Symmetrical network

Fig. 3.52 Antimetrical network

A more stricter symmetry requirement is that both the
structure and the circuit element values are symmetrical as
well. Hence, then the network is also electrically symmetrical.
A structurally antimetrical two-port has antisymmetry with
respect to the symmetry line. That is, the two halves are dual
networks, as shown in Fig. 3.52 [140].

Consider the ladder structures shown in Figs. 3.20 and
3.21. When the characteristic function, C(s), is odd, then
Equations (3.15) and (3.16) show that p, = p,, and hence
that Z, /R, = Z»/R,.. Hence, the two-port networks are sym-
metric. If C(s) is even, Equations (3.15) and (3.16) show that
P = —p,, and hence that Z, /R;,= R;/Z, and the two-port
networks are antimetrical.

The two structures are dual with respect to the unit termi-
nations and this causes them to have element values that are
numerically equal. For example, if Z; = 2.33sin the T'ladder,
then Z; = 1/2.33s in the dual = ladder. If R; # R;, then the
terminations will be Gy and G instead and the remaining
element values will be numerically the same.

3.6.3 Reciprocity

Reciprocity is an important property of linear networks,
consisting only of linear resistors (R), inductors (L), capaci-
tors (C), and transformers (7) and one independent source.
Generally, nonlinear networks and networks with dependent
sources are nonreciprocal. Duality and reciprocity are often
used to manipulate a network to satisfy termination require-
ments or to obtain a desired network.

Theorem 3.6: Lord Rayleigh’s Reciprocity Theorem "
The ratio of a voltage ( current) response at one port
of a linear RLCT network to a current (voltage)
source at another port of the network is the same if
the response and source ports are interchanged as
illustrated in Fig. 3.53.

+ +
Reciprocal
Vi { L4 44 Network E) Vi

Fig. 3.53 Reciprocal networks

Reciprocal
Network

BLord Rayleigh (John William Strutt).
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In a reciprocal network [21], the response is the same regard-
less of which direction the signal flows, except for a constant
factor. Note that the ratio is voltage to current, or current to
voltage, and the theorem does not apply to voltage and current
ratios. Note that a symmetrical network is reciprocal.

3.6.4 Bartlett’s Bisection Theorem

A useful theorem for modifying a network to obtain suitable
terminations is the bisection theorem by A.C. Bartlett (1927).

Theorem 3.7: Bartlett’s Bisection Theorem If a sym-
metrical network is bisected and one half is impedance
scaled including the termination, the frequency response
will not change.

The symmetry requirement includes both the topology
and element values. This includes all odd-order Butter-
worth and Chebyshev I filters, and third-order Chebyshev
II and Cauer filters. This result allows many passive filters
to be modified for unequal source and load resistances.

Example 3.14 Modify the ladder shown in Fig. 3.50 for a
normalized source resistance of 3.

First, we identify the symmetry of the ladder as shown in
Fig. 3.54. Next, we multiply the impedances in the left half of the
ladder with 3 to increase the source resistance, e.g., C; = ¢;/3,
L, = 3/,.The resulting structure is shown in Fig. 3.55.

The new element values are R, = 3, C; = ¢1/3, Co, = ¢34/
6, C2b = (,'2/)/6, L] = 311, L'_)L, = 31251/2: and L2h = 3[2},/2
Finally, the inductors and capacitors in the series branches
can be combined into simple elements.

3.6.5 Delta-Star Transformations

Delta-star transformations are typically used to
modify a network into an alternative network or
to reduce the spreads in the component values.
The general delta-star transform is shown in
Fig. 3.56 and a special case is shown in Fig. 3.57
that can be used to reduce the size of the inductors at
the expense of the size of the capacitors.

L
_kL 1+k
L 1+k Y\
B &
(1+k)C

“l? | ! [|S2a
Il i Il
hat2 1 )
q J
L2 1 Ly 12

=

e\
/
N

Fig. 3.54 Symmetrical BP

ladder structure

Fig. 3.55 Symmetrical BP
ladder structure with
unequal termintions
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_ _ZiZy _ ZaZcHZyZp+ZpZc
ZA - Za+Zh+Z(' Za - ZB
— _LZ — ZaZcHZaZptZpZlc
Zp= TS Zy, = 7 (3.48)
YAV — ZaZcHZaZptZpZlc
Zc= ZatZy+7Ze Ze= Z4

3.6.6 Norton Transformations

The Norton transformations, shown in Figs. 3.58
and 3.59, are useful in the elimination of redundant
elements or for the modification of element values
[12]. Norton transformations can also be used to
reduce the inductance spread and their quality fac-
tors in narrow-band filters [55]. Moreover, using
several successive network transformations, it is
possible to eliminate any redundant elements and
obtain equal source and load terminations. We
demonstrate the use of Norton transformations by
using two examples.

Fig. 3.58 Norton’s first two-port equivalence

Z
1

(n-1)z

Fig. 3.59 Norton’s second two-port equivalence

Note that if # # 1 in the circuits, then one of the
series impedances will be negative. We will later
show how to make use of this fact.

A transformer, with turns ratio n:1, can be
removed by multiplying all impedances on the second-
ary side of a transformer with n°. Hence, inductances
and resistances are multiplied by n* and the capaci-
tances by 1/n”. A voltage source ¥ and current source
I on the secondary side are replaced with a voltage
source nV and current source I/n, respectively.

A transformer, with turns ratio n:1, can be
inserted by dividing all impedances on the

secondary side of a transformer with n*>. Hence,
inductances and resistances are multiplied by 1/n”
and the capacitances by n°.

One caution must be observed here. The compo-
nents must be carefully chosen to withstand the
high voltages that may occur after applying this
transformation.

3.6.7 Impedance Transformations

It is often of interest to modify the impedance level in a
network, or part of a network, without changing its fre-
quency response. For example, some element values may be
difficult to realize. In other cases, it may be desirable to have
a network with impedances of similar magnitudes so that all
voltages and currents are of the same order. This will tend to
improve the signal-to-noise ratio.

Figure 3.60 shows some equivalent one-ports that can be
used to modify the size of the impedances. For example, if
Z, = sL,is a too large inductor and Z; and aZ, are suitable
sized capacitors, e.g., @ = 2, in the left one-port, then the
corresponding inductor in the equivalent one-port becomes
2°L,/(2+1)* = 4L,)9.

aZl e
z, a’z,
b B
b =a+l

Fig. 3.60 Equivalent one-ports

The Norton transformations may also be used to change
the impedance level in a part of the network.

Example 3.15 Consider the bandpass filter shown in
Fig. 3.61, which has been derived from a third-order Cheby-
shev I filter with A4,,,,, = 0.1 dB and the normalized element
values LLPl = LLP3 = 1.0316 and CLPZ = 11474, and Rs =
R; = 1. The passband edges of the geometric symmetrical
filter are w.; = 100 Mrad/s and w., = 105 Mrad/s.

R s L 1 C 1 L 3 C3
+
+
Vin G T L, Ry 2]

Fig. 3.61

Sixth-order Butterworth bandpass filter
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The denormalized element values in Table 3.2 yield

L.y 1.0316
Li=Ly=——"t 22 _ (20632 uH
! 3 We — We1 5. 106 H
W2 — Wel
Cl=Cy =22 %d
1= C= (3.49)
5.10°
-2 _(46l6nF
1.05 - 1016 - 1.0316 n
and
G 11474
Crm = S = 022948 F
Ly 10316
Li=Ly= e = D = 020632 uF (3.50)
_ 6
Cl=C =22 "% _ 5. 10 — 0.4616 nF.

@iLp ~ 1.05.10.1.0316

From Equations(3.49)and(3.50), we find that the element
spread is inversely proportional to the relative bandwidth
squared. Because the relative bandwidth is about 5%, the
element values C, >> C; and L, << L;, making the filter
difficult to realize. The element spread is about 497 for both
the capacitors and inductors.

In order to make the element spread smaller, we insert a
transformer on the left side of the shunt branch with turns
ratio n;:1. To compensate for the transformer, we divide all
impedances on the secondary side of the transformer with

Fig. 3.62 Ladder with

m 2. The output voltage will be V»/n;. The resulting network is
shown in Fig. 3.62.

In the next step, we use Norton’s first equivalence, where
the capacitor C; corresponds to Z in Fig. 3.58, to replace the
transformer. We get the network shown in Fig. 3.63.

In the next step, a second transformer with turns ratio n,:1
is inserted to the right of the inductor L,, as shown in
Fig. 3.64, where ny= nn,.

We again use the first Norton equivalence with capacitor
n3°Cs as impedance. Note that the turns ratio in Fig. 3.58 is
now n = 1/n,, as the equivalence circuit has been flipped over.
To retain equal the source and load resistor, we select nyn, = 1.

The new element values shown in Fig. 3.66 are

1—n 1—n
C3a_( 22) §C3—( 22)C3
n3 n3
2C C
Cyp=12-23
n n
-1 -1
C3(- = (}’lz )n§C3 = (}12 )C3.
n n

The capacitors, ny(n; — 1)C; and Cs, will be negative if n;
< 1. It is possible to eliminate the effective shunt capacitor,
C,, entirely by an appropriate choice of n;. The effective
shunt capacitor C, shown in Fig. 3.65 is

Cy=ni(n — 1)C, +nfC2 +(1- nz)nng.

inserted transformer

Fig.3.63 The transformer is
removed by using Norton’s
first equivalence

Fig. 3.64 Ladder with a
second transformer inserted
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Fig. 3.65 The transformer is
removed by using Norton’s R L
first equivalence

0.0.25C; L,

}7
I

Fig. 3.66 Final structure with less element spread

0.75C, R,

If we make C, = 0 in order to save one capacitor, then
n = 4.00692-1073, n, = 249.568, and the spreads in ele-
ment values will become (n, — 1)C3/n1n,C; = 248.6, which is
somewhat large. In practice, however, the shunt inductor
will in practice have a parasitic capacitance that may be
absorbed into C,. If we select, for example, n; = 0.25 and
n, = 4, which yields C, = 14.169 nF, the element spread is
reduced to about 122.8 and 16 for the capacitors and induc-
tors, respectively.

3.6.8 Transformations to Absorb
Parasitic Capacitance

One problem with the standard synthesis methods is
that they result in networks, as shown in Fig. 3.67,

that have nodes that are not connected to ground
through a shunt branch. Such high-impedance nodes
are sensitive to a stray capacitance. In order to
remove such sensitive nodes, we may perform one
or several successive Norton transformations.

If the LP filter has finite zeros, as shown in
Fig. 3.67, the corresponding bandpass filter will
have series and shunt branches that contain four
circuit elements. This is not good from a sensitivity
point of view. Therefore, different types of network
transformations should be applied, i.e., Norton
transformations, to obtain a BP filter structure
without high-impedance nodes [26, 95, 100, 137,
146]. The filter shown in Fig. 3.67 is very sensitive
for a stray capacitance, Cyyy)-

Example 3.16 Consider the bandpass filter shown in
Fig. 3.67, which has only one critical node between the two
parallel resonance circuits in the shunt arm.

First, we place a transformer with turns ratio n: 1 imme-
diately after the second parallel resonance circuit, Ly,—Cpp
and divide all impedances on the right side of the transformer
with 2. Next, we apply Norton’s second equivalence, using
the parallel resonance circuit L,,—C5, as impedance, to
obtain the ladder network shown in Fig. 3.68.

Fig. 3.67 Frequency
transformation of an LP
filter with finite zeros to a BP

AL €2p
T Cstray c ?T
I

Iy

filter
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Fig. 3.68 BP structure that L,, Lop/n
is less sensitive to parasitics Y Y

ff“ "ﬁ% '

The negative shunt components that result from the trans-
formation are combined in parallel with the positive shunt
inductors and capacitors to obtain realizable component
values

Cy

1—n)C 2Ci=0=>n=—"—
n(l —n)Cop 4+ n~Cjs n o G

(3.51)

or alternatively if we select to eliminate the inductance

Ly L3
n(n—1) n?

Loy L

Ly Ls
n(n—1) + n?

n*Loy +n(n—1)Ls

0= = (3.52)

Ly + L3’

The value of n may be chosen so that only one additional
shunt capacitor or inductor is required. In most cases, we will
select to remove an inductor. The two rightmost parallel
resonance circuits can be combined to a single circuit. The
resulting circuit has four inductors and five capacitors. The
Norton transformations will usually not maintain equal
source and termination resistances.

3.6.9 Minimum-Inductor Filters

Inductors that are implemented using magnetic
cores are bulky, heavy, and expensive compared

Fig. 3.69 Examples of in
minimum-inductor LP and
HP filters

to the capacitors. In applications where a larger
number of filters shall be manufactured, the num-
ber of components in the filter structure are of
economical concern. In addition, in cases when
the physical space is restricted, it is essential to
minimize the number of components. Hence, it is
desirable to minimize the number of inductors.

In so-called parametric filters, two real zeros
are inserted into the characteristic function in
order to trade off some of the attenuation in the
stopband for a more suitable network structure,
or save an inductance, or to have certain relation-
ship between some of the element values, etc.
These zeros will either cancel a transmission zero
ats = Qors = oo.

Definition 3.9 A canonical network realizes an
impedance with a minimum number of circuit
elements.

A transmission zero at s = 0 or s = oo can be
obtained using only a series (or shunt) capacitor,
but the realization of a finite (nonzero) jw-axis zero
pair, however, requires an inductor. Each pair of
real zeros (realized with a C section) also requires
one tapped inductor.

Theorem 3.8: For LP and HP filters, the minimum
number of inductors equals the number of finite (non-
zero) zero pairs.

Figure 3.69 shows examples of lowpass and highpass
ladders where all inductors are used to realize finite zeros.

For BP filters, the situation is more involved. Band-
pass filters with at least two zeros at both s = 0 and
s = oo can be realized with a minimum-inductor ladder
with N/2 inductors, where N is the order of the filter.
That is, the number of inductors equals the number of
zeros, including those at s = 0 and s = oo. So-called
parametric BP filters require only N/2 — 1 inductors [29,
123, 124].
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Figure 3.70 shows four additional sections that are useful
for realizing BP filters with a minimum number of inductors.
The two sections to the left realize transmission zeros below
the passband whereas the two on the right realize transmis-
sion zeros above the passband.

i
i1

Fig. 3.70 BP sections for realization of finite transmission
Zeros

Wﬁb

Fig. 3.71 Laurent zig-zag

Srealizes a transmission zero ats = 0 and s = oo, sections 2
and 4 realize a transmission zero in the upper stopband,
and section 3 realizes transmission zeros in the lower
stopband.

Example 3.17 Consider the network in Fig. 3.72, which
contain, a capacitive loop C;—C,—Cj3;. The order of the
transfer function is therefore one less than the number of
reactive components and one capacitor can therefore be
eliminated.

Inserting a transformer with turns ratio n: 1 in the cut AA’

Fig. 3.72 Ladder structure with a capacitive loop

BP filter with minimum
number of inductors

Figure 3.71 shows a Laurent'* zig-zag bandpass filter
with double zeros at both s = 0 and s = oo, where network
transformations have been used to obtain a minimum
number of inductors and a small spread in the element
values [33, 48, 49, 100]. The Norton transformations can
be used to reduce the number of inductors. Note that
sections 1 and 6 realize a transmission zero ats = 0, section

Fig. 3.73 The transformer
inserted in the cur A-A’ is
removed by using Norton’s
first equivalence

“Torben Laurent, Royal Institute of Technology, Sweden.

and using the first Norton equivalence yields the network
shown in Fig. 3.73. It is possible to eliminate either the
capacitor resonating with L; or with L, by inserting the
transformer appropriately. Alternatively, if neither of the
capacitors is eliminated, instead, the output impedance is
modified. To eliminate the capacitors resonating with L,
we select C; + (1 —n)C, = 0. Thatis,n = (C, + C;)/Cs.

nC2

AN
ol

S

Alternatively, we can eliminate the capacitors resonating
with L, by selecting
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n(n—1)Cy +n?
C; =0, which yields

n= Cz/(C2+C3)<1.

The load resistor R, /n* will be larger than R, . Note
that if n is small, then the voltages will be large and
the components must be chosen to withstand the
high voltages.

3.7 Lattice Filters

Passive filters can also be implemented using different
types of electromechanical resonators instead of LC
resonance circuits, e.g., piezoelectric crystals. These
types of filters, which will be further discussed in
Section 3.9, often employ so-called lattice structures;
a name suggested by its schematic shown in Fig. 3.74,
with quartz crystals in the branches. The lattice struc-
ture can accommodate such resonators much more
easily than the corresponding ladder structure.

Lattice filters have extremely high sensitivity in
the stopband for errors in the circuit elements, but
this is acceptable because the quartz crystals are
very stable with respect to temperature and ageing.
Several millions of passive filters with crystals or
ceramic circuit elements are nowadays manufac-
tured each month.

In principle, the crystals in the lattice structure
can be replaced with LC circuits, but this is unusable
in practice due to large variations in the element
values. Frequency selective lattice filters with
regular RLC components are therefore not recom-
mended. Moreover, lattice structures are not cano-
nical and require more than a minimal number of
circuit elements.

By redrawing the lattice section, according to
Fig. 3.75, it becomes evident that it in fact has the

_ 2V0ut _

RL(ZbZ(: - ZaZd)

Fig. 3.75 Lattice filter

same structure as a measurement bridge. Using a
sinusoidal voltage source, the output voltage becomes
zero when the bridge is balanced, i.e., when Z,/Z, =
Zy/Z,. Knowing three of the impedances, the fourth
can be determined with very high accuracy at that
frequency. The four impedances are usually pure reac-
tances when the bridge is used as a filter.

When the bridge is balanced, i.e., at a frequency
that corresponds to the transmission zero, the out-
put signalis V,,, = 0. A small variation of any of the
reactances will make V,,, nonzero. Hence, the ele-
ment sensitivity in the stopband is very large.

The normalized transfer function of the lattice
filter in Fig. 3.75 is

H

Vie  Z\Rp + (Zy + Z3)RRy + R Z2Z3 + Z3Z,Zy + Z2Z. 24

(3.53)

where Zy=(Zi+ZNZp+ Zy),Zy = Zy + Zp,
and Z3 = Z.+ Z,.

The lattice structure contrary to ladder struc-
tures can realize zeros in the right half of the
s-plane. This is useful for realizing allpass filters.

Moreover, one of the best digital filter structures,
lattice wave digital filters, is derived from analog
lattice structures [135]. In fact, lattice structures are
both of practical and theoretical interest in spite of
their very high stopband sensitivity.
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3.7.1 Symmetrical Lattice Structures

Consider the symmetrical lattice filter shown in
Fig. 3.76, where Z, = Z,4, Z;, = Z., and R, = R,
= R. Equation (3.53) simplifies for the symmetrical
lattice to

2V put R(Zy,— Z,)
H = =
= T Zr R @+ B
1/Z,— R Z,—R
—_ - 54
2(Zb+R Za+R> (3:54)
or
H(s)=R ! ! (3.55)
N R+ Za R+ Zb ’ .
The reflection functions are
1/Zy—R Z,—R
= —— . 3.56
p1(s) = pals) 2<Z;,+R Za+R) (3:36)

R

Fig. 3.76 Symmetrical lattice filter

If Z,and Z, are pure reactances, the two terms in
Equation (3.54) become allpass functions. The
impedance Z, and Z, can, in principle, be deter-
mined by performing a partial fraction expansion
of transfer function and assigning the appropriate
terms to Z, and Z,. There is usually only one assign-
ment among the terms that leads to lattice reac-
tances with positive element values.

It can be shown that lattice filters only can realize
odd lowpass and highpass filters and even-order
bandpass filters with zeros at both s = 0 and s = oc.
Another disadvantage of the symmetric lattice
structure, besides the very high sensitivity, is the
large number of components required, i.e., twice
the order of the filter.

3.7.2 Synthesis of Lattice Reactances

In this section, we demonstrate by the means of an example
how the lattice reactances of a symmetric lattice can be
derived.

The lattice reactances can be computed with the following
scheme.

® Find all the transmission zeros and the stopband edge w;.

® Compute the characteristic function, which must be an odd
function of .

® Form a polynomial X(s) by adding the numerator polyno-
mial, multiplied by ¢, and denominator polynomial, p(s), of
the characteristic function. The roots of p(s) are the trans-
mission zeros.

® Compute the roots of the polynomial X(s) and assign the
roots in the left-half s-plane to A(s) (Hurwitz) and the
roots in the right-half s-plane to ah(s) (anti-Hurwitz).
That is, X(s) = h(s) ah(s). A useful program for this step
is hurwitz.

® Compute the two lattice reactances, see Theorem 3.10,

. . B ahy(s) B he(s)

if p(s)iseven Z, = —R ah () Zy = Rho )
and

. . B ah,(s) , ho(s)

if p(s)isodd Z, = —R ah(s) Z,=—R hels)

The subscripts e and o indicate polynomials formed by
deleting the odd and even terms of the polynomial, e.g., /(s)
=as®+ b5+ cs +dyields hy(s) = as® + ¢sand h(s) = b
s+ d.

The realization of Z, and Z,, can be done by any of the
structures discussed in Section 3.7.7.

Apart from a phase shift with =, lattices with any of the
reactance pairs (Z,, Zv), (Zy, Zo), (R*/Za R/ Z}), or (R?|Z),,
R*/Z,) have the same transfer function.

Example 3.18 Determine the lattice reactances for the third-
order Cauer filter C031511 when the passband edge is
o, = 1rad/s.

Synthesizing the filter, we find that the stopband edge is
@, = 5.2408 rad/s, A,,.. = 0.0988324dB, A,,;, = 50.625dB,
and ¢ = 0.1517165. The filter has two transmission zeros at s
= 4j 6.04657 rad/s and one at s = oo. The characteristic
function is, see Equation (2.49), is

B s B s(s? 4+ 0.7512366)
C(s) = eRy <w—c,L) = 21.68806 2 136561032

We form the polynomial X(s) =
21.68806s(s>+0.7512366) + (s*+36.56103) and solve for
its roots
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X(s) = 21.68806(s — 0.474289 + j1.212363) (s — 0.474289 — j1.212363)(s + 0.994686) =
= 21.68806(s> — 0.948578s -+ 1.694774) (s + 0.994686).

We assign the root in the left half plane to /(s),
i.e., h(s) = s+0.994686, and the remaining to ah(s),

ahy(s)

ie., ah(s) = s°—0.948578s+1.694774. Because p(s) is
odd, we get

—0.948578 RsL

Z,=—-R

ah,(s)

- <s2 + 1.694774)

T1fsLC

Hence, a normalized inductor L = 0.988578 in parallel
with a capacitor C = 1.7866. R is a factor that determines the
impedance level, i.e., if R = 1 Q then L = 0.988578 H

ho(s) ~0.994686

Zy=—R
! he(s) s

That is, a capacitor C = 1.00534.
The computations above have, of course, been carried out
with higher precision than shown.

3.7.3 Element Sensitivity

A major problem of lattice structures is that trans-
mission zeros are realized through a balancing of
the branches, i.e., by making Z, = Z, at each zero
frequency. Furthermore, the impedances must track
at all frequencies, which requires a large number of
low-tolerance components, making the lattice struc-
ture expensive.

Methods to realize transmission zeros, which are
based on the principle that two currents are summed
in a circuit node, or the difference in voltage
between two nodes, as in the lattice structure, are
very sensitive for errors in the element values and
should therefore be avoided.

The high element sensitivity in the stopband
makes, in practice, the lattice structure with
coils and capacitors unusable for frequency
selective filters. However, lattice structures
with crystals in the bridge arms are useable.
This works well despite the high element sensi-
tivity in the stopband because the crystals are
highly stable and the variations in the element
values are very small.

The element sensitivity in the passband is, how-
ever, small if the lattice section is designed accord-
ing to the insertion loss method.

3.7.4 Bartlett and Brune’s Theorem

Lattice filters are related to symmetrical ladder fil-
ters. A symmetrical ladder filter has always an
equivalent lattice structure having equal transfer
function and the same input impedance. However,
a lattice structure does not always have a symme-
trical ladder counterpart with positive elements.

Theorem 3.9: Bartlett and Brune’s Theorem A sym-
metrical LC network corresponds to a lattice filter
with the impedances Z, and Z,,, which can be found by
the following procedure:

1. Cut the ladder network along its line of symmetry
into two identical parts.
2. Short-circuit all nodes that lie on the line of sym-

metry. The input impedance to this network is Z,,.
3. The input impedance of the network (one of the

parts) is Z,

Figure 3.37 show some equivalent networks
derived by using Bartlett and Brune’s theorem.
According to Bartlett and Brune’s theorem, a sym-
metrical LC ladder network corresponds to a lattice
filter, but the opposite is not always true. Hence, not
all minimum-phase transfer functions can be rea-
lized by a lattice filter. For example, only lowpass
(highpass) filters of odd order and with at least one
zero at s = oo(s = 0) are realizable.

Example 3.19 A symmetrical ladder network is shown in
Fig. 3.78 with L; = Lsand C, = C,4. Derive the reactances
in the corresponding lattice network.
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Fig 3.77 Equivalent
networks based on Bartlett
and Brune’s theorem

Fig. 3.78 Example of the !
use of Bartlett and Brune’s
theorem

First, we partition the symmetrical network into two
identical parts along the line of symmetry. The inductor L;
is split into two inductors in series, each with the value L3/2.
The reactance Z, equals the input impedance when the nodes
at the line of symmetry are short-circuited. The reactance Z,
equals the input impedance to the remaining part of the net-
work when the nodes are not short-circuited. In this case, the
inductor L3/2 is superfluous.

Note that the order of the impedances Z, and Z, will
always be different.

3.7.5 Bridged-T Networks

A lattice filter can be realized in an equivalent form
with the bridged-T network shown in Fig. 3.79. The
bridged-T network has the advantage that the
source and load have a common ground.

Zy
1
T
R
+
+
Vin R out

Fig. 3.79 Bridged-T network

L,

R Ly

Ls Za © 2
Cy L,

The lattice impedances corresponding to the
impedances in a symmetrical bridged-T network,
ie., Zg = Zcand Ry, = R; = R, is directly obtain
by using Bartlett and Brune’s theorem.

We get
Z4
S, _ 2% ZaZs
a %+ ZB ZA + 2ZB (357)
Zy=Zp+27Zp

An unabridged network is obtained by letting
Z 44— 00. We get

Zp=Zc=7Za
{ (3.58)

Zy—Z
ZD:%.

3.7.6 Half-Lattices

The number of circuit elements can be reduced by
using one of the equivalent unbalanced circuits that
are shown in Fig. 3.80. These circuits, called (incor-
rectly) half-lattices, trade half of the components of
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Fig. 3.80 Examples of two- 27
port equivalents of a
symmetric lattice
27,
— 1 ‘
1
Zy 27y,
3 L

the lattice for an ideal transformer [12]. In addition,
these circuits have higher sensitivity in the stop-
bands than their ladder counterparts.

The chain matrix, see Section 5.4, for the circuits
shown in Fig. 3.80 is

Z,+ 72, 27,7,
Vi — — V:
|: 1 ] _ Iy —2Zs Zp—2, [ 2 ] . (359)
11 2 Za + Zb —Iz

Zb_Za Zb_Za

Lattices and half-lattices are used mostly to rea-
lize filters with complex zeros and, especially, filters
using electromechanical resonators.

3.7.7 Reactance One-Ports

To obtain a better realization, it may be advanta-
geous to replace an impedance with an equivalent
one-port. In this section, we discuss four generic
structures for realizing (lossless) reactances and
some often used special cases.

Let F(s) denote a reactance, then F(s) is an
odd positive-real function with the following pro-
perties [124]:

® [{(s)is an odd function, i.e., F(s) = —F(—s), with
real coefficients

® F(s) — K/s or Ks when s — oo

® F(s) have only simple poles on the jw-axis with
real and positive residues

e The poles and zeros are alternating on the jw-axis

® Re{F(s)} = 0.

Theorem 3.10: The ratio of the even and odd, or odd
and even, parts of a Hurwitz polynomial is an impe-
dance function.

Theorem 3.11: The minimum number of reactances
necessary to realize a lossless impedance or admit-
tance is equal to its degree.

3.7.7.1 Fosterland Il

The Foster I realization of an arbitrary reactance
function X(s) is obtained by a partial fraction expan-
sion of the impedance, which can be performed by
the function PART_FRACT_ EXPANSION,

X(s) = Luos P dooo——  (3.60)

C()S =1

The Foster I structure [23] is shown in Fig. 3.81
where L;Ciw? = 1.

Ly L, Ly
L,
Go
¢ G Cn

Fig. 3.81 Foster I structure

The Foster II realization of an arbitrary reac-
tance function X(s) is obtained by instead expand-
ing 1/X(s)

s
2+ w?

i

| LA
Y(s) = Coos +—+ — (3.61)
( ) LQS ; L,‘
The Foster II realization is shown in Fig. 3.82
where L;Ciw? = 1.
Two common special cases of a Foster II circuit
that may occur in the LP-BP transformation and its

corresponding equivalent Foster I circuit are shown
in Figs. 3.83 and 3.84.
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Fig. 3.82 Foster II structure

I e

Fig. 3.83 Equivalent Foster I and II structures

g

Fig. 3.84 Equivalent Foster I and II structures

3.7.7.2 Cauerlandll

The Cauer I realization [23] is obtained by a con-
tinued fraction expansion of X(s) around s = oo
according to

1
X(s) = Loo1s +

(3.62)
CooZS +

1

Lo3s +————
o3 JrCOO4S-|-...

The Cauer I realization is shown in Fig. 3.85.
Note that the reactance can either be terminated
with an open-circuit or short-circuit for an even-
order and odd-order reactance, respectively. For
reactances with order < 3, the Cauer I and Foster
I structures become identical.

L L.;

o]

Fig. 3.85 Cauer I structure

The Cauer II realization is obtained by expand-
ing X(s) around s = 0 according to

o, I
~ Cois 1 1
+
LOZS 1 n 1
Coss 1
L04S

X(s)

(3.63)

The Cauer II realization is shown in Fig. 3.86.
Note that the reactance can either be terminated
with an open-circuit or short-circuit. For reactances
with order < 3, the Cauer II and Foster 11 structures
become identical.

Co Co3
° | [ [
| [ [

Ly,

Fig. 3.86 Cauer II structure

Deffinition 3.10 A canonical reactance network has
a minimum number of inductors and capacitors.

Both the Foster and Cauer networks are canoni-
cal and require a minimum number of inductors and
capacitors. Non-canonical networks use more than
the minimum number of components to realize an
impedance function.

3.8 Allpass Filters

Here we will only discuss lattice structures of allpass
type, which are realized with a symmetrical lattice
section,i.e., with R, = R;,Z, = Zzand Z, = Z,, or
the corresponding equivalent bridged-T network.
The latter network has the advantage of only requir-
ing two impedances and a tapped inductor whereas
the lattice structure requires four impedances.
Furthermore, the bridged-T network has common
ground between input and output.

To equalize the group delay of a minimum-phase
filter, H,,(s), 1.e., a filter that does not have any zeros in
the right-half s-plane, we use an allpass filter in
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cascade with H,,(s). In fact, a ladder network can only

realize transfer functions of minimum-phase type.
An allpass filter, however, has all zeros in the right-

half s-plane is are therefore a maximum-phase filter.

3.8.1 Constant-R Lattice Filters

If we choose

Z.Zy = R (3.64)
where Z, and Z, are pure reactances, an allpass
filter with interesting properties is obtained. The
transfer function is

Z,—R

H(s) = .

(3.65)

Input and output impedances in such a lattice
structure are Z; = Z,= R. Therefore, the Sections
are called constant-R lattice sections (Otto Zobel).
Note that the multiplexers discussed in Section 3.5.4
also have constant input impedance, Z; = R, but
they are not of allpass type.

Fig. 3.87 Constant-R lattice

The transfer functions for the two allpass filters
shown in Figs. 3.88 and 3.89 are given by Equations
(3.64) and (3.65).

We get
Hypy = — Y+Z§ (3.66)
where C = L/R? and
PR !
Hypy = sz L21C2 (3.67)
P L

Fig.3.89 Second-order constant-R lattice

where C; = L,/R*>and L, = C,R>.

3.8.2 Constant-R Bridged-T Sections

In order to reduce the number of components com-
pared to the lattice structure, it is common to instead
use bridged-T networks. Another advantage is that
they have a common ground. A constant-R bridged-
T network is obtained using the network shown in
Fig. 3.79 with Zy = Zc = Rand Z, = Z, = R*.

The transfer functions for the networks shown in
Fig. 3.90 are given by Equations (3.66) and (3.67),
respectively. The first-order section, however,
requires a negative inductor that can, according to
Fig. 3.28, be realized by a tapped coil.

3.8.3 Constant-R Right-L and Left-L
Sections

The two networks shown in Fig. 3.91 are also con-
stant-R networks, when terminated with a resistor
R, and if Equation (3.64) holds. The transfer func-
tions are
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+

Fig. 3.90 Bridged-7 networks

Fig. 3.91 Left-Land right-
Lconstant-R networks

1

A =17.7%

(3.68)

Constant-R sections are useful for realizing a
Hilbert filter, which is a three-port where the two

output ports have the same constant magnitude
function, but their phase-difference approximates
90° over a prescribed band of frequencies.
The structure resembles the diplexer shown in
Figure 3.41, but the two branches consist of con-
stant-R sections, i.e., allpass sections.

3.8.4 Equalizing the Group Delay

Theorem 3.12: The group delay of a reciprocal loss-
less two-port is an even nonnegative function of .

Several sections can be cascaded according to
Fig. 3.92. Because every section has the load resis-
tor, R, we can replace it with a new lattice structure
with the input impedance R, and so on. The lattice
sections will not interact.

Figures 3.88 and 3.89 show two examples of first-
and second-order lattice structures [11, 26, 146] and
the corresponding bridged- T networks are shown in
Fig. 3.90.

Example 3.20 Determine the element values in a third-order
allpass filter built of cascaded bridged-T networks that
equalizes the group delay of the ladder network in
Example 2.4 when R, = R; = 1000 Q.

The poles of the allpass filter were in Example 2.11 deter-
mined to

sp1 = —7.1328393364267 £ j 6.5766989368398
krad/s

Spy = —7.0319414698343 £ j 19.3771121673633
krad/s

sp3 = —6.7508088487487 £ j 32.4760875022130
krad/s.

From Equation (3.67), we obtain the element values in the
lattice structures. We get using 1/RC, = —2 Re{s,} and 1/
LyCy = r,and R = 1kQ.

Fig. 3.92 Cascaded
constant-R sections
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Bridged-T7 L;imH] L,mH] Cy[nF] C,[nF]
1 70.09831 151.55237 151.5524  70.098312
2 71.10412  33.09767 33.09767 71.10412
3 74.06520 12.27119 12.27119 74.06520

The element values of the LP filter were determined using
CA_LADDER. The resulting equalized LP filter is shown in
Fig. 3.93.

+

Fig. 3.93 LP filter with
equalized group delay

11 1

realize a doubly resistively terminated lossless network
with maximum power transfer have therefore also
optimal sensitivity in the passband. However, electro-
mechanical filters are solely bandpass filters.

In an electromechanical filter, the input signal
carrier (voltage or current) is converted into mechan-
ical form, e.g., vibrations, by means of an input
transducer, as illustrated in Fig. 3.94. Typically, the

4+
sinsimasinsimas|nsinstt
= Vou

L] |

1
-

From the lattice structures, the element values can then be
computed in the corresponding bridged-T network. In prac-
tice, bridged-T networks are used because they have fewer
components than lattice structures and they have common
ground between the input and output. Note that the allpass
sections can be put in any order at the output, or at the input,
or a combination thereof, as R; = R; in this case.

If a general synthesis program is available, we may instead
of using this approach synthesize a ladder with one or several
allpass sections inside the ladder as this often lead to a less
sensitive overall structure.

3.8.5 Attenuation Equalizing

Constant-resistance lattice sections and bridge-7 net-
works can also be used to equalize the attenuation; for
example, to reduce the attenuation in a neighborhood
of the passband edge that is deteriorated because of
use of coils with too low Q factors. However, in this
case the sections are not allpass sections.

3.9 Electromechanical Filters

As discussed in Section 3.3, a doubly resistively termi-
nated lossless LC network can be designed to have
optimal sensitivity in the passband. An alternative
approach to implement such passive filters is to
replace the LC resonance circuits with lossless
mechanical resonators. Electromechanical filters that

signal carrier after the input transducer is a force or
velocity. The actual filtering takes place within the
mechanical structure, which is composed of reso-
nators and coupling elements. Finally, the filtered
signal carrier is then converted back into electrical
form by means of the output transducer.

RS
- - 2 8
o) =

Q S o g +
= = =
+ =] [ZER) @
z g3 =
0] <

Vin g S oo = RL§ Vour

== -
- - O = =1
= [72) 'a“ o,
2. 3 g 2

= 2] = -
S o

Voltage and Force and Velocity Voltage and

Current Current

Fig. 3.94 Electromechanical bandpass filter

Electromechanical filters are typically used in
telecommunication systems, for example in carrier
frequency systems and in intermediate frequency
(IF) filters in radio and TV sets as well as in con-
sumer electronics [57, 60, 80].

3.9.1 Mechanical Filters

True mechanical BP filters can be manufactured with the
center frequency in the interval 10 kHz to 10 MHz. Mechan-
ical filters, with constant modulus iron-nickel alloy
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resonators, can be implemented with Q factors up to 10,000,
and with better stability than conventional filters built with
coils, capacitors, and active elements. For example, it is
possible to build a mechanical IF filter with a bandwidth of
500 Hz, centered at 455 kHz, i.e., the relative bandwidth is
only 0.11%. Significant rounding of the passband response,
due to losses, is avoided due to the high Q factors of the
resonators. The center frequency shift may be as low as
50 Hz for a 100°C change in temperature.

Figure 3.95 shows the principle for implementation of a
mechanical filter. The transducer converts a voltage to a force
using a coil with a magnetorestrictive core, which changes its
dimensions proportionally to the magnetic field. The core will
therefore vibrate analogously to the input signal. The vibrations
in the core are then transferred to the resonator structure by
means of thin wires. The wires act as springs when they are less
than one-eighth acoustic wavelength long. The frequency
response is determined by the resonance frequencies and the
coupling between the resonators. The resonators can be shaped
in many different ways, i.e., long rods or disks.

The resonators shown in Fig. 3.95 are torodial resonators.
Finally, at the output, the vibrations in the last resonator are
connected to another magnetorestrictive core. The changes in
its dimensions produce a magnetic field that generates a
proportional voltage in the output coil.

Transducer Resonators Transducer

\ Pins /

Fig. 3.95 Example of a mechanical filter

Frequency selective filters with mechanical circuit element
are characterized by

Very large Q factors

Very narrow banded bandpass filters

Aging and temperature stability

Low cost

High reliability

Cannot be integrated in an IC and have therefore
been replaced by integrated circuit compatible
technologies.

3.9.1.1 Integrated Microelectromechanical
Filters

MEMS (microelectromechanical systems) is an
emerging technology that uses the same CMOS

processes as for regular integrated circuits to man-
ufacture very small mechanical systems on silicon.
Typical subsystems are switches for antennas, IF
filters, front-end RF filtering, and demodulation in
cellular phones.

The CMOS process that is used has the potential
advantage of mass fabrication of the filters, but they
do not have sufficient geometrical precision. Typi-
cally, the error in the resonator frequency is about
0.5% and may cause significant passband deviation.
The resonator structure must therefore, for highly
frequency selective filters, be tuned to adjust the
filter characteristics. The tuning involves special
processes for removing or adding material from
the resonators.

Most microelectromechanical filters are imple-
mented using one or several flexural-mode beam
elements on top of the silicon substrate, as shown
in Fig. 3.96. The beam, which is suspended in free
air, is clamped at both ends to the substrate and
connected to electrode 2 at one end. Underneath the
beam is electrode 1. Both the beam and electrodes
are made of conductive materials, such as metal or
doped silicon.

Electrode 1 Electrode 2

Fig. 3.96 Clamped-clamped beam resonator

The micromechanical resonator structure, shown
in Fig. 3.96, has two electrical inputs, V; and V>,
which are applied to the electrode-1 and the beam
through electrode 2, respectively. Hence, a voltage
(V,—V1) is applied across the electrode-1-to-beam
gap, generating a force between electrode 1 and the
movable beam. A variation in the voltage (V>,—1V7)
will therefore produce a proportional vibration in the
beam. Several such resonator structures can be elec-
trically or mechanically coupled to implement a
higher order filter. At the output, an electrical signal
can be obtained, as the vibrating beam will modulate
the electrode-to-beam capacitance.

The clamped-clamped resonators are usable for
frequencies from about 250 kHz to 100 MHz, and
O factors of up to 10,000 can be obtained. However,
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at frequencies over 30 MHz, the mechanical energy
loss to the substrate becomes large and limits the
attainable Q factors. To obtain high Q factors at
high frequencies requires beams with both ends free,
but this requires additional complex mechanical
circuitry.

3.9.2 Crystal Filters

The main difference between a mechanical band-
pass filter and a crystal or ceramic filter is that, in
the case of mechanical filters, both the resonators
and their coupling are mechanical, whereas in crys-
tal and ceramic filters, the resonators are made out
of piezoelectric materials and the coupling is accom-
plished electrically using capacitors and inductors.

Piezoelectricity, which was discovered by the Pierre
Curie and Jacques Curie in the 1880s, is found in
many crystalline materials, e.g., quartz. One of its
first practical usages was in World War I, when
sonar systems used quartz crystals to generate directed
pulses at audio frequencies to detect submarines.

The piezoelectric effect is stronger in ceramics,
but quartz is still widely used, because it has low
acoustic losses and good temperature stability.

A resonator consists of a freely supported paral-
lel-sided piezoelectric plate with an electrode on
each major face. When a voltage is applied, the
impedance is found to show a sharp resonance due
to the excitation of acoustic waves, reflected many
times between the two faces. Quartz resonators are
used as the controlling element of oscillators used in
clocks, watches, and in electronic equipment, wher-
ever accurate frequency or timing information is

needed.

The resonator structure, shown in Fig. 3.94, consists of
piezoelectric crystal or ceramic resonators. The transducers
convert between a voltage to pressure or vice versa. Hence, a
varying input voltage will make the resonator to vibrate
proportionally.

Crystal and ceramic filters are also based on doubly resis-
tively terminated reactance networks that are designed for
maximum power transfer, but the conventional resonance
circuits consisting of inductors and capacitors are replaced
with mechanical resonators. Crystal filters are able to provide
narrow bandwidth filtering without excessive loss, tempera-
ture drift, and ageing.

Figure 3.97 shows the symbol for a crystal or ceramic
resonator and a corresponding electrical model. The capaci-
tance C, represents the capacitance of the electrodes.

® -
®
Rl Rn
f— CP
C c,
' Ll Ln
® -
0 wy,

Fig. 3.97 Symbol for a crystal and corresponding model

The equivalent electric circuit contains several (lossy)
series resonance circuits, each representing a particular har-
monic mode. The resonator can, for example, oscillate in
parallel resonance mode, i.e., L;—C,, or in series resonance
mode, L;—Cj. In the first case, the impedance of the resona-
tor becomes large whereas in the series resonance case it
becomes small. For quartz, the series-resonant circuit,
C—Ly, has an extremely high Q factor, ranging from about
10* to 10°. Hence, the deterioration of the passband edges due
to losses is small.

We may assume that the crystal is operated in the close
neighborhood of one of its resonance frequencies, e.g., f, and
the influence of the other branches (resonances) are
neglected. This is, of course, only valid in a narrow frequency
range around f;. This assumption is only valid in the design
and implementation of very narrow bandpass filters where it
is possible to replace subcircuits in an LC ladder structure
with crystals, or crystal-capacitors. This approach, however,
is restricted to filters with extremely narrow relative band-
widths < 0.1%.

Ladder structures with relative bandwidths of 5%, or
more, are not realizable by crystals and capacitors alone,
because of too small capacitance ratios, C/C,. It is therefore
better to use a lattice structure, which tends to have higher
capacitance ratios than its ladder counterpart does.

In principle, we may realize the whole filter (if it is symme-
trical) by a single lattice, but because of sensitivity reasons, it is
better to use a cascade of simple lattices and ladder sections.
Often, the best structure is a cascade of simple lattice sections
with shunt or series capacitors or inductors between the sec-
tions. Lattice structures are very sensitive for circuit element
errors, but it is still possible to use such structures, as the
crystals are very stable [48, 59].

Figure 3.98 shows a half lattice section with two crystals, a
capacitor, and a transformer. This type of crystal filter is

R, 4”]
“ ) RL
:H —

Fig. 3.98 Example of simple crystal filter



3.9 Electromechanical Filters

127

often used in the IF part of more expensive receivers. Today,
millions of passive filters with crystals or ceramic circuit
resonators are manufactured annually and used in most
radio and TV receivers.

For filters with relative bandwidths of more than about
10% it is only possible to realize a few selected attenuation
peaks by embedding crystals into an LC ladder structure.
Figure 3.99 shows an example of the implementation of a
simple crystal filter. See [80, 123] for a more detailed discus-
sion of electromechanical filters and their design.

Quartz Crystal

Package —

Electrode

Support

Isolator

Pins

Fig. 3.99 Example of simple crystal

Characteristic of crystal filters, which always are very
narrow band BP filters, are that passbands of only a couple
of hundred Hz and with center frequencies of tens of MHz
can be implemented. Sometimes the term form factor is used,
which is defined as the bandwidth at the attenuation 60 dB
divided with the bandwidth at the attenuation 6 dB. The form
factor can be less than 1.5. Crystals can be manufactured with
center frequencies in the range 1.5—400 MHz and with rela-
tive bandwidths in the range 0.004-0.05%. Crystal filters
have small losses and good signal dynamic.

3.9.3 Ceramic Filters

Ceramic filters are based on piezoelectric ceramics,
and the design principles resemble those of crystal
filters [123]. Piezoelectric ceramic resonators can
only be used to realize narrow bandpass filters.
Ceramic resonators have lower Q factors compared
to crystal resonators. Typically, Q factors is of the
order a few thousand. Ceramic filters are also used
in radio and TV sets. A common application is IF
filters with, e.g., 10.7 MHz center frequency. The
dimension of crystal and ceramic filters is small. For
example, a ceramic filter, from Murata™, which is
intended for Bluetooth applications, consisting of
three resonators, has been implemented in a small
package (2 x 4.5 x 4 mm). The filter is a bandpass
filter with passband 2400—2500 MHz with a

variation of 2.7-3 dB in the passband and attenuat-
ing at least 25 dB at 1950 MHz, 16 dB at 2200 MHz,
and 9.5 dB at 2700 MHz.

3.9.4 Surface Acoustic Wave Filters

The first surface acoustic wave filters (SAWs)
appeared in the mid-1960’s. A SAW device operates
by converting electrical energy, through an interdi-
gital transducer (IDT), into a surface acoustic wave
on a piezoelectric crystal plate (substrate). The out-
put is typically obtained through a second IDT, as
illustrated in Fig. 3.100, but there are resonator
structures with a single port. The transducer,
which consists of an array of metallic electrodes on
the surface of the substrate, determines the fre-
quency response. Another basic SAW component
is the reflector, which consists of periodic arrays of
either metal strips or grooves.

Substrate

Input
Output

Fig.3.100 SAW filter

By combining IDTs and reflectors, SAW resonators and
resonator filters can be implemented for frequencies in the
range from about 10 MHz up at a few GHz. The Q factor of
SAW resonators is relatively low, typically between 6000 and
12,000. SAW filters can be designed to have linear phase,
contrary to analog filters realized with lumped elements.
SAWs are relatively easy to manufacture because they
require only one or two photoresist and metal deposition
steps.

Surface acoustic wave filters (SAW filter) are commonly
used in radio, TV sets, video players, WLAN, and cellular
phones [122, 123]. Diplexers for WCDMA are also imple-
mented in SAW technologies. Surface acoustic wave filters
are based on a special type of wave propagation mode of
acoustic waves, so-called Rayleigh waves'>, on the surface of
a piezoelectric material. However, there exist similar devices
that use different types of wave propagation modes. Usually
quartz, lithium tantalate (LiTaO3), or lithium niobate are
used. Surface acoustic wave filters for cellular phones are

SLord Rayleigh,1885.
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small, a few mm?, but they cannot easily be implemented on
top of an integrated circuit.

Surface acoustic wave filters can be manufactured with
very narrow transition bands. In principle, surface acoustic
wave filters can be designed with linear phase, but in practice,
a small phase distortion is obtained. Typically, +1° to +5°,
and the passband has a constant attenuation of a few dB.
Stopband attenuations of 40 to 60 dB can be obtained. Pass-
band ripples as low as +0.3 dB is achievable. Usable
frequency ranges are 10 MHz— 4 GHz and the relative band-
widths are in the range 0.1% to 10%. For example, a SAW
filter for GSM with 4,,,,. = 2 dB has a bandwidth of 25 kHz
that is centered at 902.5 MHz (transmitter) and 947.5 MHz
(receiver). The weight is only 0.15 g and with the dimensions
3.8 x 3.8 x 1.6 mm.

Today, several hundred millions of surface acoustic wave
filters are manufactured annually. SAW filters are used in
most cellular phone and TV sets. Currently, extensive
research is ongoing with aim at replacing SAW filters with
other filtering techniques, which can be integrated in a reg-
ular integrated circuit, or radio architectures that alleviate
the filtering requirements.

Figure 3.101 shows a simplified block diagram for the
receiver in a GSM phone with two down converter stages.
The first stage is followed by a surface acoustic wave filter
(SAW) of bandpass type with a center frequency of approxi-
mately 85 MHz and a bandwidth of approximately 6 MHz
while the second stage has a typical center frequency in the
range 10-20 MHz. This transceiver architecture is expensive,
and simpler and less expensive alternative exists.

| Transmitter

Fig. 3.101 Simplified block diagram for the receiver of a
GSM phone

3.9.5 Bulk Acoustic Wave Filters

In the past decade, many other types of acoustic
wave filters have been developed in order to achieve
ultralow power consumption and greater integra-
tion levels, particularly in RF transceivers. For
example, devices operating with different types of
waves: bulk acoustic waves, Bleustein—Gulyaev
waves, Lamb waves, and Love waves. Bulk acoustic
wave devices are much smaller than their electro-
magnetic distributed element counterparts are, as
acoustic waves propagate about four to five orders
of magnitude slower than electromagnetic waves.

BAW resonators and filters are suitable for wire-
less communication systems, as they can operate in
the range 2-20 GHz with very high Q factors, and
have large power capability and low volume.
Furthermore, BAW devices have an advantage
over technologies such as ceramic or SAW filters,
as they can be fabricated on top of integrated cir-
cuits. Such a co-integration reduces even further the
size and the cost of high-performance RF front-
ends. Bulk acoustic wave (BAW) and film bulk
acoustic resonator (FBAR) filters are determined
to replace conventional RF filters in cellular phones
as they have now evolved in performance beyond
SAW filters and can be manufactured at a very low
cost using standard IC process steps.

Thin film bulk acoustic wave resonators
(FBARS) convert electrical energy into an acoustic
wave, but unlike SAW devices, the wave is directed
into the bulk. The primary mode is a longitudinal
wave, whereas a SAW employs either a Rayleigh
wave or a surface-skimming wave.

There are two main types of resonators, air gap
and solidly mounted resonators (SMRs). The first
type, which is illustrated in Fig. 3.102, consists of a
piezoelectric membrane, sandwiched between two
electrodes, that is supported at the edges, but free
from the substrate in the resonator region. The elec-
trodes can be directly connected to the top level metal
interconnect of the integrated circuit that is used as
substrate. The most commonly used piezoelectric
material for BAW devices is aluminum nitride (AIN).
Top level

metal Pizoelectric layer

l Membrane
Air cavity

Fig. 3.102 Suspended membrane BAW resonator

An alternative mode of operation is to use Lamb
waves (1988). A Lamb wave resonator (LWR) is also
composed of a thin piezoelectric layer sandwiched
between two thin electrodes on top of the membrane.
The piezoelectric layer is small compared to the
wavelength. However, whereas the FBAR operates
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using vertical wave propagation, the LWR employs
lateral wave propagation. Lamb wave resonators
used in IF filters offers high quality factors (>1000)
and on top of IC integration.

The second type of resonator also consists of
such a membrane, but the air gap is replaced with
a sequence of quarter-wavelength thick layers with
alternating high and low acoustic impedances, as
illustrated in Fig. 3.103

Pizoelectric layer

Low impedance layer
High impedance layer
Low impedance layer
High impedance layer

Low impedance layer

Substrate — Integrated circuit

Fig. 3.103 Solidly mounted BAW resonator

The acoustic wave that is generated in the reso-
nator has a component that propagates vertically
downwards. Multiple reflections from these layers
form a standing wave that approximates a free air
surface reflection. Hence, acoustically, the mem-
brane appears to be suspended in free air. In addi-
tion, in this case, the electrodes can be directly con-
nected to the top-level metal interconnect of the
integrated circuit that is used as substrate.

The resonance frequency of a BAW resonator is
determined by the thickness of the piezoelectric layer
and the neighboring layers. In an LWR, the reso-
nance appears when the length of the piezoelectric
layer L = A/2. The BWR and LWR have a resonance
and an anti-resonance and can be used as resonators
in both ladder and lattice structures as well as in
oscillators. However, the special design techniques
that are required to effectively use only one of the
resonances are beyond the scope of this book.

The required tolerance for the resonance fre-
quency is around 0.1% for filters used in typical
communication systems, and the tolerance

requirements are in the same range for the piezo-
electric layer and the electrodes. These stringent
thickness tolerances cannot be met by standard
tools for IC processes. Hence, there are still pro-
blems regarding thickness tolerances to be solved.

Thin film BAW filters that are based on AIN
or ZnO have high Q factors and can handle high
signal power and operate at frequencies in the range
2-16 GHz where they are expected to replace SAW
filters. In addition, both FBAR and SMR based
filters and oscillators have small sizes and their
implementation is compatible with standard IC
processes. The main advantages of BAW over the
SAW filters are intrinsically low insertion loss, the
smaller temperature drift, and the possibility to be
implemented on top of IC devices.

3.10 Problems

3.1 A coil has the inductance | mH and Q = 500 at
10 kHz. Determine the size of the equivalent
series resistor in the simple model.

3.2 Determine the transfer function of a doubly

resistively terminated LC network when the

LC part consists of a capacitor and inductor in

parallel in series branch.

Show that the ratio of dissipated power, P,, and

maximally transferred power, P,max, in a dou-

bly resistively terminated LC ladder network is
proportional to | H(jw)|*

3.4 Prove the maximum power transfer theorem.

3.5 Compute the output signal for a doubly resistively
terminated LC ladder network with Rs = RL
that realizes the transfer function C055030 when
the input signal is V;,(f) = 2 sin(wf) forw = 0 and
o =, Also compute the maximal output power
when the filter is terminated with equal resistors.

3.6 a) A filter realized with a T network with R =

R; = 600 Q, L, = 600 mH, C, = 3.3 pF,
and L3 = 600 mH has the desired frequency
response. Determine the element values if
the load resistor is changed to 1 kQ.

b) The passband edge, 1 krad/s, but we need a
passband edge of 3 MHz. Determine the new
element values.

33

3.7 A lowpass RC section has been normalized
so that the attenuation is 3.0102 dB at w, = 1,
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3.8

3.9

R = 1,and C = 1. Denormalize the section so
that the 3 dB edge occurs at f, = 1.2 kHz and
R = 10 kQ.

Determine suitable element values using the
MATLAB program for ladder network of n
type with R, = R, 50 Q that meets
the following specification: 4,,,, = 0.01 dB,
w. = 200 Mrad/s, g = 700 Mrad/s, and
Apin = 50 dB. The filter shall be of type

a) Butterworth filter
b) Chebyshev I filter
¢) Chebyshev II filter
d) Cauer filter

Determine suitable element values for an LC
ladder network of Butterworth type that meets
the requirements: A, 0.1 dB, w.
100 krad/s, w, = 600 krad/s, and A4,,,;, = 60 dB.

a) T network with Ry = R; = 50 Q
b) = network with R, = R; = 50 Q
¢) wnetwork with R; = 600 Q and R; = 300 Q

3.10 Determine suitable element values for an

3.11

3.12

3.13

3.14

LC ladder network of Chebyshev I type
that meets the requirements: 4,,,, = 0.5
dB, f. 500 kHz, f, = 2500 kHz, and
A,in = 30 dB.

a) T network with R, = R; = 50 Q
b) © network with R, = R; = 50 Q

Synthesize a lowpass LC ladder network with
a ripple less than A4,,,, = 0.5 dB in the pass-
band and with f, = 22 MHz, f; = 33 MHz,
and A4,,;, = 24 dB. Use a T ladder with R, =
Determine suitable element values in a 7" lad-
der with R, = R;= 50 Q that realizes a
fifth-order Cauer filter with A4,,,, = 0.1 dB,
w, 100 Mrad/s, wy 215 Mrad/s, and
Appin = 40 dB.

Synthesize a doubly resistively terminated
ladder network of n type that realizes the
filter C031534. Use equal termination resis-
tances of 50 Q. The passband edge is 800x
Mrad/s.

Derive the expressions for the LP-HP trans-
formation of the specification, resistors, induc-
tors, and capacitor.

3.15

3.16

3.17

3.18

Realize an LC ladder of Butterworth type with

minimum order that meets the specification: A,,,,.

= 0.5dB, 4,;,, = 25dB, f. = 15kHz, and f; =

6 kHz. Use a w ladder. R, = R; = 50 Q.

Realize an LC ladder that meets the

same specification as in Problem 5.2 but of

Chebyshev I type.

Realize a doubly resistively terminated LC

ladder of Cauer type that meets the require-

ment: 4,,,, = 0.09883dB, 4,,,, = 28 dB, f, =

7.5 MHz, and f; = 2 MHz. Select R, = R; =

50 Q.

a) Determine the element values in the
diplexer, shown in Fig. 3.104, with a Butter-
worth frequency response that can be used
as branching filter in an audio system with
8 Q speaker elements. The crossover fre-
quency should be 2.5 kHz.

b) Determine the input impedance to the
diplexer. Discuss any advantages with
this particular choice of input impedance.

¢) Suggest how the branching filter can be
modified to include a subwoofer as well.

Woofer

Fig. 3.104 Diplexer

3.19

3.20

Derive the expressions for the LP-BP transfor-
mation of the specification, resistors, induc-
tors, and capacitors.

Determine the element values in a Butterworth
ladder structure that meets the requirement:
p = 15%,1i.e., A,,.c = 0.09883 dB, 4,,;,, = 40
dB, w.,; = 40 Mrad/s, w.,, = 90 Mrad/s,
w1 = s, and/s, and wy, = 3/s. Use a w ladder
network with R, = R; = 100 Q. Determine the
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number of zeros for s = 0 and s = oo and the
number of poles for the BP filter.
Realize a minimal order Chebyshev 1 LC
ladder that meets the following specification:
p=15%, i.e., Appax = 0.09883 dB, A4,,,, = 40
dB, w. = 12r krad/s, w., = 18n krad/s, w, =8n
krad/s, and wy, =247 krad/s. Use a T ladder
with R, = R; = 500 Q.
3.22 Synthesize a Chebyshev I ladder filter of
minimal order that meets the requirement:
p = 15%, i.e., Amax = 0.09883, 4,,;, = 22
dB, w.=10n krad/s, w,=20r krad/s,
wy =2n krad/s, and oy, =407 krad/s. Use a ©
ladder with R, = 500 Q and R; = 1 kQ.
Realize a Chebyshev 1 LC ladder filter that
meets the requirement: p = 15%, i.e., A, ux
= 0.09883 dB, 4,,,, = 22 dB, w,=1000%
krad/s, w.,=22007 krad/s, ws; = 5007 krad/s,
and w,, =42007% krad/s. Use a T ladder with
R, = R; = 600 Q.
Determine the element values in a Cauer lad-
der that meets the requirement: p = 15%, i.e.,
Appaxe = 0.09883 dB, A4,,,, = 40 dB, w. =40
Mrad/s, w.,=90 Mrad/s, w, =24 Mrad/s,
and w, =150 Mrad/s. The ladder network
shall be of 7 type and double resistively termi-
nated with R, = R; = 100 Q.
Derive the expressions for the LP-BS transfor-
mation of the attenuation specification, resis-
tors, inductors, and capacitors.
Determine the element values in double resistively
terminated 7 R, = R; = 100 Q. The filter shall be
of Chebyshev I type and meet the specification:
w1 =2m49.5 rad/s W =2m 50.5 rad/s
Wy =2m48.5rad/s wgp=2n51.5rad/s
Amaxl = AmaxZ = ZdB, Am[n =35dB
Derive the dual network and its element values
to a m ladder that realizes the Cauer filter
C051523.
Find the dual of the network in Fig. 3.45.
Derive the transfer function for a symmetrical
lattice structure and determine necessary con-
straints on Z,, Z,, and R if the network shall
realize the transfer function in Equation (3.65)
that corresponds to a constant- R lattice section.
Show how the group delay of a doubly
resistively terminated ladder network can be
equalized using constant-R lattice sections.

3.21

3.23

3.24

3.25

3.26

3.27

3.28
3.29

3.30

Determine also suitable element values for an
allpass filter that realizes the poles: 5,0 = — 1
and Sp12 = -3 i_] 4.

Show the input impedance of the bridged-T
network in Fig. 3.105is Z;, = R and determine
the transfer function when Z,Z, = R>.

Find the lattice equivalent to the bridged-T
network shown in Fig. 3.106.

3.31

3.32

,_|Za
| —
R R
+
+
Vin Zy R Vour
Fig. 3.105 Brided-T7 network
Ll Cl
|
Ry Ry
+ 0—4 —O +
Vl C] L2 V2

Fig. 3.106 Bridged-T7 network

3.33 Verify that the bridged- T and the right-L and left-
L networks are constant- R networks when termi-
nated with a resistor R and if Z,Z, = R°. Verify
also that the voltage transfer functions are.

3.34 Validate Equations (3.51) and(3.52) and
derive the resulting element values if one
inductor is eliminated.

3.35 a) Where in the s-plane can the following

structures realize poles and zeros.

b) Doubly resistively terminated ladder network.

¢) Doubly resistively terminated lattice network.

d) Why is a doubly resistively terminated lad-
der preferred over a singly resistively termi-
nated ladder, which has one fewer
component?

e) Give an example of application in which a
singly resistively terminated ladder may be
an appropriate choice.



Chapter 4

Filters with Distributed Elements

4.1 Introduction

At microwave frequencies, the lumped elements
discussed in Chapter 3 tend to become small and
therefore difficult to manufacture. In addition, the
lumped inductors and capacitors depart from
their ideal characteristics due to radiation, loss,
and propagation effects. In this chapter, we will
discuss the synthesis of analog filter structures
that are based on distributed circuit elements.
There exist a large number of components that
must be modeled by distributed circuit elements.
To discuss all filter structures based on commonly
used components and associated design techni-
ques is beyond the scope of this book. The inter-
ested reader may find a wealth of material in
[7, 50, 53, 93, 95-97, 99].

Here we will focus on a subset of components
that can be modeled by uniform transmission
lines. Moreover, we will focus on lossless trans-
mission lines that can be used to realize doubly
resistively terminated reactance networks that
are optimal from an element sensitivity point of
view if they are designed for maximum power
transfer. Uniform lossless transmission lines
may be implemented using stripline and micro-
strip techniques.

These structures are used in many practical
applications, but also used to derive digital counter-
parts, so-called wave digital filters [135]. Because
these digital filter structures simulate a doubly resis-
tively terminated reactance network, they will have
the same sensitivity properties as the analog filter
structures discussed in Chapter 3.

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_4,

© Springer Science+Business Media, LLC 2009

4.2 Transmission Lines

Any distributed component can, in principle, be
analyzed by solving Maxwell’s equations with the
appropriate boundary conditions. However, this
general approach does not support synthesis and
optimization of filter structures. Here we will there-
fore discuss a simpler technique that allows us to
map the synthesis problem into a form that allows
us to utilize the wealth of the lumped-element the-
ory. A disadvantage of this method is that it does
not model the electromagnetic field pattern or pos-
sible modes of propagation.

An implementation of a transmission line that
consists of two or more conductors may support
transverse electromagnetic (TEM) waves, charac-
terized by the lack of longitudinal field components.
That is, the £ and H fields are orthogonal as well as
almost orthogonal to the direction of propagation.
TEM waves have a uniquely defined voltage, cur-
rent, and characteristic impedance.

Waveguides, typically consisting of a single tube
conductor, support transverse electric (TE) and/or
transverse magnetic (TM) waves, which are charac-
terized by the presence of longitudinal magnetic or
electric, respectively, field components. A unique
definition of characteristic impedance is not possi-
ble for such waves. Hence, the underlying assump-
tions in Section f.2] are not valid for these waves,
and we will henceforth not discuss these structures.

The dimensions and electrical properties of a
uniform transmission line are identical at all planes
orthogonal to the direction of propagation. A uni-
form transmission line may be modeled by short line

133



134

4  Filters with Distributed Elements

segments. Each segment consists of series induc-
tance /Ax and resistance rAx as well as shunt capa-
citance ¢cAx and conductance gAx, as shown in
Fig. 4.1.

; rAx IAX L A; :

Fig. 4.1 Lumped-element model of a segment of a uniform
transmission line

r = series resistance per unit length of line (Q/m)
| = series inductance per unit length of line (H/m)
g = shunt conductance per unit length of line (S/m)
¢ = shunt capacitance per unit length of line (F/m).

The series resistance r is due to the finite conduc-
tivity of the metallic conductors. Because of the skin
and proximity effects, it is also a function of fre-
quency. The conductance g is due to loss in the
insulating material between the conductors. The
series inductance / depends on the magnetic flux
linking the conductors, and ¢ depends on the
charges on the conductors.

Consider a uniform transmission line of length
d that is connected to a voltage source at x = 0.
We model a small piece Ax of the line according to
Fig. 4.1. The voltage and current v and i are
approximately

= <11+16>Ax+v+Av
0
9 4.1)
= (gv+cE)Ax+i+Ai

or

Av—i—l%Ax—i—rle =0

Ai+c%Ax+gvAx =0.

4.2)

We get by dividing Equations (4.2) by Ax and
taking the limit as Ax — 0

8v—i—l@—krl—o
ox Ot 43
di v “3)
et e =0

The derivatives of Equations (4.3) with respect to
x and to ¢ yield

ox? OtOx rax_ (4.4)
i v v '
oxor " ‘o T Ear T

From Equations (4.3) and (4.4), we get the so-
called telegraphist equations for the voltage and
current on the line by changing the order of the
partial derivatives

0%y 82v v
ﬁ 81‘2 (lg—&—rc)E—rgV—()
4.5)
ﬁ—l o — (lg+ )Q— =0
2 gp— Ugtre) 5 —rgi=0.

Assume that the signal source is a sinusoidal voltage
source. Then for the voltage and current at a point x at
the time ¢, we make use of the complex notation

{V( 1) = Re{V(x)e'}
i(x, 1) = Im{I(x)e""}.

Here V(x) and I(x) are the complex amplitudes of
voltages and currents along the line. Equation (4.5)
can be rewritten as

(4.6)

82

a2V (X) = (r+jol)(g + joc)V(x) =0
2

51 I(x) = (r + jol)(g + joc)I(x) = 0.

Finally, we get

52
ox?
82
')

V(x) =7 V(x) =0
4.7)
— 92 I(x) =0

where y is the propagation constant

y =/ (r+jol)(g + joc) =a+jf.  (4.8)

o is the attenuation constant, and f is the phase
constant. Hence, a uniform transmission line is
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characterized by the propagation constant and the
characteristic impedance, which will be defined in

Section@

4.2.1 Wave Description

In this section, instead of using voltages and cur-
rents, we will use wave quantities to describe the
transmission line. Any waveform can be
expressed as two waves: one propagating to the
right and the other to the left. The wave quanti-
ties are a linear combination of voltages and cur-
rents. Hence, this represents only a change of the
coordinate system.

Consider the uniform transmission line that is
shown in Fig. 4.2. The voltage and current at a
position x along the line can be described by an
incident and a reflected wave.

Fig. 4.2 Wave description

of a transmission line 1) |

A(x) —+—>
V(x) |
<«—— B(»)

X ;
_

The solution to Equation (4.7) can be written in
terms of the voltage waves A(x) and B(x)' as

4.9)

where A(x) = Aje " = Aye~ P s referred to the
incident wave that propagates to the right in
Fig. 4.2, and B(x) = Bje ™" = Bie~@HPx s the
reflected wave that propagates to the left. 4; and
By are constants determined by the boundary con-
ditions for the line. We get from Equation (4.9)

9 _1 X B oY — LT A(x y
aV(X)*E(—/Alé +yBje )*2[ A(x) + B(x)].

The expression for the current is obtained from
Equations (4.3) and (4.6),

'"We have divided Equations (4.10) and (4.9) with a factor of
2 to adhere to the definitions commonly used in the literature
for wave digital filters.

; [—A(x) + B(x)] + joll(x) + rl(x) = 0

Y
I(x) =———[A4(x) — B(x)]| = ————.
= 1) = e () — B Zvﬁiﬁﬁ
g+ joc
Hence, we get
A(x) — B(x)
I(x) = 4.1
() =" (4.10)
where
r+ jol
Zy = 4.11
0 \/ g+ jwc @D

where r, [, g, and ¢ are the primary constants for the
line: resistance, inductance, conductance, and capa-
citance per unit length, respectively. y is the propa-
gation constant, and Z, is the characteristic
impedance.

4.2.2 Chain Matrix for Transmission Lines

Consider the loaded transmission line shown in
Fig. 4.3. The voltage and current at the distance x
from the source are

Aje™™ + B
V(X) _ 1 5 1
Ao B 4.12)
I(x) =21 e
27
I I(x) I
+ o) > <+ +
4 V@) Zﬁ] v
Fig. 4.3 Loaded —
transmission line <d—>

At the source, i.e., x = 0, we have V(0) = V; and
1(0) = I;. We get

A B
V(0) = :%

Ay — By
0) ! 27,
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and

A =Vi+ 2ol
B, =V, -2
Ve + Zohe ™ + Vie™ — Zolhe'™

= Vi cosh(yx) — ZoI, sinh(yx)

V(x) 5

VT Zohe Y — Ve + ZoLhe™

I(x) 370

__n sinh(yx) 4 I; cosh(yx)
2y

or in matrix form

V] cqsh(yx) —Zy sinh(yx) Vi
L(xﬂ[—% o) | 1] 419

After inverting the matrix, we get

nl

L]

At the load, x = d, we have for I(x) = I(d) = -1,
and V(x) = V>

cosh(yx) Zysinh(yx)

sinh(yx) “/(X)]. (4.14)

cosh(yx) (x)

=X
where
cosh(yd) Z,sinh(yd)
K= % cosh(yd) “15)

The matrix K, which is called the chain matrix, is
very useful for computing the overall chain matrix
for a network that consists of cascaded two-ports.
The interested reader is therefore urged at this stage
to read the first part of Section 5.4.

Using the hyperbolic identity, we get

cosh(yd) B 1

h(yd) = =
i \/coshz(yd) — sinh?(yd) \/1 — tanh?(yd)

and the chain matrix can be written as

1

K=———
1 — tanh?(yd)

tanh(yd)

[ 1 Z, tanh(yd)
Z

| ](4.16)

4.2.3 Lossless Transmission Lines

Of special interest are lossless lines for which r = 0
and g = 0. This gives the propagation constant

y = \/ja)l~ij:ja)\/l_:jﬁ

and the characteristic impedance, which now
becomes a real positive constant

ZO _ r +]wl _ \/I'
\/ g+ joc c

Even the phase constant f3 is real. Furthermore,
we have

4.17)

(4.18)

y) v v (.19)

where / is the wavelength, v is the phase velocity,
and t = d/vis the propagation time from one end to
the other of the transmission line”.

4.2.4 Richards’ Variable

Commensurate-length transmission line filters con-
stitute a special case of distributed element net-
works that can easily be designed by mapping
them into a form that resembles a lumped element
structure. This mapping involves Richards’ variable,
which is defined as

A

¥ = tanh(st) (4.20)

where ¥ = X + jQ. Richards’ variable is a dimen-
sionless complex variable. Henceforth, we will

2In the literature for wave digital filters, the sample period is
T = 21.
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assume that ¥ has the same properties and usage as
the Laplace variable s.

The real frequencies in the s- and ¥Y-planes are
related by

Q = tan(wr) (4.21)

where the function (wr) is periodic with period 2.

The bilinear transformation between s- and
z-planes used in synthesis of digital filters is similar
to Richards’ variable. In fact, commensurate-length
transmission line filters have the same periodic fre-
quency responses as digital filters, except that in
digital filters we use the sample period T = 2t.

4.2.5 Unit Elements

For a lossless transmission line we have « = 0, and
from Equation (4.19) we get yd = jfd = jwt. By
replacing jw with s, the chain matrix in Equation
(4.16) can be written

1 Zytanh(st)
> tanh(st)
1 —tanh”(s7) Zo

K= . (4.22)

1

Substituting Richards’ variable into Equation
(4.22), we get

. 1 ZoWw
K=e—u- | ¥ (4.23)
Viev |z

The matrix in Equation (4.23) has, similar to the
chain matrix for a lumped element network, ele-
ment values that are rational functions in Richards’
variable. The square-root factor can be handled
separately during the synthesis, and synthesis pro-
cedures (programs) used for lumped element design
can therefore be used with small modifications for
synthesis of commensurate-length transmission line
filters.

Obviously, a transmission line cannot be
described by poles and zeros because the elements
in the chain matrix are not rational functions in s.

The transmission line filters of interest are often
built using only one-ports. At this stage, it is there-
fore interesting to study the input impedance of the

one-port shown in Fig. 4.4. A lossless transmission
line described by Equation (4.23) is called a unit
element (UE).

Fig. 4.4 Terminated .
transmission line

in

5.

The input impedance to a unit element, which is
terminated by the impedance Z,, can be derived
from Equation (4.23). From Equation (4.23) we
get the input impedance to a transmission line,
with characteristic impedance Z, and loaded with
an impedance Z,, as

V Zr+ ZyV
Zin(ql) _17 2+ Zo

S B ity
I, Zo+ 2,97

(4.24)

We are interested in the input impedance of a
lossless transmission line with characteristic impe-
dance Z, that is terminated by an impedance in the
following three cases

4.2.5.1 Matched Termination (Z, = Z,)

7224-20'{’

Zi(V) =5—5~+,
( ) Zy+ 2,V

Zo=Zo.  (4.25)

For case Z, = Z,, we have a matching between
the unit element and the load, and an incident wave
reaching the load will not be reflected. The reflected
wave amplitude is zero, because at the load we have
V(d) = Z,1(x) = ZyI(d) and Equation (4.12) yields

Ae ™ 4 Be* = Ae™* — Be,
Identification gives B = 0. According to Equation

(4.25), the input impedance is purely resistive and
equals Z,.

4.2.5.2 Open-Ended (Z, = «)

_Z2+Zolp _Z()
Zin(V) = Z +ZzavZ° =% (420
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Hence, an open-ended unit element can be inter-
preted as a capacitor, i.e., a ¥-plane capacitor with
the value 1/Z,. Note that for a lossless line, Z, is a
positive real constant.

4.2.5.3 Short-Circuited (Z, = 0)

_ZQ—FZ()‘P

22T S 70
Zot+ 2w 0 T 0

Zin(¥) 4.27)

A short-circuited unit element can be interpreted
as a W-plane inductor with the value Z,.

4.3 Microstrip and Striplines

Many microwave systems use waveguides for trans-
mission, e.g., radar transceiver to the antenna,
because they can handle high power at relative low
losses. However, waveguides systems are bulky and
expensive. Low-power and cheaper alternatives are
stripline, microstrip, slotline, and coplanar wave-
guides [8, 50, 93, 97, 99]. These transmission lines
are compact and may be integrated with active
devices to form microwave integrated circuits
(MMICs). Typically, these transmission lines are
used at power levels below 100 W.

We differentiate between symmetrical or asymme-
trical geometries. A symmetrical structure is called
stripline and an asymmetrical is denoted microstrip.

4.3.1 Stripline

Figure 4.5 shows a cross-sectional view of a symme-
trical strip transmission (stripline) structure [70].
Such a stripline can support TEM waves, but it
can also support TM and TE waves even at higher
modes. With a voltage applied between the center

Ground plane
I
PERI SN

I
Dielectric

|
Fig. 4.5 Cross section of

stripline transmission line Ground plane

strip and the pair of ground planes, current flows
down the center strip and returns via the two
ground planes. Although the structure has open
sides, it is a non-radiating transmission line. In
practice, however, any unbalance in the line causes
energy to be radiated out of the sides. To prevent
this and suppress higher-mode propagation in the
frequency range of interest, the ground planes are
connected to each other with screws and by restrict-
ing the ground plane spacing to less than 4/4.

Usually, stripline filters are based on copper-clad
printed-circuit boards, where the center conductor
thickness, ¢, is very small in comparison to the other
dimensions.

The characteristic impedance depends only on
the capacitance per unit length of the stripline. For-
mulas for the characteristic impedance and formu-
las for slotlines, bends, junctions, as well as induc-
tors are given in [8, 50]. A program for computing
the characteristic impedance can be found in [99].

The characteristic impedance for striplines
implemented using a FR4 (epoxy-glass) printed cir-
cuit board is typically in the range 30-250 Q.

4.3.2 Microstrip

Microstrip line is a very popular type of planar trans-
mission line, primarily because it may be fabricated
using printed circuit techniques and is easily integrated
with other passive and active microwave devices.
The line consists of a thin conductor and a
ground plane separated by a low-loss dielectric
material as shown in Fig. 4.6. Discrete devices can
be directly mounted on top of the microstrip circuit.
The use of high dielectric materials forces the
fields into the dielectric and reduces the fields in
the air. In most cases, the fields are negligible at a
distance 2/ above the metal conductor. To prevent

Dielectric

)

a——»

Fig. 4.6 Asymmetric microstrip
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radiation losses, the complete microstrip circuit is
usually placed in a metal enclosure as shown in
Fig. 4.7.

Fig. 4.7 Enclosed
microstrip that prevents

Metal enclosure

radiation losses w 2h
P —
| K
h

The analysis of microstrip line is complicated
because the fields are partly in the dielectric and
partly in the air [8]. In fact, the microstrip line
cannot supports a pure TEM wave, because the
phase velocity of TEM waves in the dielectric is
¢/+/&r, but ¢ in the air. The microstrip line therefore
supports a hybrid TM-TE wave, which requires an
advanced analysis. However, in most practical
applications, the dielectric substrate is very thin
(h << A) and the fields are quasi-TEM.

Approximate expressions for the characteristic
impedance for microstrips is found in [§8, 50]. A
program for computing the characteristic impe-
dance can be found in [99]. The characteristic impe-
dance for microstrip implemented using a FR4
(epoxy-glass) printed circuit board is typically in
the range 20-120 Q.

Filters implemented using striplines and micro-
strip lines are usable in the range 0.1-20 GHz and
0.1-100 GHz, respectively. Filters with suspended
microstrip lines may operate in a slightly larger
range, i.e., typically 1-200 GHz.

4.3.3 MIC and MMIC Microstrip Filters

The performance of filters based on monolithic micro-
wave integrated circuits (MMICs) is not comparable to
standard hybrid MIC and waveguide filters, due to the
low Q of filter components. However, depending on sys-
tem requirements, MMIC techniques allow complete sub-
systems to be fabricated in a single package, thus leading
to high-volume components with low cost. Microwave
integrated circuits (MICs) and monolithic microwave
integrated circuits (MMICs) may consist of a number of
discrete active and passive components, such as transis-
tors, capacitors, inductors, and resistors mounted on a

common substrate. The passive elements may even be
implemented inside the substrate. The active elements
are often used to compensate for the losses in the passive
components, which degrade the frequency selectivity. In
addition, the active element has the potential for electric
tuning. See [123] for active filters with distributed
elements.

4.3.3.1 Superconducting Circuits

High-temperature superconducting (HTS) filters are an
interesting alternative, especially for very narrowband
filters, which otherwise may be degraded due to resistive
losses in the transmission lines. Most superconducting
filters are implemented as microstrip filters using HTS
thin films.

Superconductors exhibit zero intrinsic resistance to
direct currents when cooled below a certain temperature.
The temperature at which the intrinsic resistance abruptly
changes is referred to as the critical temperature. How-
ever, for alternating currents, the resistance is not zero,
but the resistance of a superconductor is of the order one
thousandth of that in the best ordinary conductor. This
provides a significant improvement of the Q factors of the
components and the performances of highly frequency
selective microstrip filters.

4.4 Commensurate-Length
Transmission Line Filters

Lumped elements have physical dimensions that are
insignificant with respect to the wavelength of the
highest operating frequency. One of the great
advantages of lumped element networks is that
they may be described in terms of a single complex
frequency variable. Networks consisting of arbi-
trary distributed circuit elements are more complex.
For example, analysis of a network consisting of
transmission lines of different lengths would be
very complicated and require more than one com-
plex variable. In general, analysis of such circuits is
therefore done by solving Maxwell’s equations
using, for example, finite element analysis (FEM).
A special case of transmission line networks is
when the transmission lines have equal lengths,
i.e., they have a common electrical propagation
time. Such commensurate-length transmission line
networks are a special case of distributed element
networks that lend themselves to analysis and
synthesis using Richards’ variable. In fact, we may
often use an analogy between a lumped-element



140

4  Filters with Distributed Elements

network and the commensurate-length transmis-
sion line network counterpart, which is described
by Richards’ variable to design the later.

4.4.1 Richards’ Structures

An arbitrary Nth-order reactance function can be
realized by a cascade of N unit elements, a so-called
Richards’ structure, as shown in Fig. 4.8. The far-
end is either open or short-circuited [7]. According
to Richards’ theorem, the unit elements can succes-
sively be extracted from the reactance function by
the following theorem.?

-~ |— ----ee- —] e «
UE UE UE
Zinﬂ oo
- | Z Zy L ] ZN | <

Fig. 4.8 Realization of an Nth-order reactance

Theorem 4.1: Richards’ Theorem Let Z(¥) be a
positive real impedance function such that Z(¥)/
Z(1) # ¥ and # 1/¥. A unit element with character-
istic impedance Z(1) can be extracted and the remain-
ing impedance function is

Z(¥Y)—-vZ(1
Z(P) = Mzu). (4.28)
Z(1) —vZ(¥)
Example 4.1 Realize the reactance function,
8Y2 + 1 .
Z\(¥) = ——5———, by a Richards’ structure.
8¥° + 3%
We get the characteristic impedance of the first UE:
&8+1 9
Zi(l)=—==—.
==
The remaining impedance is
82 + 1 9
8yi 43y 119
LHP) ="
() o g 81 1
Ty 3y
9729t — 6192 — 11)
176 (2 — 1)

We get by factoring® out ¥2—1

3Paul I. Richards, USA, 1948.

*Solving for the roots of polynomials is a numerically diffi-
cult operation.

9(72%2 + 11)(P* - 1)
176% (P> — 1)
9(72%?% 4 11)
176%

Zy(¥) =

Now, a second unit element can be extracted,

972+ 11) 747

Z)(1) = =—0Q.
(1) 176 176
The remaining impedance is

9729 + 11) w147
176¥ " 176747
747 9(72¥* +11)176
176 176¥
83 83

= 128% and23(1) :17289

Zy(¥) =

Z3(1) represents a third unit element, with characteristic
impedance = 83/128Q, and that is open-ended (¥'-capacitor).
Hence, the reactance is realized by a cascade of three unit
elements that are open-ended at the far end, with character-
istic impedances Z;, = 9/11Q, Z, = 747/176Q, and
Z5 = 83/128Q, respectively.

The synthesis of an Nth-order reactance as a
cascade of unit elements can be done by using the
program RICHARDS REACTANCE.

4.5 Synthesis of Richards’ Filters

Richards’ structures may be used as doubly resis-
tively terminated reactance networks, which have
low passband sensitivity. However, possible trans-
fer functions are limited to lowpass, highpass, and
bandpass filters.

The transfer function is of the form

(1 _ q/Z)N/Z

H(P) = Dy(¥)

(4.29)

where ¥ = tanh(st), and t is the propagation time
through a transmission line. Dy(¥) is a Hurwitz
polynomial.

N/2 transmission zeros are obtained on the real
axis at ¥ = 1. However, zeros cannot be realized
on the imaginary axis. This means that the
magnitude response of these filters are similar to
an allpole lumped element filter, but the transition
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band is always larger due to the lack of zeros on
the imaginary axis. Thus, the filtering effect of a
unit element is slightly less than for an inductor or
capacitor.

Note also that the frequency response of these
filters cannot be changed by frequency normaliza-
tion. In fact, they have to be designed for the actual
passband frequency.

Inserting ¥ = jQ into Equation (4.29) yields

g = LE2 4
DN (F Q)|
It can be shown that
1
[H(Q)[ (4.31)

" 1+ &P (sin(wr))

where Q = tan(wr), and P is an even polynomial
of order 2N.

4.5.1 Richards’ Filters with Maximally
Flat Passband

A maximally flat passband is obtained by making
the first 2N—1 derivatives of the squared magnitude
function to vanish at wt = 0, but only the first
derivative vanishes at ot = 7. For a transmission
line filter of Richards’ type with a maximally flat
magnitude function, we have

N (H)

o

[H(e)? =

(4.32)

where o = &¥ sin(w.t), and &= /100 — 1.
Closed form expressions for the characteristic
impedances do not exist, but approximate values
can be computed by using the following expres-
sions [96], which have been implemented in the

program  RICHARDS MF, for the case
Rs = RL =1:
. (2n—1)n
- 2sin (72]\] | o2 cos(%) 433)
&n = % [n—3) 1. [@n+]) '
4sin N 7| sin N T

g1 = 1.383222 Z; = 0.722950Q
&ns n = even g = 2.294564 Z, = 2.294564Q
Zn = { 1/g,, n=odd (4.34) g3 = 3.223380 Zs = 0.310233Q
g4 = 2.294564 Z, = 2.294564Q
gs = 1.383222 Zs = 0.722950Q

wheren = 1,2,.., N.

Example 4.2 Synthesize a fifth-order doubly resistively ter-
minated Richards’ structure according to Fig. 4.9 with maxi-
mally flat passband and 4,,,,, = 0.5dB, w. = 27 300 Mrad/s,
t = 0.5ns.

UE UE UE *

A Z, Zy -

Fig. 4.9 Doubly resistively terminated Richards’ structure

Use the formulas above or RICHARDS MF. We get with
e = 0.3493114, o0 = 0.5602789, and @t = 27-300-10°-0.5-10~°
=03 mrad

The attenuation for the filter is shown in Fig. 4.10.

The frequency response can be computed with LAD-
DER_2_H. Note that the frequency response is periodic
with period wt = 2zn. The impedance level can be changed
by multiplying all characteristic impedances and the termi-
nating resistor with the same factor.

4.5.2 Richards’ Filters with Equiripple
Passband

An algorithm for synthesis of equiripple passband
filters is given below [96], which has been implemented
in the program RICHARDS EQ, for the case R, = 1.
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Fig. 4.10 Attenuation for a 30 . . . . . . . . .
fifth-order Richards’ filter
with maximally flat 25 4
passband
— 20 B 1
[aa]
i<l
g 15 .
< 10f _
5 - -
0 L 1 1 1 1 1 1 1 1
0 02r 04n 0.6nr 08w b 12r  14n l6m 18¢m 2n
o7 [rad]
{nz + sin? (“@2) n)] . {nz + sin® ((";,‘” )] .
An = ;2 ((n—=1) ;2 (n=3) (4-35)
{nz—ksm(N n)]~{n2+51n(N )]
and n = 1, 2,..., n with the term 1?2+ sin’(0)
replaced by n, i.e.,
1 n n2 + sin?(%
I ey SR IZ: 32#251” (4.36)
n n? + sin” (%) (n2 +sin*(%))n
() [ st i (U5n) 47
8n = An o - Z K Qn+1) K (2n—3) ( . )
Sin TTC Sin N T
where o = sin(w,1) and
N 1 N odd
R; = tanh? ( a sinh(n)) ={Vi+e—¢
2 m N even. (438)

structure according to Fig. 4.9 with equiripple passband

1 1 and 4,,,. = 0.5dB, w. = 27 300 Mrad/s, = = 0.5 ns.

N = sinh {Nasinh <—>} (4.39) We get & = 0.3493114, o = 0.5602789, and

| & wa = 21-300-10°-0.5-10™° = 0.3 z rad

Zn:{g"’ n = even (4.40)

g, n=odd. @ = 13426664, A, = 2759994 7, = 3.705751Q
g» = 3.2713574, A; = 0.759951 Z, = 0.402241Q
g3 = 411475745 Ay = 1.270414 Z5 = 5.227443Q
Example 4.3 Use the formulas or RICHARDS _EQ to synthe- g, = 3.2713574, Aq = 0.759951 Z4 = 0.402241Q
size a fifth-order doubly resistively terminated Richards’ g, = 134266645 As = 2.759994 Zs = 3.705751Q
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Fig. 4.11 Attenuation of a 50 . .
Richards’ filter with
equiripple passband

40

30

A(wt) [dB]

20

10

1 —l

0 02 04rn

The attenuation for the filter is shown in Fig. 4.11. To get
a larger stopband, the value for 7 has to be made smaller and
the electrical length of the UEs made shorter. This means a
larger value of o and a larger spread in the characteristic
impedances.

Asin the case of LC ladder networks, the dual prototype
network could have been used, see Problem 4.5. In this
case, the first UE will have a low rather than a high
characteristic impedance. The Richards’ structure can be
implemented using the technique discussed in the next
section.

4.5.3 Implementation of Richards’
Structures

A Richards’ structure can be implemented by using
amicrostrip as shown in Fig. 4.12. The filter has five
UEs. Approximate formulas for computing the size
of the microstrip segments can be found in [§].

High impedance i
gh 1mp o Low impedance

Fig. 4.12 Typical microstrip circuit for a Richards’ filter

Alternatively, a coaxial transmission line shown
in Fig. 4.13 can be used. The characteristic
impedances may be realized as a coaxial line with a
stepped inner conductor.

The diameters of the segments can be computed
from

0.6m

0.8 i 1.2n  14n 1.6z

o7 [rad]

1.81 27

b

\/

<
<

Fig. 4.13 Coaxial transmission line

60 b
ZO = \/gh'l <Z> .

These implementations are popular because they
take less board space than the ladder structures that
will be discussed in the next section. A program for
more accurate computation of the characteristic
impedance can be found in [99].

(4.41)

4.5.3.1 Stepped Impedance Filters

An alternative design approach exploits that it is easy to
implement structures that alternate between high and
low characteristic impedances. These filters may be
designed by simple approximations [50, 76, 93]. Of
course, the approximation may later be improved by
using a numerical optimization program. Note that these
filters do use transmission lines with different electrical
length and their frequency response suffers from
spuriousness.
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4.6 Ladder Filters

Figure 4.14 shows how a commensurate-length trans-
mission line filter is mapped to a ¥-plane filter using
Richards’ variable. Resistors are not affected by the
mapping because they are frequency independent.

The synthesis of a transmission line filter starts
by mapping its specification to the ¥-plane accord-
ing to Equation (4.21). In the next step, a lumped
element filter is synthesized using this specification.
The Y-plane elements are related to the normalized
elements in the conventional lumped filter (s-plane)
as indicated in Fig. 4.15.

[1

The corresponding lumped element filter shall have a
normalized cutoff frequency w.,=Q,. A third-order
lumped element ladder filter of Butterworth has the ele-
ment values

Ry=R; =1
C, =2.580338

L, =1.290169
Lz =1.290169

e = 0.15262042 ¢ 13 =1.8712369

The element values are denormalized by multiplying induc-
tances with Ry/Q,. and dividing capacitances with Q. R,. The
characteristic impedances in the transmission line filter,

[1

: Z Z R, v ¥
+ + Zz
Fig. 4.14 Mapping of a Vin R H Vin vy R,
transmission line filter into a - Z, - T

Y-plane filter

Fig. 4.15 Analogy with a
lumped element filter

Rs Z]‘P Z3 b 4 Rs Lls L3S
+ +
z, 1
Vin m RL H Vin CEWATT:;? RL

Finally, the element values for the Y-plane
filter are obtained from the lumped filter. In
general, filters with distributed circuit elements
cannot be frequency scaled, i.c., the bandwidth
cannot be changed by a simple scaling of the

characteristic resistances. However, frequency
scaling of commensurate-length transmission
line filters can be done according to

Equation (4.21) if all transmission lines are used as
one-ports.

Example 4.4 Determine the characteristic impedances in a
third-order commensurate-length transmission line filter of
Butterworth type with a cutoff angle w.t = n/4. The pass-
band ripple is 4,,,,, = 0.1 dB and the terminating resistances
are 50 Q.

The cutoff edge of the W-plane filter, according to Equa-
tion (4.21), is

Q, = tan(n/8) = 0.4142136.

which have the same numerical values as the lumped element
filter, are

LR

Ry =R, =500 Zi = g‘z 0 —398.645Q
Q.R L—3R

Z, =20 231356Q Zy=—_2"0_398.645Q
G Q.

where Ry = 50 Q. The structure is shown in Fig. 4.14. The
element spread is large. A program for the design of physical
dimension of both coaxial lines and microstrip lines needed
to realize these filters can be found in [99].

4.7 Ladder Filters with Inserted Unit
Elements

The ladder structures discussed in the previous sec-
tion may be difficult to implement in a planar layout
and it may also be necessary to physically separate
the branches in a ladder structure, transform series
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branches into shunt branches, or vice versa, and
change impractical characteristic impedances into
more realizable ones.

To physically separate the branches in a ladder
structure, we may introduce separating UEs
between the series and shunt branches. The inser-
tion of unit elements can be done at the synthesis
stage, which is most efficient, as their filtering
capability can be utilized. Moreover, the element
spread becomes smaller. However, we will not
discuss this approach here [73, 123]. Another,
suboptimal way is to insert unit elements into
the ladder structure by using Kuroda-Levy
identities.

In the case that the ladder structure shall be used
to design a corresponding wave digital filter, it is
also advantageous to use UEs that are inserted
between the branches in order to avoid delay-free
loops.

4.7.1 Kuroda-Levy Identities

Figure 4.16 shows the generic Kuroda®-Levy® iden-
tity. The two networks N; and N, contain lossless
commensurate-length transmission lines. Table 4.1
shows some special cases [70].

UE UE
N, = N,
1 Z — %

Fig. 4.16 Generic Kuroda-Levy identity

Kuroda-Levy identities can sometimes be used to
transform impedances to more practical levels, but
they are more often used to remove unwanted series
short-circuit stubs from planar designs. We demon-
strate the insertion of UEs into a ladder structure by
the means of an example.

Table 4.1 Kuroda-Levy identities

_. ._
e UE Zy Z,=Z,+Z}/Z,
b4
« | 2, ol %3 I o
o ol n:l Z3=n22 Zl
UE UE n=
z¥ ZY¥ Z,=nZ Z,+Z,
7 7 4 1
2 | o | o] %
R B )
UE |Z n=
V4 UE £y
Z & Z,=(n-1)Z, z,
b4 Z Z3
o | 2 Y *—
o L= L~ Zy=Z,Z,1(Z+Z,)
z, UE UE | 7w ,
3 p Z Z,=731(Z,+Z,)
2 | o | & —

K. Kuroda, Japan, 1955.
°R. Levy, UK.
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Example 4.5 Realize a ladder structure of Butterworth type,
which satisfies the requirement in Fig. 4.17, where
Apax = 0.5dB, Appin = 20dB, o, =7n/4, and w,r = 7n/2.
Use a ladder with inserted unit elements.

A(®T)

min

max

T

WT T m [rad]

Fig. 4.17 Filter specification

The critical angles in the Q domain corresponding to w.t
and w,t are

Q. = tan(w,7/2) = tan(n/8) ~ 0.4142136

Q, =tan(w,7/2) = tan(n/4) =1 =

Q 1

Q. 04142136 ~ 2.414214.

The normalized cutoff edge is 2.414214 and 4,,,,, = 0.5 dB,
Apin > 20 dB. The specification can be satisfied with a filter of
order N = 3.

Next, we design a lumped element ladder structure that
satisfies the same specification, but with w.=Q, and
ws; = Q,. The element values in the normalized LC filter,
shown in Fig. 4.18, are Ry = R;= 1, L1 = Ly = 1.5963,
and C; = 1.0967.

Fig. 4.18 Lumped element ladder structure

+ +

Fig. 4.19 Filter in the Richards’ domain

We select to use equal source and load resistance so that the
maximal power transfer is obtained for ® = 0. The correspond-
ing filter in the Richards’ domain, which is shown in Fig. 4.19, is
obtained by an analogy between the lumped and distributed
element filters.

We denormalize the element values by multiplying
inductances with R;/Q. and dividing capacitances with
R,/Q. The denormalized characteristic resistances are
Zl = Z3 = LIRS/Q(. = 3.85381Q and 22 = RSQ(./
C, = 0.3776909Q.

Next, we introduce two unit elements as shown in
Fig. 4.20. If these unit elements have the characteristic
resistance equal to the load resistor, i.e., matched termi-
nated, then the left-most input impedance to the unit
elements is equal to R;. Thus, the unit elements perform
no filtering, they only cause a delay, i.e., increase of the
group delay with 27.

Vin — RV,

\Il out
Ry, Ry,

Fig. 4.20 Insertion of non-filtering unit elements

The unit elements can be propagated into the ladder
by using the first Kuroda-Levy identity shown in
Table 4.1. We get the structures in Figs. 4.21 and
4.22 where Ry = R, + Z3 = 4.853809Q and
Zy= Ry + R2/Z3 = 1.2594835Q.

Using the first identity twice, but in the reverse direction,
we get

R Z, R;
= =0.3504233Q, Zs= = 4.5033858Q and
Ry + 2, Ry + 2,
R Z,4 R}
Rs = —L2%  _0.557421Q, Zg=——L = 0.442579Q.
ST R+ Zs ST R +Zs
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R, Z\¥ R,
+ ? + * 1 UE | | wE | | +
A v Lo Lz Z p
Vin 7 i2 RLZ Vo i T ¥ T v T v L= Vou
T | fel | el | T
Fig. 4.21 First-time use of Kuroda-Levy identity Fig. 4.24 Dual Structure
R, Z¥ ZsW ZeW
. Y
UE UE + computation of the characteristic impedances is left as
V. R v an exercise.
" L out Finally, we scale the impedance level of the circuit by multi-
B Ry Rs B plying the normalized characteristic impedances by 50 Q. The

frequency range is determined by the electrical length of the
stubs. Figure 4.25 shows a typical microstrip layout for a third-

Fig. 4.22 Second-time use of Kuroda-Levy identity order filter

Unit elements can

Denormalizing to, e.g., 50 Q is done by multiplying the
characteristic impedances with 50 Q. Figure 4.23 shows the
attenuation when t = 0.5 ns. Note that the frequency response
is periodic like a digital filter with sample frequency 1/t
2 GHz. Finally, note that the element spread is significantly
smaller compared to the filter in Example 4.4.

also be inserted from the

source side, whereby a more symmetric filter is
obtained. However, the inserted unit elements do
not perform any frequency selective filtering if they
are inserted by using the Kuroda-Levy identities.

30 T T T T T T T
25 B
_ 20t -
@
=
~ 15} .
s
<
10 R
5 - -
0 1 1 1 1 1 1
Fig. 4.23 Attenuation for 0 0.2w 0.4 0.6m 0.8m T 1.2n l4n 1.6m 1.8n 2n
equiripple filter O [rad]
Example 4.6 Consider the same lowpass filter as in
Example 4.5 that should be implemented using microstrip
lines. However, the series stubs, i.e., inductors, are difficult to R R
implement as microstrip lines. Redesign therefore the filter so 50Q 4 5 50Q
that only shunt capacitors are obtained.
In the first design step in Example 4.5, a series
inductor-UE was converted to a UE-shunt capacitor
using the first Kuroda-Levy identity. Hence, we may in Z z, Zs

the same way convert the left-most series inductor by
inserting a UE, with characteristic impedance R,
between the source resistor and the inductor Z;¥. The
resulting, dual filter structure is shown in Fig. 4.24. The

Fig. 4.25 Microstrip layout of the final filter
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4.8 Coupled Resonators Filters

A general approach to realize high-order filters is
illustrated in Fig. 4.26. Each resonator realizes a
complex pole pair, and the coupling networks
provide suitable coupling. The resonators may be
purely of series or parallel type or a mixture of
types, and there are many possible coupling net-
works that are used in practice [8, 76]. Examples of
commonly used coupling networks are capacitors,
inductors, transformers, and impedance inverters.
However, the resonators and coupling networks
should represent a lossless reactance network that
is designed for maximal power transfer.

Ry
+ P P .
2 2 2
V. = O H= ) = Q R v
n %‘E %‘E %E L out
o L o L [SIRZ
O Z O Z O Z
- ) ) -

Fig. 4.26 Generic coupled resonators filter

In order to discuss a wider class of coupled reso-
nators structures, we need to briefly discuss the con-
cept of impedance and admittance inverters. The
interested reader is recommended to first read Section
5.4 where these two-ports are discussed in more detail.

4.8.1 Immitance Inverters

Higher-order ladder structures consist of resonators
in both the series and shunt arms. It is often desir-
able to use only series or only shunt resonators
when implementing a filter with transmission lines.

Earlier we showed how a series impedance could
be converted into a parallel impedance using the
Kuroda-Levy identities. Another option is to use
general immitance inverters, which are especially
useful for realization of BP and BS filters using
only one kind of resonator. The interested reader
is here urged to read Section 5.4.4.

4.8.1.1 General Immitance Inverter

A general immitance inverter, GII, is a two-port
described by the chain matrix

0 B(s)

K =
C(S) 0

The input impedance of a GII that is loaded with
an impedance Z; is

_Bs) 1

A series impedance embedded between two
impedance inverters, as shown in Example 5.3, is
equivalent to a shunt impedance. Two GIIs may,
thus, be used to convert series to shunt impedances,
and vice versa, and to change the impedance level.
Moreover, GII are also used in the synthesis of
ladder structures, and the designer can opt to realize
these by special circuits or perform network trans-
formations to completely remove them from the
final structure.

4.8.1.2 Positive Impedance Inverters

To obtain a positive impedance inverter (PII), we
select B(s)/C(s) = K> where K* is a real positive
constant. The input impedance to a G/I that is loaded
with an inductor, joL, is Z;, = Kz/ja)L = 1/joC,
which is equivalent to a capacitor, C = L/K>.

In the microwave literature, it is common to use a
special case of PII, which is referred to as impedance
inverter that can be realized with transmission lines.

Definition 4.1 An impedance inverter is (usually)
defined as

0 K
K=|J (4.43)
K>

where KiK> > 0. The impedance inverter is also
known as a K-inverter. Note that there are several
possible ways to select B(s) and C(s) to obtain a
chain matrix corresponding to a positive impedance
inverter [50, 76]. The input impedance becomes
Zin=K*]Z;.

An alternative selection of B(s) and C(s) yields an
impedance inverter that is known in the microwave
literature as an admittance inverter. It is the dual of
the impedance inverter.
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Definition 4.2 An admittance inverter is (usually)
defined as

+1
JN
FiJo 0

K= (4.44)

The admittance inverter is also known as a
J-inverter. The input admittance is Y;, = J?>/Y, and
input impedance is Z;,, = 1/(/>Z,) where J,.J, > 0.

4.8.1.3 Realization of GlI

The properties of the K- and J-inverters can be approxi-
mated over a limited frequency range by a circuit based on
a quarter-wavelength transmission line of characteristic
impedance K and characteristic admittance J, respectively
[50, 97]. From Equation (4.14) and that cosh(jx) = cos(x)
and sinh(jx) = j sin(x), we get the chain matrix for a quar-
ter-wavelength line

cos(Bl) jZysin(Bl) 0 %z
K=]jsi j 4.45
smE)[il) cos(Bl) iZLO 0 (4.45)

where the length of the transmission lines is i/ = +n/2.
Because a quarter-wavelength line is 1/4 long only at a single
frequency, they are only useful in filters having a relative
bandwidth that is less than about 20%.

Figure 4.27 shows a general PII with lumped reactive
elements. Figure 4.28 shows a corresponding realization
based on transmission lines where X = wL with ¢ < 0

)
or X = —l/oC with ¢ > 0 and K:Z()tan<§D,

2X K
¢ =—atan—, and X = ————.
Yo | K“
Yy

Fig. 4.27 K-inverter

v

< o

Fig. 4.28 Transmission line K-inverter

The lengths, I, of the transmission line sections are
generally required to be negative for this type of inverter,
but often these negative elements can be absorbed into
adjacent positive series elements.

Figure 4.29 shows a J-inverter with lumped reactive
elements. A corresponding transmission line circuit is
shown in Fig. 4.30, where B = —1/wL with ¢ > 0 or B = oC

with ¢ < 0 and J = YMan(%D, ¢ = —atan(zy—B>, and
0

Fig. 4.29 J-inverter

. °
B
Zy Zy
. °

<« §2 —» <« 02 —»

Fig. 4.30 Transmission line J-inverter

Example 4.7 Consider the transmission line circuit in
Fig. 4.28 where we assume that X is a transmission line that
is short-circuited at the far end. According to Equation (4.27),
the transmission line represent a reactance X = RQ. Now
assume that the combined electrical length of the two transmis-
sion lines is < 0, e.g., fl;, = n/2 and I, = —3n/2, the combined
circuit has the chain matrix

0 jz]r1 01[0 —iz] [1 vz
K=\ 0o lly 1]l o
Zy Zy 0 1

where Y = 1/jX. This corresponds to a series capacitor,
C = R/Z3. Hence, a quarter-wave open-circuited or short-
circuited transmission line stub between two such trans-
mission lines appears as a series inductor or capacitor,
respectively. Of course, in the overall network there must
be a transmission line with positive electric length to the
right of the one with negative length that can absorb the
latter.

Quarter-wavelength sections between the stubs act as
impedance inverters that effectively convert alternate
shunt resonators to series resonators. The stubs and the
transmission line sections are 1/4 long at the center
frequency, wy.
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4.8.2 BP Filters Using Capacitively
Coupled Resonators

Bandpass filters can be implemented using micro-
strip or stripline techniques using a capacitive cou-
pling between the resonators as shown in Fig. 4.31
[50, 97, 123]. An Nth order filter requires N
transmission line resonators that are separated by
N—1 gaps. The gaps can be approximated by
series capacitors, and the filter can then be
modeled as shown in Fig. 4.31b. The resonators
are approximately 4/2 long at the center
frequency, wy.

In order to better understand the function of this
realization, we redraw the equivalent circuit of
Fig. 4.31b with negative-length transmission line
sections on either side of the series capacitors.
They correspond to an admittance inverter, as seen
by comparing Fig. 4.30 and 4.31c. Hence, the gaps
correspond to shunt inductors between transmis-
sion lines.

a)
o [ [ .
[ [
b) Zo ZO ZO
| =
<) Zy Zo Zo

<0 <0 <0 <0

Fig. 4.31 (a) Layout of a capacitive coupled resonator struc-
ture, (b) Transmission line model, (c) Transmission line model
with negative-length sections forming admittance inverters

4.9 Coupled Line Filters

Figure 4.32 shows two conductors of a stripline that
are sufficiently close together so that an electric and
magnetic coupling occurs between the two lines.

This configuration can be described by a four-
port where the ports are between one end of the line
and ground [50, 73, 76, 97, 123].

] o— —e 4
2 06— —e 3
1:n n:l1
1 Z 4
® o
2 A
o @

Fig. 4.32 Coupled striplines and corresponding circuit model

Figure 4.32 also shows a corresponding equiva-
lent circuit, where Z is the characteristic impedance
for the line (2-to-3) and the second UE, Z,, is due to
the coupling between the two lines [73].

Table 4.2 shows some examples of coupled lines
and the corresponding circuit models. The circuit
models are directly obtained from Figure 4.32 with
the appropriate boundary constraints. Additional
cases are found in [73, 123].

Example 4.8 Figure 4.33 shows a possible layout of the filer in
Fig. 4.24 using coupled striplines. The structure consists of two
copies of the third of the coupled lines in Table 4.2, coupled
with a common with a ground (marked with a black square)
using a via to the ground plane. The center capacitor is imple-
mented with an open-circuited transmission line (vertical in the
figure). The widths of the lines depend on the required char-
acteristic impedances.

Fig. 4.33 Implementation of the filter in Fig. 4.24 with
coupled striplines
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Table 4.2 Coupled lines and corresponding circuit models

1 and 3 open

1 e— —e 4 [ ®
2 o —e3 2 Z, 3

1 and 4 open ° ®
T by A T

1 2
2 o— —e3 ° °
o by R
2 1 VA 3

2 o —e3 - 2
1 o— —e 4
2 o— —e3

D )

__N
N
[

4

1_3

°
o
| QUL
_N
N
N

4.9.1 Parallel-Coupled Line Filters

BP and BS filters are particularly easy to implement
using parallel-coupled microstrip or striplines for
bandwidths less than 20%. Figure 4.34 shows a nar-
row-band bandpass filter consisting of three cascaded
sections [76]. From Table 4.2, we can recognize that
this layout corresponds to three UEs interlaced with
shunt capacitors. For fractional bandwidths of 15% or
less, these filters have practical impedance levels, but
for larger fractional bandwidth the structures discussed
in Section are recommended. A program for the
design of physical dimension of microstrip lines needed
to realize these filters can be found in [53, 70, 99].

Fig. 4.34 Layout of a BP filter with three coupled lines

In addition, non-commensurate transmission
line filters can be designed using coupled lines.
Moreover, complex coupled line structures are
often used, e.g., interdigital, combline, hairpin-
line, and multiplexer structures. Some of these
structures will be briefly discussed below. The
design of filters based on these types of structures
is beyond the scope of this text. See [50, 73, 93, 97,
123] for analysis and synthesis of these types of
filters as well as for structures that are suitable for
lowpass, highpass, and bandstop filters.

4.9.2 Hairpin-Line Bandpass Filters

Hairpin-line bandpass filters are a variation of
parallel-coupled resonator filters where the lines
have been bent into a U-shape, so-called hairpin-
line resonators, as shown in Fig. 4.35. Hairpin-line
bandpass filters have the advantage of compact
layouts [50].
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Fig. 4.35 Layout of a hairpin-line filter

4.9.3 Interdigital Bandpass Filters

Figure 4.36 shows the layout of a typical interdigital
bandpass filter that is commonly implemented
using microstrips. The layout consists of an array of
Af4-length transmission line resonators, which
alternately are short-circuited at one end and
open-circuited at the other end. In general, the phy-
sical length and widths of the lines may be different
[50, 53, 73].

T..T

L <+ I

Fig. 4.36 Layout of a fifth-order interdigital filter

4.9.4 Combline Filters

Figure 4.37 shows the layout of a typical combline
bandpass filter, which consists of an array of
coupled resonators [50, 53, 73, 76]. The resonators
consist of transmission lines, which are short-
circuited at one end and with a grounded lumped
capacitance at the other end. The lumped capacitors
may be used for tuning the filter, which may be
required particularly for narrow-band filters. The
input and output of the filter are through the first
and last lines, which are not resonators.

i
i
Hh
i
i

_|;_

i

1
1=
|||—
|||—

.

Fig. 4.37 Combline filter

|||—

4.10 Problems

4.1 Find the resulting chain matrix of two cascaded
transmission lines of length d; and d,. Their
characteristic impedance is the same.

4.2 Determine a Richards’ structure that corresponds

to a series resonance circuit in the ¥ domain.

Determine a Richards’ structure that corre-

sponds to a parallel resonance circuit in the ¥

domain.

4.4 Determine the characteristic impedances of the
stubs in Example 4.6.

4.5 Validate that the dual network is obtained by
replacing g; with 1/g; in Equation (4.40).

4.6 Derive the circuit model for a pair of coupled
lines where terminals 1 and 3 are used as input
and output terminals, terminal 2 is open-
circuited, and terminal 4 is grounded.

4.7 Design a lowpass Chebyshev I filter with cutoff

frequency 3 GHz, A4,,,. = 0.5dB, and 4,,,, >

40 at 6 GHz. Use commensurate-length trans-

mission lines, and the phase velocity of the

dielectric material is 0.6 of the speed of light.

Design a bandstop commensurate-length
transmission line Butterworth filter with 50 Q
resistive terminations. The center frequency is
2.4 GHz, the relative bandwidth is 50%, and
the phase velocity of the dielectric material is
0.6 of the speed of light.

Design a third-order bandpass Chebyshev I
filter with A4,,,. = 0.5 dB, center frequency
2.4 GHz, relative bandwidth is 20%, and ter-
minated in 50 Q resistors. Discuss the possibi-
lity to realize this filter using discrete lumped
components.

43

4.8

4.9
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410 A 50 Q transmission line with length 4.11 Show that an open-ended loseless transmis-

20 mm is loaded with a complex impe- sion line of length 4/4 behaves as an impedance
dance: Z; = 30 +j60 Q. The transmission inverter.

line is operated at 2.4 GHz. Determine the 4.12 A lossless transmission line with Z, shall be
input impedance when the phase velocity matched to a real load Ry using an impedance
of the dielectric material is 0.6 of the speed inverter. Determine characteristic impedance

of light. of the inverter.



Chapter 5
Basic Circuit Elements

5.1 Introduction

Inductors in LC filters for low frequencies require
large and heavy ferrite cores, and it is difficult to
manufacture inductors with sufficiently large Q fac-
tors at low as well as high frequencies. Furthermore,
passive LC filters are not compatible with systems
that are built using integrated circuit technologies.
Therefore, it is desirable to replace inductors with
other types of solutions.

It is possible to simulate an inductor with the
help of capacitors and active circuit elements such
as transistors and operational amplifiers. Because
an amplifying element, different from a passive
component, can increase the power of the signals,
the corresponding filters are called active RC filters.

Active RC filters are often implemented using
thin film technology, but it is common that active
filters are implemented using monolithic circuit
technologies. However, this requires special circuit
techniques because we cannot tune the component
values in an integrated circuit as easily as when
discrete components are used. This is also the case
when the filter is implemented inside the PCB.

In this chapter, we will discuss basic circuits that
are used as building blocks for active filters. Basic
amplifying (active) components are bipolar and
FET transistors. A good model for a transistor is,
however, very complex and does not correspond to
a simple circuit element. To simplify the design of
analog filters, it is therefore common to divide the
design problem into two main steps.

In the first step, a circuit, with the desired trans-
fer function, consisting of resistors, capacitors, and

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_5,

© Springer Science+Business Media, LLC 2009

different types of one-, two- or three-ports (circuit
elements), is realized. The latter will in general
require amplifying (active) components for their
implementation. The choice of passive components
is of course important [138], as the cost of a discrete
capacitor with high precision is comparable with the
cost of an operational amplifier.

The second step consists of realization of the
one-, two-, and three-ports with properties as close
as possible to the ideal ones.

5.2 Passive and Active n-Ports

In this section, we will discuss some fundamental
properties of the n-ports, such as passivity and
losslessness.

Theorem 5.1 A system that initially is at rest and
contains no stored energy is passive if the energy,
w(t), which is supplied to the system is always non-
negative. That is, for all ports we have

t
w(t) = Re / F(t)v(t)dr p >0 Vi (5.1)

all ports

Theorem 5.2 A system that initially is at rest and
contains no stored energy is lossless if the energy, w(t),
which has been supplied to the system ports is zero. That
is, the system is lossless if ' we have for all ports

[o¢]

Re /i*(r)v(r)df =0. (5.2

—00

w(oo) =
all ports
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Theorem 5.3

® An n-port, which contains a finite number of resis-
tors, inductors, capacitors, lransformers, gyra-
tors, transmission lines, and dependent voltage
and current sources, is time invariant.

® An n-port is passive if it also lacks dependent
voltage and current sources.
An n-port is reciprocal if it also lacks gyrators.
An n-port is lossless if it only contains inductors,
capacitors, transformers, gyrators, and lossless
transmission lines.

5.3 Passive and Active One-Ports

One-ports are characterized by the input current
and the voltage across the port. Furthermore, a
one-port can be active, passive or lossless, i.c., in
the two latter cases it cannot generate any signal
power. Below we shall introduce two one-ports,
which are active, i.e., they can amplify the signal
power, which for analog circuits corresponds to the
power of the signal carrier.

5.3.1 Passive One-Ports

Passive circuit elements cannot amplify the power of
a signal carrier, i.e., the power of the signal carrier can
only be preserved or reduced. Examples of elemen-
tary passive circuit elements of one-ports type are
resistors, inductors, and capacitors. More complex
passive one-ports can be constructed by arbitrary
connections of passive circuit elements, i.e., resistors,
inductors, capacitors, transformers, gyrators, and
lossless transmission lines. We distinguish between
passive one-ports, which have losses and dissipate
signal energy, and lossless one-ports, which do not
dissipate signal energy. A one-port is passive if the
energy delivered into it always is non-negative.

Theorem 5.4 A rational impedance Z is realizable

with an RC network that only contains positive resis-

tors and capacitors if and only if

® all poles are simple and confined to the negative
real axis with positive residues

® there are no poles at infinity.

5.3.2 Active One-Ports

An active one-port can generate signal energy and
must contain at least one active (amplifying) circuit
element. Examples of active one-ports are resistors,
inductors, and capacitors with negative element
values, which thus only can be realized using active
circuit elements. Sometimes a negative resistor is used
to compensate for losses in a passive component, e.g.,
of a coil to increase its effective Q factor [67].

5.3.2.1 Frequency-Dependent Negative
Resistors (FDNRs)

Two active one-ports, which can be used to realize
analog filters, are FDNRs — frequency dependent nega-
tive resistors,! which also are called supercapacitor and
superinductor[18]. A supercapacitor has the impedance

1
Z=55 (5.3)

whereas a superinductor has the impedance

Z=sE (5.4)
where D [Fs] and E [Hs] are real positive constants.
The use of superinductors is not recommended
because they are difficult to realize at high frequen-
cies. We will in Section discuss the realization
of these circuits. Figure 5.1 show the symbols used
for supercapacitors and superinductors.

Fig. 5.1 Symbols used for
supercapacitors and 1

superinductors s’E

5.4 Two-Ports

Two-ports can also be divided into passive/lossless
and active two-ports. Many two-ports are nonreci-
procal and require active components to be realized
even if the two-port in itself is passive. Figure 5.2
shows the definition of currents and voltages for a

"Proposed by L.T. Bruton.
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Fig. 5.2 Two-port L I
+ @—>— —e—e +
\4 Two-port \%3
] — e —

two-port. Note that positive current directions are
into the ports.

To describe two-ports, different types of 2 x 2
matrices are used, i.e., impedance, admittance, and
chain matrices together with scattering matrices.
The latter are discussed in Chapter 9.

5.4.1 Chain Matrix

Especially useful is the chain matrix, K, which is

defined as
V) V) A B Vs
=K = (5.5
I - C D||-IL
where 4, B, C, and D for a two-port, containing
only lumped elements, are rational functions in s.

The two-port is memoryless if 4, B, C, and D are
constants.

Theorem 5.5 A two-port is reciprocal if and only if
det(K) = AD — BC = 1.

A symmetrical two-port has

A=D. (5.6)

e o) =lo V' ]Le 1o V-

An advantage with the chain matrix is that it can
be used to compute the resulting chain matrix for a
cascade of two-ports. For example, for a ladder
network the resulting chain matrix is the product
of the chain matrices for the arms in the ladder
network.

Example 5.1 Compute the transfer function of a third-order
doubly terminated LC ladder filter using chain matrices when
the ladder is of 7T type.

First we determine the transfer function in terms of the
chain matrix of the LC network. We have (note the definition
of positive direction of I,)

{Vin:Rlll+V1 d {V]ZAVg—B]Z
an

Vour = V2= —=Ro» I, = CV, — DL,.

After eliminating /; and I, we get

H= R
7AR2+B+CR1R2+DR] '

(5.7)

Next we compute the chain matrix for the LC ladder. The
chain matrix for a series impedance is

o 7]

(5.8)

and a shunt admittance

(5.9)

bl

We assume that the a ladder has no finite transmission
zeros. The resulting chain matrix is

Cy L]SZ +1
CzS

C2L|L3S3 + Lis+ Lss
C2L352 +1 '

Inserting into Equation (5.7) yields the transfer function.

Ry

H(s)

- C2L1L3S3 + Cz(R1L3 -+ R2L1)S2 -+ (R1R2C2 + L+ L3)S + R+ R ’

. R
0is |H(0)| = R1+2R2'

Hence, by multiplying with (R; + R»)/R», we get a nor-

The magnitude function at w =

malized transfer function.
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5.4.2 Impedance and Admittance
Matrices

In some cases it is convenient to use impedance or
admittance matrices. The impedance matrix of a

two-port is defined by
|:V1:| B [211 212] [11]
3 1 o] | b]
For a reciprocal two-port, we have z,; = z1,. The
admittance matrix of a two-port is defined by

[11] B [yn y12] {Vl}
L v yn V2]

For a reciprocal two-port, we have y,; = yi,.

(5.10)

(5.11)

5.4.3 Passive Two-Ports

Passive two-ports can be constructed by arbitrary
connections of passive circuit elements, i.e., resis-
tors, inductors, capacitors, transformers, gyrators,
and lossless transmission lines. Such two-ports,
except for gyrators, are reciprocal. This property
allows us to put the signal source at either port of
the LC ladder.

Note that reciprocity is a precondition for reali-
zation of certain classes of very high-performance
analog filters with low element sensitivity. For
example, the components, which are used in the
LC ladders discussed in Chapter 3, are reciprocal
and the whole LC ladder is therefore reciprocal.

5.4.3.1 Transformer
An example of a passive two-port is the transformer,

which is defined by the relation between currents
and voltages for the two ports

V1 ZI’ZVz
-1

n .

(5.12)

The chain matrix for a transformer with turns
ration : 11s

(5.13)

The energy that is absorbed by the transformer is

w=Re{l;V\} + Re{L,V>}

(5.14)
=Re{l[V1} + Re{—nl’f Zl} =0

where n > 0 and real. The transformer is, according
to Theorem 5.5, a memoryless, lossless, reciprocal
two-port that cannot store energy.

The input impedance to a transformer that is
loaded on the secondary side with an impedance
ZL is

Zin=n’Z;. (5.15)
5.4.3.2 Gyrator
A two-port that is described by the relations
V] = —}’1[2
V. .
L= (5.16)

ry

where r; and r, > 0 and real is called a gyraror®. The
constants r; and r, are the gyrator resistances. The
chain matrix for the gyrator is

0 I

K=|1 .
1y, (5.17)
ry

Thus, the gyrator is, according to Theorem 5.5, a
nonreciprocal two-port and therefore is the “direc-
tion” of the gyrator essential. The direction is
defined, as shown in Fig. 5.3, where a positive
input current gives rise to a positive output voltage,
according to Equation (5.16), with r, > 0.

Il ryir, 12
+ >— —e
Fig. 5.3 Gyrator e —e —

2Proposed by the inventor of the pentode tube, B.D.H.
Tellegen, 1948.
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The energy that is absorbed by the gyrator is for
r=ry,

w=Re{l;V\} + Re{LsV>}

= Re{I[V\} + Re{_”ml} =0

ri

(5.18)

Thus, the gyrator is a lossless, reciprocal two-
port for r; = r,, and it cannot store energy.

Example 5.2 Determine the chain matrix for a circuit that
consists of two cascaded gyrators according to Fig. 5.4. Notice
how the gyrators are connected and their direction.

I ryir ryiry L
+oep— —> * —> < +
Vi Va
—o— . Lo —

Fig. 5.4 Cascaded gyrators

The resulting chain matrix is obtained by multiplying the
chain matrices of the individual gyrators. We get

HER

r r

K=

Comparison with Equation (5.13) shows that the circuit
corresponds to a transformer with n = 1. The two combined
gyrators represent a reciprocal two-port, but internally the
circuit is nonreciprocal.

5.4.4 Active Two-Ports

There exist several classes of active two-ports.
Here we will discuss the three classes of two-
ports: controlled signal sources, immitance con-
verters, and inverters. Immitance is a term coined
by Bode for denoting an impedance or an
admittance.

5.4.4.1 Controlled Signal Sources

There are four different types of controlled sources
with finite gain:

e VCVS: Voltage controlled voltage source

e VCCS: Voltage controlled current source —
transconductance amplifier

e CCVS: Current controlled voltage source —
transresistance amplifier

e CCCS: Current controlled current source

The corresponding symbols are shown in Fig. 5.5.

1,=0 1,=0 L
+ —— + + ——
¥
4 AV, v, oy gV,
VCVS VCCS
I I I,
+ — + +——
+
VI_O rIl V2 V1=0 O{,Il
CCVS cCces

Fig. 5.5 Controlled signal sources with finite gain

5.4.4.2 Generalized Immitance Converters (GICs)

Generalized immitance converters are often used as
basic building blocks in high-performance active
filters. The symbol for a generalized immitance con-
verter, GIC, is shown in Fig. 5.6.

Iy A:D I
+ >—

Vi Va
Fig. 5.6 Generalized
immitance converter (GIC)

— —

Definition 5.1 A two-port is a generalized immi-
tance converter (GIC) if, when terminated at
port 2 with an impedance Z,, the input immitance
at port 1 is K(s)Z>*", where the converter function,
K(s), is independent of Z5.

The chain matrix for a generalized impedance
converter is

(5.19)
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where B(s) = C(s) = 0. The input impedance to port
1, when port 2 is loaded with an impedance Z5, is
A(s)

Zin =52

56 (5.20)

and the input impedance to port 2, when port 1 is
loaded with the impedance Z, is

D(s)
A(s)
In general, A(s) and D(s) may be rational func-

tions of s. There are two special cases of the GIC,
where A(s) and D(s) are real constants.

Zin = 7. (5.21)

Positive Impedance Converter (PIC): A(s) = n; and
D(s) = n, have the same signs and the converter
function A/B = ny/n, is positive. A PIC is active if
np 7é ns.

For example, a transformer, which is defined by
Equation (5.13), is a positive impedance converter
with A(s) = nand D(s) = 1/n. The load impedance
Z, at port 2 is seen from port 1 as an impedance

Zim = n*Zs. (5.22)

Negative Impedance Converter (NIC): A(s) = tn,
and D(s) = Fn, have opposite signs and the con-
verter function is negative. For example, a nega-
tive resistance can be realized by using a NIC?.
Figure 5.7 show the symbols used for impedance
converters.

11 npiny 12 I] tn) :Fny 12
+ > — — 4o + +.—>— —te +
Vi Va Vi V2
— e — _— —e —

Positive Impedance Converter Negative Impedance Converter

Fig. 5.7 Positive and negative impedance converters

5.4.4.3 Generalized Immitance Inverters (Glls)

Generalized immitance inverters are also used as
basic building blocks in high-performance active
filters. The symbol for a generalized immitance
inverter (GII) is shown in Fig. 5.8.

3J. Linvill (1954).

11 B:C 12
+ *—p — e +
. Vi Va
Fig. 5.8 Generalized
immitance inverter (GII) ——— Lo —

The chain matrix for a generalized immitance
inverter is
K= { 0 (5.23)
N C(s) O '
where A = D = 0. The input impedance to port 1,
when port 2 is loaded with an impedance Z,, is
B(s) 1
nl = ——~—. 5.24
inl C(S) 22 ( )
The input impedance to port 2, when port 1 is
loaded with impedance Z;, is

B
ZinZ = ﬂL .
C(S) Z]

In general, B(s) and C(s) may be rational func-
tions of 5. The GII has also two special cases, when
B(s) and C(s) are real constants.

Positive Impedance Inverter (PII): B(s) = r; and
C(s) = 1/r, have the same signs and the converter
function B/C = rir, is positive. A PII is active if ry #
r». The gyrator is an example of a positive impedance
inverter, i.e., a load impedance Z, at port 2 is seen
from port 1 as an impedance

rir

Zinl = Z (5.25)

Hence, gyrator loaded by a capacitor will appear
from the input of the gyrator as an inductor.
Negative Impedance Inverter (NII): B(s) = *r; and
C(s) = F1/r, have opposite signs and the converter
function is negative. Figure 5.9 show the symbols
used for impedance invertors

In Section[3.9] we will discuss the realization of
these two-ports.

Example 5.3 Determine the converter constants so that the
circuit in Fig. 5.10 corresponds to a series impedance.

From Equations (5.9) and (5.23), we get the chain matrix
for the circuit
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Positive Impedance Inverter, PII
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Fig. 5.10 PIIs with embedded admittance Y
0 B[l 0][0 B [GCB
{Cl OHY IHCz 0]‘[ 0

A series impedance has the chain matrix in Equation
(5.8). Hence, we must have C,B; = C{B, = 1, which with
By = ryand C; = 1/rp yields B, = r, and C, = 1/r; and
the series impedance becomes Z = ryr,Y. For example, if
Y = sC, i.e., a shunt capacitor, then Z = sryr,C, i.e., a series
inductor L = rr,C. This is a commonly used circuit to
realize inductors in integrated active filters.

YB.BQ}
Ci1B, |’

5.5 Three-Ports

Three-ports can, in principle, be decomposed into a
network consisting of one-ports and two-ports and
they are therefore not fundamental circuit elements.
However, they are in practice very useful and can be
efficiently implemented directly using transistors in
integrated circuits. It is therefore convenient to use
three-ports, and in some cases four-ports, as basic
building blocks.

5.5.1 Passive Three-Ports

A circulator is a lossless nonreciprocal three-port.
The symbol for a three-port circulator is shown in
Fig. 5.11. A signal incident to port 1 of a circulator
is transmitted to port 2. In the same way, a signal
incident to port 2 is transmitted to port 3, and a
signal incident to port 3 is transmitted to port 1. The
arrow in the circulator symbol indicates the
sequence in which the incident signals are circulated
from port to port.

Negative Impedance Inverter, NII

Fig. 5.11 Symbol for a
circulator

A circulator can be used between the antenna
and the transmitter and receiver. That is, the trans-
mitter is connected to port 1, the antenna to port 2,
and the receiver to port 3. A three-port circulator
can, as shown in Fig. 5.12, be realized by using a
single gyrator.

5

T S

Fig. 5.12 Realization of a
circulator using a gyrator

5.5.2 Active Three-Ports

The active elements typically limit the performance
of active filters, and we will therefore in the next few
sections discuss in more detail the properties of the
most common types of active elements and their
implementations [109]. Here we are mainly inter-
ested in three classes of active three-ports, i.e.,
operational amplifiers, transconductors, and cur-
rent conveyors, which basically are generalizations
of controlled sources, e.g., VCVS and VCCS.

5.6 Operational Amplifiers

A special case of VCVS, operational amplifier
(op-amp), which has one of the two output terminals
grounded and, in principle, infinite gain (A4), has
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become the workhorse for implementation of ana-
log circuits [43, 101, 103]. The main reasons are the
simplicity with which most analog functions can be
realized and their low cost when implemented in
integrated circuit technologies.

The term “operational” comes from the fact that
these amplifiers originally were used to realize basic
mathematical operations, e.g., addition and integra-
tion, in analog simulation machines. The latter,
which predated digital computers, was used to solve
differential equations. Hence, with the term opera-
tional amplifier, we normally mean the physical
implementation of an amplifier, but it is often useful
to consider an idealized operational amplifier.

An ideal operational amplifier, which is a voltage
controlled voltage source, typically with one of the
output terminals grounded, is described by

Vo = AV = V) (5.26)
where 4 — oo. Note that here 4 denotes the transfer
function of the amplifier and not the attenuation. The
ideal operational amplifier is thus a differential ampli-
fier with infinite gain and infinite input impedance
while the output impedance is zero. The symbol used
for an operational amplifier is shown in Fig. 5.13.

Fig. 5.13 Operational
amplifier L

A more general version of the operational ampli-
fier, shown in Fig. 5.14, which has both a positive
and a negative output terminal is described by

Vout+ — Vou— = A(V+ - V—)

Vi < Vour+
V_ —0 Vout_
Fig. 5.14 Operational _
amplifier with differential l

output

Differential-mode operational amplifiers are nor-
mally used to implement active filters in integrated

circuit technology. The advantage with this type of
amplifier is that we can realize circuits that operate
with differential signals, which tend to reduce the
distortion due to nonlinearities. Furthermore, the
need for inverters is avoided, as we can choose appro-
priate output, i.e., inverted or noninverted.

Yet another type of operational amplifier is the
current feedback operational amplifier, which was
introduced in the early 1980s. This type of amplifier
provides higher gain and bandwidths, but we will
not discuss it any further.

5.6.1 Small-Signal Model of Operational
Amplifiers

A real operational amplifier is, however, not ideal.
The gain is finite and frequency dependent. For
simple operational amplifiers that do not need to
be frequency compensated to be stable, it is often
sufficient to model the frequency response with a
single pole, i.e.,

(5.27)

W3dB

For more advanced operational amplifiers, a
higher-order model should be used, i.e., a model
with several poles and zeros. Figure 5.15 shows a
typical magnitude response for a simple bipolar
operational amplifier with 4y ~ 10> and wsqp ~ 27
10 rad/s. CMOS amplifiers often have a 10-fold
smaller Ay. Note that here |A(jw)| denotes the mag-
nitude of the amplifier’s gain. A more accurate
model includes a second pole on the negative real
axes at about s &~ —w,, which is defined below.

Unity Gain Bandwidth: The angular frequency, w,,
at which the magnitude function equals 1, i.e., 0, &
Ag w3gp, 1s referred to as the unity gain bandwidth.
Typically, a simple op amp has o, ~ 27 10° rad/s.

A useful approximation of the frequency
response is
(OF
A(s) ~ - (5.28)

Gain-Bandwidth Product: We will later use the gain-
bandwidth product (GB), where GB = Ay w3qp/2n =~
w,/2n, as a measure of the amplifier’s finite
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Fig. 5.15 Magnitude
response of a simple
operational amplifier
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bandwidth. Operational amplifiers with bipolar tran-
sistors have often a very high gain-bandwidth pro-
duct, of the order a few GHz, whereas operational
amplifiers with MOS transistors typically have GBin
the range 50-100 MHz. The GB varies strongly
between different samples of amplifiers (typically
150%) and it is temperature dependent (£10%
from 0 till 70C°).

Typical values for simple operational amplifiers of
type 741 are Ay~ 10°, w3qp ~ 27 10 rad/s, and w, ~ 2xn
10° rad/s. GB s typically in the range 1-10 MHz for a
simple operational amplifier. A low-power opera-
tional amplifier, e.g., MAX416x, has Ay =~ 10%, w34
~ 2r 10 rad/s, and w, ~ 200 = krad/s. Operational
amplifiers for higher frequencies have lower gain and
much larger GB. For example, the operational ampli-
fier MAX426x has a GB = 450 MHz.

Input Currents: The operational amplifier has a dif-
ferential input stage. The transistors in this stage
require a bias current in order for the transistors to
operate in the saturated region. A DC path must
therefore exist from both of the inputs of the opera-
tional amplifier to either ground or to the output of
an operational amplifier. The resistance of the DC
paths to the positive and negative inputs to the
operational amplifier should be the same. Otherwise,
the bias currents will cause a nonzero input (offset)
voltage to the amplifier. The bias currents are essen-
tially constant but strongly temperature dependent.

Output Voltage: The slope of the output voltage is
limited, because charges on capacitances within the
operational amplifier cannot be changed arbitrarily
fast. A measure of the slope is the slew rate, S =
\dV]dt] [V/us], i.e., the derivative of the output

10! 10? 103 10* 10° 100

o [rad/s]

signal with a step as input signal. The slew rate,
which essentially is determined by the maximal cur-
rent in the differential stage, affects signals with
large amplitude and high frequency.

Operational amplifiers, like MAX416x and
MAX426x, have typical slew rates of 0.1 and
900 V/us, respectively, whereas simple operational
amplifiers typically have S ~ 0.5 to 50 V/us.

Asymmetry: Operational amplifiers are in practice
not completely symmetric. Even if the input is zero,
the output may be nonzero. A measure of the asym-
metry is an equivalent input, offset voltage, V.,
which is required to make the output voltage zero.
Typically, V,,is a few mV and somewhat higher for
the operational amplifiers with FET transistors in
the differential stage.

In an ideal operational amplifier, only the differ-
ence between the input voltages is amplified. In
practice, however, the mean value of the input vol-
tages, (V+ + V_)/2, the common mode voltage, will
be amplified and contribute to the output. As a
measure of this contribution, we use the common
mode rejection ratio (CMRR).

Disturbances from the power supply voltages
also cause disturbances at the amplifier’s output.
As a measure of the influence of these disturbances,
we used the power supply rejection ratio (PSRR).

Noise and Distortion: Operational amplifiers are the
main cause of noise in active RC filters and they
have nonlinearities that cause distortion. The
design, or selection, of the operational amplifiers is
therefore a crucial step in the realization of active
filters. Thus, we will henceforth focus on determin-
ing the requirements on the operational amplifiers.
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5.6.2 Implementation of an Operational
Amplifier

Figure 5.16 shows the layout [9, 52, 103] of a CMOS
realization of a folded cascode operational ampli-

fier in a 0.35-um CMOS technology. The corre-
sponding schematic is shown in Fig. 5.17. The top
half of the layout is occupied with a 3.731 pF capa-
citor. The gate length is 0.7 um and the transistor
widths (um) are

M, M, M; M, Ms Mg M; Mg M, Mo Mii My Mg
92.8 928 264 264 103 o6l 61 58.8 58.8 41 41 500 158.8
\ 4 ] VDD
M; l lé M M3
| I | ¢ Vbias2
Vbiast L +
T I M12 Vout
M N Ccomp -
6 >~ M I 1
EI ] "~ 3731pF
M
Mo ": | :\ My,
Fig. 5.16 Folded cascode

operational amplifier

The amplifier has A, = 70 dB, w, = 21 75 Mrad/s,
phase margin = 60°, PSRRp = 70 dB, PSRRn = 65
dB, CMRR = 119 dB, and power consumption is
7.54 mW with Vpp = 5 V. The area for the layout
is 130 x 95 um. The amplifier is designed to drive a
load of 5 pF.

5.7 Transconductors

Transconductors, which also are called OTA
(operational transconductance amplifiers), are often
used to implement analog filters in integrated cir-
cuits [1, 3, 32, 56, 58, 84, 92, 103, 130]. Figures 5.18
and 5.19 show the symbols used for a single-ended
and a differential transconductor, respectively. Note
that the definition of the direction of the output cur-
rent may vary in literature. It is also common that the
transconductor may have a differential output.

Also in this case, it is useful to idealize the compo-
nent. The inputs of the ideal transconductor have,
similar to an operational amplifier, high impedance.
However, a transconductor differs from an opera-
tional amplifier by having high output impedance. In
fact, the ideal transconductor is a voltage controlled,
current source, VCCS. The output current is

I=g,(V,—V_). (5.29)

For an ideal transconductor, g, is constant < oo
and frequency independent. The transconduc-
tance, g,,, 1S in practice, however, constant over
only a small range of input signals. In addition, a
transconductor is linear over only a small range of
input signals, and differential circuits are therefore
used to improve the linearity. To simplify the
design and analysis of an analog filter, a single-
ended circuit is often used. The resulting circuit is
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Fig. 5.17 Layout of folded cascode operational amplifier

V+ I

Fig. 5.18 Transconductor

Fig. 5.19 Differential
transconductor

at a later stage converted to a differential circuit,
which then is implemented. Transconductors suf-
fer from the same limitations as operational
amplifiers.

5.7.1 Transconductance Feedback
Amplifiers

Wilson [139] proposed an amplifier, the so-called transcon-
ductance feedback amplifier (TFA), which can be modeled as
shown in Fig. 5.20. This amplifier belongs to the family of
constant-bandwidth amplifiers such as the current feedback
amplifiers (CFA) [109].

Fig. 5.20 Model of a transconductance feedback amplifier

The TFA has an input stage with high gain, which is
followed by a transconductor around which feedback is
applied. The voltage at the output of the transconductor
is then buffered to yield a low output impedance.

Several differences however, exist between the TFA and
the conventional CFA. For example, the CFA cannot be
generally configured as an integrator while the TFA can be
configured as an integrator making it useful in filter struc-
tures. Of less importance is that the CFA can realize a differ-
entiator contrary to the TFA. The use of differentiators is not
recommended since they tend to generate high noise.

5.7.2 Small-Signal Model
for Transconductors

A simple small-signal model for a transconductor is
shown in Fig. 5.21. The transconductance is fre-
quency dependent and is often modeled with only

one single real pole, s, = —w3qgp, i.€.,

G; gm(Vi=V0)

Fig. 5.21 Small-signal model for a transconductor
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&m0

8m = 145 (530)

W3p

Typical values are g,,0 = 50 uS and wsgg = 2%
100 Mrad/s. The input conductance G, is very small
for CMOS transconductors and can be neglected
except at very high frequencies. Transconductors rea-
lized in bipolar technologies have larger input con-
ductance. The capacitances C; and Cy are normally of
the order 50 fF and 200 fF, respectively, and Gy is
typically less than 1 uS for CMOS transconductors.

The usage of the terms transconductor and OTA
for physical components differs in that the trans-
conductance is constant over a larger frequency
range for the transconductor compared with the
OTA. An OTA is not suitable to use for continu-
ous-time filters, but is suitable for use in SC filters.

5.7.3 Implementation of
a Transconductor

Figure 5.22 shows an example of a simple transcon-
ductor realization in a standard digital CMOS
process where the width/length (/L) of the transis-
tor are indicated [1]. Note that the channel length,
L = 3 um, is very long compared with the transistors
in a digital circuit. This is required to obtain good
linearity and low noise. Transconductors can be
implemented using CMOS or BiCMOS processes.
See [58] for realization of a differential folded cas-
code transconductor and SPICE models for simula-
tion of transconductor filter and [10] for methods for
layout of analog circuits.

12/3 }ﬂ'—ié' 36/3

36/3 H}—ﬁ 12/3
v, '—| N 30/3 }—' v. ¢t
VOMt
1
12/3p)] I 12/3
vl
oo Vg

Fig. 5.22 Simple CMOS transconductor

With the power supply voltages Ve = —Vgs =
5V and with a control voltage Vg = —3.24 V, a
bias current Iz = 336 uA is obtained and the trans-
conductance is g,,0 = 1.33 mS and wsqg = 27
30 Mrad/s. The value of g,, is determined by V.

A complete transconductor filter requires a con-
trol circuit, which uses the control voltage Vg to
tune the filter parameters to their desired values. To
reduce the implementation cost, a common control
circuit is often used for all transconductors, which
for this reason must be identical and have the same
transconductance. In some cases, however, a few
different transconductance sizes are used.

5.8 Current Conveyors

Integrated continuous-time filters for high frequen-
cies, i.e., several hundreds of MHz, is needed in for
example hard drives but also as anti-aliasing filters
in front of ADCs with high sample rates.

A relatively new class of circuit elements that has
received great interest is current conveyors (CCs),
whose symbol is shown in Fig. 5.23. These three-
ports are suitable for integration of analog filters for
high frequencies. Current conveyors can be used to
realize most two-ports [34].

CcC z

Fig. 5.23 Current conveyor

As for all integrated filters, implementations with
current conveyors must be tuned continuously
because the circuit element’s parameter values vary
with temperature, power supply voltage, and from
sample to sample [78]. Current conveyors, which
can be implemented using both bipolar and
CMOS processes, have a circuit complexity of the
same order as conventional operational amplifiers.
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5.8.1 Current Conveyor I (CCl)

In his diploma work (1968), A.S. Sedra proposed a
new type of three-port called current conveyor. A
current conveyor of type I (CCI) is a three-port that
is defined by the matrix

I, 0 a 0]V,
Vel =11 0 0f| I (5.31)
L 0 b 0|V

The first generation of current conveyors, CCls,
which no longer are in practical use, is obtained for
a = 1, which has two variants. A noninverting
current conveyor is obtained, CCI+, with » = 1,
and b = —1 yields an inverting current conveyor,
CCI-. A current conveyor can be considered as an
ideal transistor.

5.8.2 Current Conveyor Il (CCll)

A more useful class of current conveyors, type II,
was suggested 1970 by Sedra and Smith [114]. A
current conveyor of type I (CCII) is a three-port
that is defined by Equation (5.31) where ¢ = 0.
There are two variants, CCII + and CCII—, which
differ with respect to if the output current 7. is
noninverted, » = 1, or inverted, b = —1, with
respect to /.. Electrically tunable CClIIs have been
proposed [78].

Figure 5.24 shows a simple model for a CCII.
The voltage at the y-port, which has high input
impedance, is transferred to the x-port, which has
low input impedance. The current into the x-port is
transferred by a current controlled current source
(CCCS) between x and z, which has high output
impedance. A current conveyor of the type CCII—
has an inverting CCCS between x and z.

Fig. 5.24 Model for a CCII

Current conveyors can be implemented in both
bipolar and CMOS technologies as well as in BiC-
MOS technology. Examples of commercial inte-
grated circuits are CCCII01 from LTP Electronics,
which no longer is manufactured, and AD844,
which is an operational amplifier with current feed-
back from Analog Devices, which can be configured
as a CCII+. OPA860 from Burr Brown contains a
CCII+ and a voltage buffer. OPA2662 is another
transconductor that also can be used as a current
conveyor of the type CCII+. The circuit package
contains two CCII +.

5.8.3 Current Conveyor Il (CCIII)

A third-generation current conveyor type III (CCIII)
is obtained for a = —1, which also has two variants.
b = 1lyields a CCIII+, and with b = —1 CCIII—- is
obtained.

5.8.4 Small-Signal Model for Current
Conveyor Il

A simple small-signal model for a current conveyor
is

I, 0 a 01[V,
Vel=|1+e, 0 0|1 (5.32)
L 0 bte 0|V

where b = *1 and [e, | << 1l and |¢, | << 1.

Figure 5.25 shows a more accurate small-signal
model for CCII, which is suitable for simulation of a
analog filters.

R, and C, model the input impedance of port y.
The input impedance for port x, which has largest
effect on the frequency dependency, is represented
by R,i, Ry, Ly, and C,. The input impedance is
small for low frequencies and obtains a maximum at
resonance between L, and C,. The output impe-
dance for port z is modeled with R, and C..

Typical values for an integrated current con-
veyor are R, = 10 MQ, C,, = 0 pF, R~ 350 Q,
Ro~0.5Q, L, ~10w;H, C.~ 100 pF, R.~ 10 MQ,
C.~20pF,and k~0.95and h = —1.05 for CCIT +
and & = 1.05 for CCII—.
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Fig. 5.25 Small-signal model for CCII

AD844 CFOA (current feedback operational
amplifier) have the following typical values: R, ~
10MQ, C, = 0pF, Ry = 0.5Q, R~ 60Q, L.~ 10
nH, C, =~ 2 pF, R. =~ 3 MQ, and C. = 4.5 pF. The
manufacturer also publishes on the Internet a cor-
responding SPICE model.

5.8.5 CMOS Implementation of a CCllI+

Figure 5.26 shows a CMOS implementation of a
CCIIx with complementary outputs [132]. The circuit,
realized using a 0.6-um CMOS process, has the fol-
lowing parameters when Iz = 100 A and Iz, = 200
Ak =095h, =1.03,h. = —1.03,Vpp = —Vss
=25V.

Vss

Fig. 5.26 Example of CMOS realization of CCII+

5.9 Realization of Two-Ports

In this section, we will discuss the realization of two-
ports using operational amplifiers, transconduc-
tors, and current conveyors. These realizations will
later be used as building blocks for active filters, but
also for the realization of active one-ports.

5.9.1 Realization of Controlled Sources:
Amplifiers

Controlled sources are synonyms to amplifiers. For
example, the transfer function of a VCCS is of the
type 1/V; it is often referred to as a transimpedance
amplifier, whereas a CCVS is a transresistance
amplifier. The four types of amplifiers, i.e., VCVS,
VCCS, CCVS, and CCCS, can be realized with the
previously discussed active three-ports.

5.9.1.1 Controlled Sources with Operational
Amplifiers

Figures 5.27 and 5.28 show two of the most com-
monly used VCVS that can be realized with opera-
tional amplifiers. A CCVS is obtained if the input
current is injected at the inverting input of the
inverting amplifier and Z; is grounded.

Fig. 5.27 Inverting
amplifier

Fig. 5.28 Noninverting
amplifier
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Inverting Amplifier: The transfer function of the
inverting amplifier is

V4

T Ziv %
Z+ T

(5.33)

Note that here 4(s) denotes the transfer function
of the amplifier and not the attenuation. When
operated as a regular amplifier, the impedances Z;
and Z, are resistors.

The transfer function with an ideal operational
amplifier, i.e., A — oo,

(5.34)

R, 1
. m (5.35)
R A
where the last term represents an error factor. The
phase response is

&(w)=atan{H(jw)} =n—atan (%fw) (5.36)
100

where we have used the approximation in Equation
(5.28). Hence, the finite unity gain bandwidth intro-
duces a phase lag that is significant if the amplifier is
used inside a feedback loop.

The inverting amplifier can be used to sum multi-
ple input signals by providing each input source
with a resistor connected to the inverting input of
the operational amplifier.

In case of realization of an amplifier with very
high gain, it may be advantageous to realize the
feedback resistor R, as a resistive 7 network [107].

Noninverting Amplifier: The transfer function for
the noninverting amplifier is

2+ 2,

H) ="—7+z

= (5.37)
Zy + y,

and with an ideal operational amplifier, i.e., 4 — oo,

Lt

H(s) = Z

(5.38)

The transfer function can therefore for resistive
impedances be written

R+ R, 1
H(s) = - : .G
(s) R L RTR (5.39)
R4
The phase response is
Ri+R
&(w)=atan{H(jo)} = —atan (Ww) . (5.40)
10y

For inverting and noninverting amplifiers, we
select r = Z1//Z> at = 0, and for the integrator
r= R in order to reduce the offset voltage due to the
bias currents. Note that r does not affect the transfer
function. With this choice, the offset voltage at the
output of the amplifier is typically reduced with a
factor of 4.

Example 5.4 Consider an inverting amplifier with an
operational amplifier that can be described by Equation
(5.27). The transfer function is given by Equation (5.33).
We now replace the operational amplifier with an
ideal amplifier with the impedances Z; and Z;. We
. Z _ 7y 11, YZi+Z

T AAS LT ncnt T 4
we can interpret this as a correction admittance,
(1/Zy+1/Zy)/A4, in parallel with the impedance Z,.
For example, with R;, R,, and 4 = w,/s, we get
s(1/Ry 4+ 1/Ry)/w,, which represents a capacitor
C =R R,/(R| + R,) in parallel with R,.

We have the following general rule for the inverting
amplifier:

get: Now,

The correction admittance, parallel to Z,, is the sum of all
admittances connected to the inverting input of the operational
amplifier, divided by A.

5.9.1.2 Controlled Sources with
Transconductors

A voltage amplifier can be realized with a transcon-
ductor and a resistor as shown in Fig. 5.29. We get
an inverting amplifier with the gain

Fig. 5.29 Voltage amplifier
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= _ng

and a noninverting amplifier if the inputs to the
transconductor are interchanged. Several voltages
can be added/subtracted by first converting the vol-
tages to currents by using one transconductor for
each voltage and then adding their output currents.
The voltages can be weighted by selecting different
transconductances for the transconductors.

A drawback of this circuit is that the output
impedance is R, i.e., neither very low nor very
high. Hence, this circuit does not correspond to an
ideal voltage nor current source.

Resistors are difficult and expensive to imple-
ment in an integrated circuit.

Resistors are therefore often realized with the
transconductor circuit shown in Fig. 5.45.

5.9.1.3 Controlled Sources with Current
Conveyors

Consider Equation (5.31), which can be rewritten

Iy =al,
V= Vy
I, = bl,.

A current controlled current source, CCCS, is
realized with a CCII+ with ¢ = 0 and b = 1, if
the y-port is grounded and the x-port is used as
input. Hence, V', = V,, = 0 and I. = I,. The current
gain of the controlled current sourceis o = +1.

If, instead a conveyor of the type CCII— , with

a = 0and b = —1, is used, a current controlled
current source, with the current gain o = —1, i.e.,
I. = —I, is obtained. The input impedance to the

x-port is low and the circuit is suitable for summing
multiple input currents.

Figure 5.30 shows a realization of current con-
trolled current source, CCCS, with the gain o = R,/
R,. If, instead a conveyor of type CCII— is used, we
obtain the current gain o = —R;/R,. The resistor, Rj,
which is connected to the y-port, must be chosen
much smaller than the input impedance of the y-port.

A tranconductor, VCCS, can be realized by a cur-
rent conveyor as shown in Fig. 5.31. From Equation
(5.31) with a = 0 and b = 1, we get for the circuit

Fig. 5.30 CCCS realized with a current conveyer of type
CCII +

~<
~

CClIlt zl—<—o

Vi"+© i

— R |

=

Fig. 5.31 VCCS realized with a CCII+

Ve = Vy =V
Vx = _R]x
I, =+I..

After elimination of V), V', and I,, we obtain

L - 1
Vin R
Thus, the circuit realizes a (negative/positive)
transconductor using a current conveyor of type
CCII+.

(5.41)

5.9.2 Realization of Integrators

Integrators play an important role as basic building

blocks in many active filter structures. We will

therefore in this section discuss the realization of

integrators and their properties in detail [17, 82].
An ideal integrator has the transfer function

1
RC"
An integrator with (+)-sign is called a noninvert-
ing integrator or positive integrators and an inte-
grator with (—)-sign is called an inverting integrator
or negative integrator.

H(s) =+ (5.42)
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5.9.2.1 Miller Integrator Hjoo) = + 1 (5.47)
? T T R() + X (o) |
Equation (5.33) can be rewritten as
we use the quality factor
—7Z 1
H(s) = . 5.43 X
W=z izazn  OY 0, =2, (5.48)
A(s)Z, R(w)

where the second term in the denominator repre-
sents a deviation from the ideal frequency response
of an inverting amplifier.

A Miller integrator is obtained by selecting Z; =
Rand Z, =1/sC, as shown in the circuit in Fig. 5.32.
The transfer function is

(5.44)

Using a simple model of the operational ampli-
fier, i.e., Equation (5.27), and for not too low fre-
quencies, we can approximate A(s) ~ Aywsqp/S =
w,/s for ® >> wsqp. Inserting A(s) = w,/s in Equa-
tion (5.44) yields

-1 w;
TSRC st

H(s)

(5.45)

The Miller integrator has, thus, a parasitic pole

1
sp:—(w,—l-ﬁ) %—(})t>.

Now, an ideal integrator should have a pure
imaginary frequency response. As a measure of
quality of an integrator with the frequency response

(5.46)

Hence, an ideal integrator should have an infinite
Q; factor. Note that Q; may be negative. For the
Miller integrator, we have according to Equation
(5.45)

—1

H(jw) = 5.49
s RC L iore(14 o
o, RCw,
but as 1/RC <<w,, we get
. -1
H(jo) = — (5.50)
+ joRC
Wy

The quality factor for the Miller integrator is

— )y

0r=

~ —|A(jo)| (5.51)

@)
where A(jw) is the frequency response of the opera-
tional amplifier.

A nonideal integrator has according to Equa-
tions (5.47), (5.48), and (5.50) the phase response

X (o)
R(o)

Wy
=7 -+ atan (—)
w

@zn—atan( )zn—atan(Ql)

(5.52)

5.9.2.2 Negative Integrator with Passive
Compensation

The effect of finite bandwidth of the operational
amplifier can be alleviated by placing a resistor R,
in the feedback path, as shown in Fig. 5.33. The
resistor should be

Ry = 1/(,C). (5.53)

Alternatively, a capacitor, Cy, in parallel with R,
may be used where

Co = 1/(wR). (5.54)
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Fig. 5.33 Negative integrator with passive compensation

See Problem 5.23. The problem with passive
compensation is that we are trying to match two
completely different components, i.e., an RC con-
stant and the unity gain frequency, which depend on
different physical processes. Hence, it is difficult to
match and achieve good tracking over time, tem-
perature, and power supply voltages.

5.9.2.3 Positive Integrators

A positive integrator has the transfer function
H(s) = +1/sRC, unlike the (negative) Miller inte-
grator, which has the transfer function H(s) =
—1/sRC. In many applications, noninverting inte-
grators are needed.

A simple solution that is shown in Fig. 5.34 is to
use a Miller integrator that is followed by an invert-
ing amplifier. The measure of quality for a Miller
integrator in series with an inverting amplifier is [112]

(5.55)

Fig. 5.34 Positive integrator

where w,; and w,, are the unity gain frequencies for
the integrator and the inverting amplifier, respec-
tively. Hence, this version of positive integrator has
about three times as large phase lag compared with
the Miller integrator.

5.9.2.4 Noninverting Integrator with Passive
Compensation

The parasitic poles in the integrator and the invert-
ing amplifier causes excess phase in the overall
transfer function. This excess phase shift is a
major problem when the integrator is used inside
a feedback loop, because it will change the pole
positions. The excess phase can, however, be
reduced by a capacitor in parallel with the feed-
back resistor R, in the noninverting amplifier. In
general, the correcting admittance should be equal
to the sum of the admittances connected to the
inverting input of the inverting amplifier, divided
by w,/s. See Problem 5.14. The passive compensa-
tion is, however, not very efficient because w, var-
ies both with the temperature and with the power
supply voltage.

5.9.2.5 Noninverting Integrators with Active
Compensation

A more efficient approach is to place a unity gain
amplifier in the feedback path, as shown in Fig. 5.35.
In this case, it is required that the two operational
amplifiers are matched and track over time and tem-
perature [107].

Fig. 5.35 Noninverting integrator with active compensation
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The quality factor for this circuit is
0, = —|A(jo)]’ <0.

However, to obtain this high quality factor
required very tightly matched amplifiers.

Phase-Lead Integrator: A better way of reducing the
error in the phase function is to use an integrator
with active compensation, as shown in Fig. 5.36.
The transfer function is

Fig. 5.36 Noninverting integrator with active compensation

R 1

H(s) ~ ———. 5.56
() ~ R sRC (5.56)
The quality factor of the noninverting integra-

tor is
1

ol =— - —
W Wy

and with matched operational amplifiers, i.e., w,; =
@2, ls

(5.57)

w
O matched = —. (558)
w

Note that the quality factor is positive. Hence,
the excess phase

¢ = —atan (Q;) = —atan (%) (5.59)

is positive for this integrator. This circuit is there-
fore known as phase-lead integrator. Comparing
with the uninverting integrator in Fig. 5.34 and
Equation (5.55), the quality is three times better
for matched amplifiers.

We will later use an inverting and a noninverting
integrator in a feedback loop. High performance is
obtained if a Miller integrator, which has a phase
lag, —atan(Q;), is compensated for by a phase-
lead integrator with a phase lead of +atan(Q;)
[18, 112].

Improved Miller-Inverter Integrator: An alternative
circuit is shown in Fig. 5.37[17]. The positive input to
the second amplifier has been lifted off ground and
connected to the virtual ground of the integrator. By
choosing Ry =1/w,C and o = Ry/R = wp/wy,
the transfer function becomes

Vi n
—_ r Vaut

Fig. 5.37 Noninverting integrator

o
H(s) = SRC

The quality factor of this integrator is the same as
for the Miller integrator. Hence, we obtain a three-
fold reduction of the phase lag compared with the
circuit shown in Fig. 5.34.

An even better positive integrator is obtained if
the integrator in Fig. 5.37 is replaced by the inte-
grator shown in Fig. 5.35, but this requires an addi-
tional amplifier [112].

5.9.2.6 Transconductor-Based Integrators

As mentioned previously, many techniques to build
higher order filters use integrators as the basic com-
ponent. This is particularly true in integrated active
filters.
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Figure 5.38 shows a so-called g,,-C integrator.
The output voltage is

Fig. 5.38 g,-C integrator V, e A I

v 8m Vuut

-1 8m 1
V(m = A= T A Vin
T sC Cs
where V;, =

function is

(V4+— V_). The integrator’s transfer

gl‘ﬂ 1

H(s) = —=>—. 5.60

(5) = &2 (5.60)

A circuit realizing a transconductor, however,

will have finite output impedance, i.e., nonzero out-
put conductance Gy, and the transfer function is

gm 1
H(s) =—=- 5.61
(5) C s+a ( )
where a = —Gy/C is a real pole. This parasitic pole

introduces a phase error of the integrator. The
phase of an ideal integrator is 90° for all frequencies.
A small deviation from 90° affects strongly the fre-
quency response of an integrator-based filter.

Example 5.5 Determine the effect of finite input and output
impedances of the transconductor for the integrator shown in
Fig. 5.38.

The integrator’s output voltage is

V, = &m Vin
- (Go +S(C()+C))

and the transfer function is

8m 1
(Co+C) Go
ST+ C

H(s) =

The transconductor’s output capacitance, C,, which is
nonlinear and depends on the signal level, is added to the
load capacitance. Depending on how the integrator is used,
the input admittance of the following circuit will also be
added.

With typical values, Gy = 1 uS, Cy = 200 fF, and the load
capacitance C = 4.8 pF, the real pole becomes 5, = — 200
krad/s

Parasitic elements, which will appear in an imple-
mentation of an analog filter, will affect the frequency
response. Typically, the resistive parasitic can be
neglected and often also inductive coupling to adja-
cent components and wires. The dominating parasitic
elements are stray capacitances between different elec-
trical nodes and ground. In an integrated circuit, an
implementation of a capacitor will have two major
parasitic capacitors; the top-plate-to-ground and the
bottom-plate-to-ground, as illustrated in Fig. 5.39.

Vour

Fig. 5.39 Stray capacitance in a g,,-C integrator

Note that one of the stray capacitances (bottom
plate), see Fig. 5.39, will have a constant (zero)
voltage and will therefore not affect the integrator.
The second stray capacitance (top plate) can be
estimated during the design and absorbed in the
capacitor C. However, the effective capacitance at
the output of the transconductor will be affected.

It is essential that all capacitors in an integrated
circuit are grounded and that floating capacitors are
avoided. The later introduces parasitic capacitances
that affect the frequency response.

5.9.2.7 Current Conveyor-Based Integrators

Figure 5.40 shows a (negative/positive) integrator that oper-
ates in current mode. With an ideal current conveyor, we
have the following relation for the circuit

~
\
[
[ Ta

Fig. 5.40 Integrator
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I
Te

V,=Vy=-RI,
I = =+I,

After elimination of V,, V,, and I, we get the transfer
function
I 1
H(s) = 2= ©

=—. .62
Iy sRC (562)

Note that the transfer function is represented by the ratio
between two currents. An integrator, which operates in vol-
tage mode, can be realized with a transconductor, according
to Fig. (5.66), and with a capacitor as load.

Filter structures, which are based on integrators, i.e., two-
integrator loops and leapfrog filters, which operate in current
mode can easily be realized with these integrators.

5.9.3 Realization of Immitance Inverters
and Converters

Generalized immitance inverters and converters are
flexible two-ports that are used in many active filter
realizations. Both the GII and GIC can be realized
using operational amplifiers, transconductors, or
current conveyors.

5.9.3.1 Antoniou’s GIC

A useful two-port, which is shown in Fig. 5.41, is
Antoniou’s GIC (generalized impedance converter)
[18]. The input impedance with ideal amplifiers is

—i— .

Fig. 5.41 Antoniou’s GIC

Vi Z1Z3
Zin =5 =
1 LY

Hence, if we view Zs as the load at port 2, the
circuit realizes a positive impedance converter

(PIC). We will in Sectionsl 5.10.4|and B.IOSI discuss
in detail how this circuit can be used to realize
inductors and FDNRs.

The chain matrix with ideal operational ampli-

fiers is
K 1 0
= Z:74 |-
0 ZIZ;

Y, is a compensation admittance that will be
discussed later. We may also consider Z, or Z, as
the load. In this case, however, the two ports do not
have a common ground. In this case, the circuit
realizes a positive impedance inverter (PII).

(5.64)

5.9.3.2 Transconductor-Based Gyrator

Equation (5.16), which describes two voltage con-
trolled current sources (voltage controlled current
source; VCCS), can be realized with two transcon-
ductors according to Fig. 5.42 [18]. A simple analy-
sis of the circuit yields r; = 1/g,,; and r, = 1/g,,.

Fig. 5.42 Gyrator v ~_
- %3
Eml
+
1
— ]
Em2
~1

Generally, a floating impedance can be realized
with two lossless gyrators embedding a shunt admit-
tance according to Fig. 5.10.

5.9.3.3 Current Conveyor-Based Gyrator

Figure 5.43 shows a circuit that realizes a gyrator
and for which the following equations are valid if
the current conveyors are ideal.

Vio=—-Rol»
Lo=1»

Vs = —ZL
Iy = -1,

Vit = =Rl
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Y CCII-

n{

\
©

Fig. 5.43 Gyrator

Elimination yields the input impedance

Vi RiRs

Zin = = .
I Z

(5.65)

Normally we select Ry = R».

5.10 Realization of One-Ports

In this section, we will discuss the realization of
one-ports, which will be used for realization of
higher-order filters. Passive components such as
resistors, capacitors, and inductors are an integral
part of every electronic subsystem. In a typical
electronic circuit board, 80% of the components
are passive, taking up 50% of the PCB area, and
requiring 25% of all solder joints. It is therefore of
interest due to both technical and economical rea-
sons to be able to integrate analog filters using a
standard digital CMOS process. Particularly inter-
esting is to be able to use integrated analog circuits
on the same chip as the digital circuits. This allows
complete signal processing systems to be inte-
grated in a single chip. The cheap digital CMOS
processes are unfortunately not suitable for imple-
mentation of analog circuits and often special pro-
cesses with multiple layers of polycrystalline silicon
are therefore used to implement good resistors and
capacitors.

5.10.1 Integrated Resistors

Integration of resistors can essentially take place in
two main ways, either using long thin conductors of,
e.g., polycrystalline silicon, or using a MOSFET,
see [54, 56, 65, 92].

5.10.1.1 Polycrystalline Resistors

Polycrystalline-based resistors can only be made with
small resistor values because they require a large chip
area [65]. The polycrystalline layer is often referred to
as simply the polylayer. Figure 5.44 shows an exam-
ple of a layout of the polylayer for a resistor of 10 kQ.
The layout of the conductor is in meander form in
order to obtain a more square shape. Often special
layout techniques are used with adjacent dummy
resistors to reduce the edge effects.
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Fig. 5.44 Example of layout of a polycrystalline resistor
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5.10.1.2 Active Realization of Integrated
Resistors

Figure 5.45 shows how a grounded resistor can be
realized with a transconductor. For the circuit we
have I = g,,V;, and I = I, which yields

Fig. 5.45 Realization of a
grounded resistor
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gV 1
I gl‘ﬂ

A general floating resistor with R =1/(2g,,) can
be realized with two identical transconductors
according to the circuit shown Fig. 5.46. A floating
resistor, which is driven by a voltage source, can be
realized with a single transconductor as shown in
Fig. 5.47. This circuit can be used for simulation of
the resistor in series with the signal source in a

doubly resistively terminated LC filter.

Vl A V2
.

Fig. 5.46 Realization of a floating resistor

Fig. 5.47 Realization of a
floating with voltage source v,

+
Vin ‘

We have for the circuit shown in Fig. 5.48

Iin
‘p—L y

IZ
ot . | <
I
+ X |
> X
v <> o
in 1
— e Z
R -
|
@

Fig. 5.48 Grounded resistor
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Vie = Vy =V,
Vx = _R[\
I = =£I
I =1L

and after elimination of V,,, V', I, and I., we obtain

Yin _ —p.
L,

(5.66)
Thus, the circuit realizes a (negative/positive)
resistor using a current conveyor.

5.10.1.3 MOSFET Circuits

An important class of circuits, so-called MOSFET
circuits [56], utilizes the fact that we can implement
good capacitors and MOS transistors instead of
resistors. The later is, however, nonlinear, and spe-
cial circuit techniques must be used to linearize the
circuits. MOSFET-C filters [110, 111] are the most
common implementation technique for integrated
analog filters after transconductor-based filters.
MOSFET-C filters often have less distortion than
transconductor filters.

Suitable active circuit elements are operational
amplifiers or current conveyors. Operational ampli-
fiers, however, require a large gain (>10%) in the
feedback loop in order for acceptable function to
be obtained. This limits the usable frequency range.

It is in practice necessary to use differential reali-
zations to suppress the distortion due to the non-
linearities. Often is synthesis, analysis, etc., made
using a single-ended realization, which then is trans-
formed to a differential realization. A differential
realization not only improves the linearity of the
filter, but also increases the signal dynamic and
suppresses noise on the power supply voltage,
which can be large in an integrated digital circuit.

5.10.1.4 MOSFET Resistors

Because it is difficult to effectively implement large
resistance values with a polysilicon, it is attractive to
instead use a MOSFET, which unfortunately is non-
linear, as resistor. We shall show that this problem
can be solved with the help of a differential circuit.
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We have for an nMOS transistor according to
Fig. 5.49 that operates in the nonsaturated region

Fig. 5.49 MOS transistor Vg

|

w V2
Ip = Cax“of ((VGS —Vr)Vps — %) (5.67)

which can be written as

Ip =FVp,Ve)—FVs, Vi) (5.68)

F(Vx,V6)=2K(Vc—Vp—Vrp—Pp)

—K(Vy—Vp) = (4K, (Vx—V5+®p))*>

(5.69)
w
K=vC, — 5.70
1Cox 7 (5.70)
2gN 4&5
= . 5.71
. (5.71)

We assume here that the mobility p is constant.

Consider Czarnul-Song’s circuit that is shown in
Fig. 5.50, which in the literature often is referred to
as the MOS resistive circuit (M RC). We assume that
V3 = V4. For the circuit we have

I, — I, = (Ipy + Ip3) — (Ip2 + Ips) =

=FV,Ve) — F(V3, V1) + F(Va, Var) — F(V3, V)

(5.72)

—F(V1,Va) +F(V3,Var) = F(Va, Var) + F(V3, Vi)

=FV1,Va) — FV, V) + F(V2, V) — F(Va, V).

Insertion of Equation (5.69) yields

I =L =2KVg1 — V) (V1 = V2). (5.73)
Hence, AI = I — Ly is proportionalto AV = Vi — V>,
i.e., the circuit corresponds to a controllable, linear
resistor.

It is not necessary that the transistors operate in
the nonsaturated region. The circuit eliminates the
nonlinearities even if all transistors operate in the
saturated region or if the two cross-coupled transis-
tors operate in the nonsaturated region and the two
other in the saturated region.

5.10.2 Differential Miller Integrators

Figure 5.51 shows a differential Miller integra-
tor. A simple approach to derive a differential
realization for a single-ended circuit is discussed

TVGI

Ipp —/— I

Vi e—e>—1 L o » @V

T Vea
Ip, —
Il

Ivcl
L

V,e—e—>—T L o » @V,

Fig. 5.50 Czarnul-Song’s MOS resistive circuit

in Section 9.7.2. Differential circuits result in
that even overtones are suppressed because the
nonlinearities normally have odd symmetry. Odd
overtones are not suppressed. Furthermore,
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&
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V] V2
_ -
R

|1€
I
Fig. 5.51 Differential RC integrator

differential realizations have higher CMRR
(common mode rejection ratio) and PSRR
(power supply rejection ratio).

The resistors in the Miller integrator can be
replaced with MOSFETs according to Fig. 5.52,
but because they are strongly nonlinear, the inte-
grators can only be used for very small signal
swings. Figure 5.53 shows the corresponding
Miller integrator, but with resistors replaced with
the circuit shown in Fig. 5.50. The circuit has a
significantly improved linearity, i.e., the linearity
can increase up to 30 dB. Note that the

=
VGT ||
+o—I 1 +
vl _V2

Fig. 5.52 Differential MOSFET-C integrator

Fig. 5.53 Linearized Miller integrator

nonlinearities influence will be reduced if the inte-
grator is used in a feedback loop, e.g., in a leapfrog
filter. A disadvantage of using differential struc-
tures is that additional circuitry controlling the
common-mode voltage is needed.

5.10.3 Integrated Capacitors

High-quality capacitors are essential components in
integrated subsystems, e.g., sample-and-hold, ana-
log-to-digital (ADC), and digital-to-analog (DAC)
converters, radio frequency (RF) front-ends,
switched-capacitor, and continuous-time filters.
Implementations with high capacitance density are
desirable, as the capacitors typically requires a sig-
nificant part of the chip area. Furthermore, addi-
tional desired properties are close matching of pairs
of capacitors, linearity, small bottom-plate stray
capacitor, and accuracy of the capacitance values.
In RF circuits, it is also necessary that the self-
resonance frequencies are well in excess of the fre-
quency of interest.

Capacitors with good linearity and small losses
can be implemented in a CMOS process. The best
capacitors are obtained if the capacitor is realized
between two polycrystalline plates. Unfortunately,
all CMOS processes do not have multiple polylayers.

Implementation of nine unit capacitors using
multiple stacked (parallel) plates of metal-to-metal
or metal-to-polysilicon have very good linearity and
high Q factors, but they suffer from a low capaci-
tance density. This is mainly due to the large vertical
spacing between different layers that determines the
capacitance. Unfortunately, as the geometries of the
process technologies are reduced, the vertical
dimension does not shrink as fast as the horizontal
dimension. In fact, the width of the wires in an
integrated circuit will tend to become smaller
whereas the thickness increases in order to keep
the cross-area about constant. Thus, parallel plate
capacitors will tend to consume a larger fraction of
the chip area.

Several innovative approaches have therefore
been proposed to improve the density of integrated
capacitors [6]. Most of them exploit both lateral
and vertical dimensions; for example, interdigital
or parallel wires structures, where the small distance
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SIS SIS
SIS IS

Fig. 5.54 Layout of two matched capacitors consisting of
nine unti capacitrs

between two wires in the same layer is used as a
capacitor. Many complex structures that exploit
both interlayer and intralayer capacitors are possi-
ble [6]. In addition, higher capacitance density can
be achieved by using insulators with higher dielec-
tric constant.

Some circuits, e.g., SC filter, exploit the fact that
the ratio of two capacitors can be very accurate,
but their absolute values are of less importance.
Figure 5.54 shows a typical layout of two matched
capacitors, which consist of nine unit capacitors.

The ratio of the two capacitances can be very
accurate (0.1%), while the accuracy of the absolute

Zin =

Z\Z5Zs + Z1(Zs + Zs) (f—f + 4 anltiadl, Y")

values may be of the order 10%. The capacitors in
the four corners and in the center constitute one of
the capacitors and the others the second one. Unity
capacitors are used to reduce the edge effects.

5.10.4 Inductors

5.10.4.1 Integrated Inductors with Passive
Components

Inductors can be integrated on various substrates,
e.g., thin film and silicon [25]. Magnetic material is
rarely used, and the inductances that can be imple-
mented using high-density technologies are rela-
tively small. Furthermore, the Q factors are often
in the range 5-20 on silicon substrates, which often
is too low for many applications. The effective QO
factors can, of course, be increased by combining a
passive coil and an active circuit that realizes a
negative resistor. For high-performance integrated
filters, however, inductorless, or more correctly
coil-less solutions are used in practice because inte-
grated coils have too low Q factors.

5.10.4.2 Integrated Inductors with Active
Components

An inductor can be realized by using Antoniou’s
GIC. There exist several alternative selections of
the circuit elements in the GIC. The input impe-
dance, with nonideal operational amplifiers, is

A4

(5.74)

Z> (Z4 - Y.v25Z3) + (Z4 + Zs) (% + % + ARARATAYE YA)

A1 4>

5.10.4.3 Antoniou’s GIC of Type A

There are several ways of choosing the impedances
Z, through Zs so the circuit shown in Fig. 5.41 rea-
lizes, for example, an inductor. By choosing Z; = R;,
Zz = 1/SC2, Z3 = R3,Z4 = R4, and Z5, = R5, aGIC
of type A is obtained. The input impedance is

Z,’n =Ls

where L = R1R3R5C2/R4.

It can be shown using Equation (5.74) that the
effect of the finite bandwidths of the amplifiers is
minimized if we select

w,1R5 = (1),2R4. (575)

Antoniou’s GIC is sensitive for stray capaci-

tances parallel with Rs. The detrimental effect of a
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stray capacitance C, can for type A be compensated
with a capacitance C; = C,R4/R3 between the
operational amplifier’s inverted input and ground.

5.10.4.4 Antoniou’s GIC of Type B

By ChOOSing Zl = Rl, Zz = Rz, Z3 = R3, Z4 = 1/
sCy4, and Z5s = Rs, a GIC of type B is obtained with
the input impedance

Z,‘” =Ls

where L = R1R3R5C4/R2.

Usually the B type is used, also called type II,
because it has better high frequency properties, i.e., is
less sensitive for the amplifier’s finite gain-bandwidth
products, GB [112]. It is advisable to choose [106]

Z,=7Z3=R (5.76)
to obtain good high-frequency properties and to use
matched amplifiers.

The detrimental effect of a stray capacitance C,
at port 2 can for type B be compensated with a
resistance R, = C4R3/C, between the operational
amplifier’s inverted input and ground.

5.10.4.5 Transconductor-Based Inductors
A grounded g,-C inductor with the inductance
L=C/gmgm can be realized with a gyrator

according to Fig. 5.55.

Fig. 5.55 Realization of a
grounded inductor

Figure 5.56 shows the corresponding small-
signal model where the input and output impedances
have been included in the model [18].

We get by summing the currents in the output
and input nodes

Fig. 5.56 Small-signal model for the grouded inductor

—gm Vin + (Youtl + Yip + SC) V=0
Iin = Linl I/m + 12
12 = YouZZ Vin + &m V2

where
Yin = Git +sCat
Youn = Goi + 5Co)
Yin=Gn +sCp
Your = Go2 + 5Coa-
We get the input admittance

8m18m2

Yin =
Yio + Younn +sC

nl + Y()utZ +

and after simplification

Em18m2
Yi, =G Cy+—=—"—"— 5.77
in 1+ 1+G2+SC2 ( )
where
Gi=Gi+Gyn Gr=Gp+Gp
Ci=Chp+Cpp Cr=Cp+Cy+C.

The inductor has the inductance

C

L =
Em18m2

and the parasitic eclements in the model of a
grounded inductor that is shown in Fig. 5.57
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Ziy —> R L

Fig. 5.57 Small-signal model for the grounded inductor

C,‘ C G Gi
L — 1+ Co2 R, — o1 +Gn
Em18m2 Em18m?2
1
C,=Ci+Cpp Ry=——++.
b PGy + G

For two identical gyrators with G;; = G, C;y =
Cp, Go1 = Gpo, Co1 = Cpo, and g1 = g2, Which is
the requirement for the gyrators being lossless, we
get the Q factor for the inductor

ol Cp+Cp+C
QL:_:CO—

Ry (G + Gp2)

For example, a g,,-C inductor with the induc-
tance 100 uH at @ = 27 10 MHz obtains a Q factor
of more than 3000 if Gp, = 0.1 uS and g,,, = 220 uS.
This is a high Q factor.

A floating inductor can be realized according to
Fig. 5.10 using the gyrator shown in Fig. 5.42. The
circuit corresponds to a shunt capacitor between
two gyrators. It is advantageous to use grounded
capacitors because the voltage over the bottom
plate stray capacitance is not changed. This circuit
can, however, be simplified according to Fig. 5.58,
where g,,1 = g,,3 and the series inductoris L = C/

(gngm3)~

Fig. 5.58 Simplified realization of a floating inductor

A grounded inductor requires two transconduc-
tors whereas a floating inductor requires three.

A floating parallel resonance circuit, which is
difficult to realize because it contains a floating
capacitor, can thus be realized with two gyrators
and a grounded series resonance circuit as shown in
Fig. 5.59. The element values in the realized series
resonance circuit are

Fig. 5.59 Realization of a floating parallel resonance
circuit

C 1

L = =
8m28m3 Lgun8gm3

where g,,1 = g.3 and. The series resonance circuit
can then be realized in two different ways.
Figure 5.60 shows the case with grounded inductor

1
?
L T

—__C
Fig. 5.60 Realization of a series resonance circuit with a
floating node

Floating node

)

|||—

ARG

o

/
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and floating capacitor, which is a poorer realiza-
tion, as it has a floating node where the stray capa-
citance of C’ will have a large effect.

Figure 5.61 shows the case with a grounded capa-
citor and floating inductor, which requires three
transconductors, but has no floating nodes, which
makes it more suitable for implementation.

I
fok 82 @O .

]
If N

Fig. 5.61 Realization of a series resonance circuit without
floating node

5.10.4.6 Current Conveyor-Based Inductors

Integrated inductors can of course also be imple-
mented by using current conveyors [144].

5.10.5 FDNRs

An FDNR can be realized by Antoniou’s GIC.
Here we are only interested in supercapacitors
because superinductors have very poor frequency
performance. We have several alternative selections
of the elements in the GIC, which mainly differs
with respect to the sensitivity to the bandwidth of
the operational amplifiers. The best realization of a
supercapacitor is obtained by selecting Z; = 1/sCy,
22 = R2, 23 = R3, Z4 = R4, and Z5 = I/SCS. In
order to minimize the influence of finite bandwidths
of the amplifiers, we should select

R, = R;. (5.78)

A supercapacitor can also be realized by cascad-
ing two lossless integrators that can be realized
by, e.g., tranconductors and current conveyors.
Figure 5.62 shows a current conveyor circuit that
realizes a supercapacitor with the value

y y
L CCIl+ =z CCIl- z[—*
m Lo
X X
+ 1 1
Vi “ T %R S
Fig. 5.62 Supercapacitor
CiCyR
p =127 (5.79)
010l

where o; and «, are the current gains for CCII +
and CCII-, respectively. An operational amplifier
(transconductance) of type OPA2662 typically has
the current gains o; = 3.1 and o, = 2.9.

5.11 Problems

5.1 a) Show that
zZr=2z7.
b) 2Re{Z} =Z + 7.
o) IfV=V.+jViandI =1, + jI,then P =
RE{VI*} = V,.I,. + Vi Il‘.

5.2 Determine which of the following circuit ele-
ments are passive and lossless:

a) resistor

b) inductor

c) capacitor

d) negative inductor (—L1)
e) negative capacitor (—C)
f) negative resistor (—R)

5.3 Determine the K matrix for a two-port consist-

ing of

a) a series impedance
b) a shunt admittance
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5.4 Derive the K matrix for

a) VCVS
b) VCCS
¢) CCVS
d) CCcs

5.5 Derive the inverse of the Kmatrix in terms of A,
B, C,and D.

5.6 Use the K matrix to determine the transfer func-
tion for a third-order T'ladder with R, = R; =
600Q, L; = Ly = 600 mH, and C, = 3.3 uF.

5.7 Determine the K matrix for the LC network

shown in Fig. 3.5.

5.8 a) Determine the K matrix for the two-port
shown in Fig. 5.63 when the operational
amplifier is assumed to be ideal.

b) Determine the input impedance to the two-
port.

T

Fig. 5.63 Two-port in problem 5.8

5.9 a) Determine the input impedance to the cir-
cuit shown in Fig. 5.64 by using chain
matrices. Identify the type of two-port
when Zs is considered to be the load
impedance.

b) Determine the
273 = Zr7Z,.

input impedance when

T

Fig. 5.64 One-port in problem 5.9

5.10 Determine the transconductance, g,, = —1I/
V1, for the circuit shown in Fig. 5.65 and pro-
pose how it can be used in a possible
application.

_I_ *®

Fig. 5.65 Circuit in problem 5.10

5.11 Determine the poles and zeros of the transfer
functions for the inverting and noninverting
amplifiers shown in Fig. 5.27 and 5.28 when
Z, and Z, are resistors.

a) R[ = R2: 10 kQ
b) Ry = 10kQ and R, = 100 kQ
c) Ry =ocoand R, = r = 10 kQ

The amplifiers are nonideal and are mod-
eled with the simple single-pole model with
Ay = 210° and a real pole s, = —100 rad/s.
Determine the 3 dB bandwidth of the circuits.

5.12 Determine suitable values for the resistor r in
the circuits shown in Figs. 5.28 and 5.29. What
is the function of the resistor? How should the
resistor, r, be selected if R, in the inverting
amplifier is changed to a capacitor?

5.13 Estimate A, w34, and o, for the operational
amplifier MAX426x that has a 3 dB band-
width of 450 MHz when the open-loop gain
equals 1 and gain = 10 at 50 MHz.

5.14 Propose a model that includes the frequency
response for the inverting amplifier, shown in
Fig. 5.27. The model should only contain pas-
sive components and an ideal operational
amplifier. Hint: Place an extra impedance in
parallel with Z.

5.15 Derive the transfer function for the Miller
integrator shown in Fig. 5.32. Determine the
poles and zeros when R = 10 kQ, C = 10 pF,
Ay = 10°, and w345 = 100 rad/s.
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5.16 Derive the transfer function for the Deboo inte-
grator shown in Fig. 5.66. Determine the poles
and zeros when all resistors are equal, e.g., R =
10 kQ andC = 10 pF, 4, = 10° and w35 =
100 rad/s. The integrator is sensitive for resistor +
ratio mismatch and is not recommended.
Voul
I P
+ Fig. 5.68 Circuit in problem 5.17
V(lll[
= Rs
i ® - M
= R, —VW—e
A Ry Ry
Fig. 5.66 Circuit in problem 5.17
o
+
R, [
—\\\—

5.17 Determine the transfer functions for the cir-
cuits shown in Figs. 5.67, 5.68, and 5.69.

5.18 Derive Equation (5.79).

5.19 Propose a circuit with only one operational
amplifier that realizes the function: V,,, =
2V -5V, where V; and V> are inputs.

5.20 Determine the output signal V3 as a function

of V| and V;, for the circuit shown in Fig. 5.70.

Determine the output signal V3 as a function

of V1 and ¥, for the circuit shown in Fig. 5.71.

5.21

T

Fig. 5.67 Circuit in problem 5.17

Fig. 5.69 Circuit in problem 5.17

Fig. 5.70 Transconductor circuit in problem 5.20
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Vl.i+ 524

L

V) @——

L

V3

Fig. 5.71 Transconductor
circuit in problem 5.21

Ic

Determine the Q factor for the circuit shown in
Fig. 5.74 and the resonance frequency when
R=10kQ,C, = 10nF, C, = 27nF,and r =
500 Q.

o T DA F

Fig. 5.74 Gyrator circuit in problem 5.24

5.22 Determine the chain matrix and identify the
two-port that is realized by the circuit shown
in Fig. 5.72. 5.25

Ly I

cca o oz @ + 5.26

I
+o——x

L 5.27

Fig. 5.72 Current conveyor circuit in problem 5.21

5.23 Determine a suitable value for the resistor, r,,
shown in Fig. 5.73, to compensate for the finite
bandwidth of the amplifier. Select the element
values R = 22 kQ and C = 10 nF. The opera- 508
tional amplifier has very low power consump-
tion and has therefore low bandwidth, e.g.,

w, = 100 krad/s.

5.29

5.30

Fig. 5.73 Compensated integrator used in problem 5.23

a) Derive the input impedance to the circuit
shown in Fig. 5.41 assuming that the opera-
tional amplifiers are ideal.

b) Determine the K matrix for the circuit
where Z5 is the load impedance.

Use Antoniou’s GIC to realize an

a) inductor with inductance L = 300 mH
b) supercapacitor with D = 10~® Fs

Determine the admittance between the opera-
tional amplifiers’ inverting inputs and ground
in Antoniou’s GIC so that a stray capacitor at
the output of the circuit is compensated when
Z]Z R], Zz = R2, Z3 = R3, and Z4 = ]/SC4.
Assume that Zs consists of Rs in parallel with
1/sCyqy and that the operational amplifiers
are ideal.

Determine suitable element values to realize
an inductor with inductance 100 mH when
there is a stray capacitor of 10 pF in par-
allel with Zs.

Determine the admittance Y, in Problem 5.27
so that a stray capacitor at the output of the
circuit is compensated when the circuit shall
realize a supercapacitor with D = 10~ Fs.
Derive Equation (5.55).



Chapter 6

First- and Second-Order Sections

6.1 Introduction

Many active filter structures are based on first- and
second-order sections. In this chapter, we will first
discuss different types of sections with respect to
their transfer functions. Next, we will classify, ana-
lyze, and compare different realizations that are
based on resistors, capacitors, and with one or sev-
eral operational amplifiers, transconductors, or cur-
rent conveyors [58, 130]. These circuits can, of
course, be implemented with discrete components,
but this is of less interest because a large number of
active elements are often needed and the cost and
the power consumption becomes high. Integrated
active elements are considerably cheaper and con-
sume less power.

A problem with integrating analog circuits is that
the capacitors require large chip area and that the
tolerances in the capacitance values vary signifi-
cantly due to variations in the manufacturing pro-
cess. The resistance values are restricted to a rela-
tively small interval and the tolerances in the
resistance values vary significantly as well.

In SC filters, circuit techniques are used that are
based on the fact that the frequency response
depends on the ratio between two capacitances
and not on the absolute capacitance values. The
error in the ratio between two capacitances can be
made less than 0.1% even though the capacitance
values can vary £10% or more. The capacitors
dominate the chip area required for an integrated
analog filter. Typically, the total capacitance, which
can currently be economically integrated on a chip,
is less than 30 pF.

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_6,

© Springer Science+Business Media, LLC 2009

Circuit techniques that rely on ratios of compo-
nent values are not directly applicable for integrated
active filters. Instead, special circuits for tuning of
the frequency response are used because the active
elements and capacitance values vary strongly and
the filter properties depend on the absolute values.
The tuning must also be made while the filter is
operating because the element values vary with the
temperature and the power supply voltage.A large
number of transconductor-C filters are manufac-
tured and used in, e.g., the read and write channels
in hard drives. These filters are programmable
because the bandwidth must be adjusted depending
on which track is being accessed.

Transconductor-C filters and other methods
for integrating analog filters are active research
topics due to the trend to integrate whole signal
processing systems on a single chip. Integrating a
whole system tends to reduce the physical size
and power consumption, and cost is therefore
suitable for manufacturing cheap consumer pro-
ducts in large volumes.

6.2 First-Order Sections

A first-order section can either be of lowpass (LP),
highpass (HP), or allpass (AP) type.

6.2.1 First-Order LP Section

The transfer function for a first-order LP
section is

187
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G
s—o0,

H(s) (6.1)

with a real pole on the negative real axis and one
zero ats = oo. Figure 6.1 shows the magnitude and
phase functions for a first-order LP section with a
real pole for the two cases ¢,; = —1 rad/s and
0,> = —5rad/s. By choosing G = —g,, the magni-
tude function is normalized to 1 for @ = 0. Note that
the magnitude function decays faster the closer the
pole is to the jw-axis. The phase goes from 0 to —n/2.

jo 0.8
1 zero at oo
— 0.6
g
—%—1 »0 T 04
Fig. 6.1 Pole-zero Sp
configuration and 0.2
magnitude and phase '
functions for a first-order LP
section for the two cases 0
0,1 = —lrad/s and
op = —5rad/s
1
o 0.8
= 0.6
g
—*—P—>0 T 04
Fig. 6.2 Pole-zero Gy
configuration and
magnitude and phase 0.2
functions for a first-order

HP section for the two cases 0
op1 = —lrad/s and
oy = —5Srad/s

According to Equation(5.27), an operational
amplifier can thus be modeled with a first-order

transfer function with G = 4ywsqg and 6, = —w3gg.

6.2.2 First-Order HP Section

The transfer function for a first-order HP
section is

Gs
5 — 0o

H(s) 6.2)

Figure 6.2 shows the magnitude and phase
functions for a first-order highpass section with a
real pole for the two cases o,; —1 rad/s and
6,2 = —5 rad/s and a zero at the origin. The gain
at high frequencies has been normalized to 1 by
choosing G = 1.

\ 0
6,1 =—1|rad/s
p
\ -18
\\\(I)z {2' 6,2 = —5|rad/s . g
on
WO
P~ 54 =
3
IH,| T )
\ T
-90
0 5 10 15 20
® [rad/s]
90
=l /‘f Y
/|H2| —
/ p1 =—l|rad/s 8
54 gb
A /\\ o Opp = —5|rad/s g
2 36 3
)& T~ 5
18
\ o ———]
/ u,ﬁ
0
0 5 10 15 20
 [rad/s]

6.2.3 First-Order AP Section

The transfer function for a first-order AP
section is

H(s) = G2— 22 (6.3)

§—GCp

where o, —a,. The poles and the zeros for an
allpass section lie symmetrically around the jw-axis.
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Figure 6.3 shows the magnitude and phase func-
tions for an allpass filter for the two cases ¢,; =
—1 rad/s and 6,, = —5 rad/s where G = 1, i.e,
H(joo)| = 1.

Fig. 6.3 Pole-zero
configuration and
magnitude and phase

functions for a first-order AP b jo© 0.8

section for the two cases _
6, = —1rad/s and 206

o, = —5rad/s =
—>—F—O+»¢c 04

c
14 O,

0.2
0

6.3 Realization of First-Order Sections

The first-order sections of LP and HP type can be
realized with simple RC sections according to
Fig. 6.4. The sections must, however, be driven by
a low impedance signal source, e.g., an operational
amplifier. Furthermore, if a section has high out-
put impedance, it cannot be loaded by a subse-

+

V.

mn

Fig. 6.4 Realization of

and
K
H(s) = i (6.5)
s+ ﬁ
180
|HI
144 -
\ \ 0, =—l{rad/s 8
N 5/ rad/ % g
@ Opn =—5|rad/s =
\ \2\ 28
\fbl ©
36
\ T —]
\.ﬁh
0
0 5 10 15 20
o [rad/s]

respectively. To reduce the influence of the bias cur-
rents, a resistor R should be inserted into the feedback
loop. Henceforth, we will always explicitly show these
resistors in order to simplify the schematics.

Theorem 6.1 A lowpass filter that is realized by a
linear active RC network is converted to a highpass
filter if all resistors and capacitors are replaced by
capacitors and resistors, respectively.

C

first-order LP and HP
sections

> C——£

quent circuit. In this case, we must use a buffer
amplifier with high impedance input and low impe-
dance output. In some cases, a first-order section is
combined with a second-order section into a third-
order section to reduce the number of operational
amplifiers.

The LP and HP sections have the transfer
functions

(6.4)

An amplifier is required in order to realize a first-
order AP section. Figure 6.5 shows an example of a
first-order AP section with the transfer function

1
g — L
H(s) = —*¢ (6.6)
S+ RC
where we select Ry &~ R/2 in order to minimize the
offset voltage due to the bias currents.
Figure 6.6 shows a first-order g,,-C section with
two transconductors. We have for the circuit
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Fig. 6.6 First-order LP section

I = gmVin
L= —8m2 Vour
I+ = —5Vou,
After simplification we obtain
Vout _ gil 1

Vin C %
S+ C

H(s) =

6.4 Second-Order Sections

A general transfer function of the second order with
a complex-conjugated pole pair s, = ¢, * jw, and
arbitrary zeros can be written

AJjo
- jo,
n (o)
p
e
» O
. o
Fig. 6.7 Pole-zero P
configuration and
magnitude and phase
functions for a second-order )
LP section with r, = 3rad/s 0,
and G =r,?

as®> +bs + ¢
Hs)=5—F——5 6.7
() 52— 20,5+ 73 67)
where the pole radius, r,, is
1y =/03 + 0. (6.8)

Two poles on the real axis are obtained if r, <
—0,/2. By choosing different values of @, b, and ¢, a
number of interesting special cases of the second-
order sections are obtained.

Theorem 6.2 A necessary condition for a polynomial
to be Hurwitz is that all coefficients of s are present,
i.e., # 0, and have the same sign.

Thus, if any of the terms is missing or has a
different sign, at least one root (pole) will lie in the
right half plane.

6.4.1 Second-Order LP Section

The transfer function for a second-order LP

section is
G

() e —
(s) 52 — 20,5 + r[%

(6.9)

The corresponding pole-zero configuration, mag-
nitude and phase response is shown in Fig. 6.7. The
transfer function has two zeros at s = oo. The pole
radius can be determined with high accuracy by
measuring the frequency for which the phase func-
tion is —90 as H(jr,) = G/(—oc,r,) and 20, =
W_45 — W_135, Where w_y45 and w_ ;35 are the angular
frequencies for which the phase is —45° and —135°,
respectively.

2 & 0
1.8
16 T = Trad/ 36
14 \X\ 1 Gp1 =—1 rad/s —
12 JANY Opo = =3 rad/s 2 B
3 N &
o 1 =
= 08 N §K 108 3
0.6 &
04 HANQN\ D2 —144
0.2
0 -180
0 5 10 15 20
® [rad/s]
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6.4.1.1 Q Factor for a Pole Pair

The transfer function for an LP section can also be

written
G

§2+ (%)s—&—r[%

where the Q factor (quality factor) of the poles is
defined as

H(s) (6.10)

oA _

2 . 11
e (6.11)

According to Equation (6.11), the Q factor
depends on the angle between the jw-axis and the
vector from origin to the pole. The Q factor for a real
pole is 0.5. The Q factor for a resonance circuit is
defined according to Definition3.1 as the ratio
between maximum stored energy and dissipated
energy during a period. Figure 6.8 shows the

IH(jo)l

® [rad/s]

Fig. 6.8 Magnitude function for pole pairs with different Q
factors

magnitude function for different Q factor when
r, = 3 rad/s. The magnitude function at @ = 0 has

been normalized to 1 by choosing G = rlzj.
There is a peak in the magnitude function if
Q>1/+/2 and it occurs at
1
Wpeak = Tp 1 - (6]2)

2—Q2.

The Q factor is a simple measure of how difficult
it is to implement a second-order transfer function.
It is therefore customary to classify pole pair in
second-order sections with respect to the Q factor
for the poles according to

e low Q factors : 0<2
e medium high Q factors : 2<Q <20
e high Q factors : 0>20

Example 6.1 Determine the pole radius and the Q factor
for the pole pair, s, = —0.25 £j0.95 krad/s. The pole radius

isry = /0% + @f = V0.252 4+ 0.95* =0.9823441 krad/s and
—r, —0.9823441
the Q factoris Q = —2 = — """ = 1.9646883.
e Q factoris Q 35, 2-(=023)

The largest change of the magnitude function
due to errors in the Q factor and the pole radius
is obtained in the proximity of the resonance
frequency.

Figure 6.9 shows the variation in the magnitude
function when the Q factor and the pole radius is
varied with £5% where the nominal pole radius is
r, = 3 rad/s. From the figure, it is evident that the
magnitude function is very sensitive for variations
in the pole radius whereas an error in the Q factor
has less influence. It can be shown that the variation
of the magnitude function is proportional to

25 25
~5%
20 20
+5%
=15 =15
- J\ -
Fig. 6.9 Variation in the 5 5
magnitude function due to a _/ \ ‘% K
+5% variations in the Q 0 —— 0 ——
factor (left) and pole radius 0 2 4 6 0 2 4 6
(right). O = 20 o [rad/s] o [rad/s]
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—_— X — 6.13
H <0 (13
and
A|H| Ar,
kel BN Yo Juid ) (6.14)
|H| p

The influence on the magnitude function, due to
an error in the Q factor, is proportional to the error
in Q factor, whereas the influence of an error in the
pole radius is much larger for large Q factors.

It can be shown that similar relations as Equa-
tions (6.13) and (6.14) are valid for the phase func-
tion as well. It is therefore essential to use realiza-
tions of the sections in which any deviation from the
nominal component values have small influence on
the pole radius. In this chapter, we will therefore
focus on this issue when we compare different reali-
zations of second-order sections.

6.4.2 Second-Order HP Section

The transfer function for a second-order HP section
(highpass section) is

Gy’ B Gy’
2 2 .
K} —2Gps+rp s2+<'§”>s+1’}2,

Hs = . (6.15)

The transfer function has two zeros at the origin.
The pole radius in Fig. 6.10 is r, = 3 rad/s and the
gain at high frequencies has been normalized to 1 by
choosing G = 1. Animplementation of a HP section

AjO 2
1.8
1.6
14
1.2

IH(jo)!

0.8
0.6

. 0.4
Fig. 6.10 Pole-zero
T 0.2
configuration and
magnitude and phase 0
function for a second-order
HP section

will of course have finite bandwidth due to parasitic
capacitances and the active element’s finite band-
width, but this will occur at such high frequencies
that are of no interest.

The phase function at s = jr,is + 90 . The peak
of the magnitude function occurs at

(6.16)

6.4.3 Second-Order LP-Notch Section

The transfer function for a second-order LP-notch
section (lowpass-notch section) is

G+r7) _ G+
=205+ 24 ('é)s + 15

H(s) = , r2>1,.(6.17)

The transfer function has a complex conjugating
zero pair on the jw-axis at o = r.. The frequency
response becomes equal to zero for this frequency.
The pole radius, shown in Fig. 6.11,1is r, = 3 rad/s,
and the zero pair has the radius r, 6 rad/s.
For high frequencies, the magnitude function
approaches G, which has here been set to G =
(rp/rz)z. Note that for an LP-notch section, the
radii of the poles are smaller than that of the
zeros and that the phase function jumps —= at a
zero at the jw-axis.

If the pole radius =~ the zero radius, we have a
second-order LP notch filter, i.e., a filter with

180
\\ Op1 = —l|rad/s Ei
NVAN Gy = -3|rad/s _
RN o 8
N \H‘E‘;— ) é“
[N — )
72 =
[ A\ o o
S
/ /\\ A 36
/T A e 18
0 5 10 15 20
o [rad/s]
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Fig. 6.11 Magnitude and 14 70
phase functions and ) jO ' |H
corresponding pole-zero . . 1.2 VA [ 36
configuration for a second- Jjo =jr; O \ M&, T‘h _
order LP-nczytch section with - Jo, _ 1 \ / 0 8
G = (rp/r:) r 208 36 &
! 1 \ \\ @ Gp1 -1 rad/s =
.o 06 y 72 3
s, 04 N D, 6,2 =—3rad/s 108 5
T H \WQ
. 0.2 e —144
O, A\
O o 0 \/ -180
< 0 5 10 15 20
o [rad/s]

approximately constant magnitude function, except
for a notch at the zero. Such filters can be used as
simple bandstop filters, i.e., to attenuate disturbances
originating from the mains (50 or 60 Hz).

6.4.4 Second-Order HP-Notch Section

An HP-notch section is obtained if instead the pole
radius is larger than the zero radius, as shown in
Fig. 6.12. The transfer function for a second-order
HP-notch section (highpass-notch section) is

G(s* +1? G(s* + 12
By =S G Er) (618
§2 — 26,5 + 12 Tp !
p r S2 + é S+ },12)
14
(0]
/ 12
_ju)p B 1F
N Qo 3 os
= 0.6
> > O
P 0.4
Fig. 6.12 Pole-zero ® o, 0.2
configuration and —jo,
magnitude and phase 0

functions for a second-order
HP-notch section

The transfer function has a finite zero pair. The
pole radius, shown in Fig. 6.12,is r, = 3 rad/s, and
the complex conjugating zero pair has the radius
r. = 2rad/s and G = 1. The phase jumps —x at
the zero on the jw-axis.

6.4.5 Second-Order BP Section

The transfer function for a second-order BP
section (bandpass section) is

G, Gy
H(s) = 5 — 208s 2 r S (6.19)
A (é’)wrg

162

\ T 126
—! 0w =
3
\\ s ] s B
=)
ACasis—" "
Nt o

17 ?, GOp1 =—l|rad/s e

O, =-3|rad/s
-90
0 5 10 15 20
o [rad/s]
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Fig. 6.13 Pole-zero 1.6
configuration and 14

magnitude and phase
functions for a second-order
BP section

H(jo)l

Y%
Q

The pole radius, shown in Fig. 6.13,isr, = 3 rad/
sand G =r,. The transfer function has a finite zero
at s 0 and one at s o0o. The peak of the
magnitude function occurs at w rp. The phase
function at s = jr, is 0°.

6.4.5.1 Second-Order AP Section

The transfer function for a second-order AP section
(allpass section) is

s —20.5 +1?

H(s) = G5 — 2220
() 52— 20,5 + 17

(6.20)

where the poles are
Sp = 0p L jw,

and the zeros, which equal the poles mirrored in the
Jjw-axis, are

Jjo
JO, )
Vp rp é
£
5= ©
Gp z
Fig. 6.14 Pole-zero
configuration and <))
magnitude and phase 9,

functions for a second-order
allpass section

90
N
W .
W\ 7
IHllN D, Op1 =—l|rad/s . gn
/ \/ Op2 = —3|rad/s g
N '
NN i
/7N
D]
0 5 10 15 20"
o [rad/s]

s; =0, % jo,=—0, % jo,

The magnitude function is constant, but the sec-
tion has a frequency-dependent phase function.
Allpass sections are often used for correction of
the phase function of a filter by placing AP sections
in series with the filter so the total phase function
becomes approximately linear. The AP section,
which has its zeros in the right half plane, is a

maximum-phase filter.

6.4.6 Element Sensitivity

As a measure of sensitivity of a function, Y, with
respect to a parameter, x, we use the ratio of the
normalized derivatives.

Definition 6.1 The element sensitivity is defined as

sY é%‘;—y . (6.21)
. X
1.2 180
|HI
1 \\ 120
0.8 —— % 3
ek | .
. on 3,
- / 6,1 =—ljrad/s 3
0.4 —, - 60 &
L — G, =-3|rad/s
0.2 -120
0 -180
0 5 10 15 20
o [rad/s]
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For an LP second-order section, we have

s

s . (6.22)
¢ 0 D(s)
and
, +2r,0
S0 = T IT 0% (6.23)
" 0 D(s)

where D(s) is the denominator of a second-order
transfer function. The numerator in Equation
(6.22) has a zero at s = 0 whereas Equation (6.23)
has a zero on the negative real axis, far from the
origin. Hence, the sensitivity of the transfer function
with respect to Q is much less than the sensitivity
with respect to r,. Thus, we have, if @ << 2r,Q and
0>>1,

‘SIQ{U‘”) (6.24)

<< ‘SHU“”‘.
Tp

The difference in sensitivity was earlier illu-
strated in Fig. 6.9. According to Equations (6.13)
and (6.14), the influence of errors in the pole radius
is about 2Q times larger than for corresponding
error in the Q factor. Hence, we should therefore
only use second-order sections where the errors in
the element values have minimal influence on the
pole radius and we will henceforth only discuss sec-
tions that have minimal pole radius sensitivity.

The sensitivity of the pole radius for errors in a
resistor and capacitance are

S"ﬂ A E ar/’

T (6.25)

and

e g () ()Xo (4

S”ﬂ Agarp

EEE (6.26)

For a useful second-order section, the sensitivi-
ties S and S¢ for all R and C elements should be
small. For all second-order sections, we have

ZSr[' fZS’ﬁf
dsg=>s&=o0.

(6.27)

(6.28)

6.4.7 Gain-Sensitivity Product

As a measure of sensitivity of the poles radius and Q
factor due to the finite amplifier gain, 4, we use the
gain-sensitivity product that is defined for the pole
radius [105, 106, 112].

Definition 6.2 The gain-sensitivity product for the
pole radius is

AZ Or
A 0o~'p
GS; 2 AOSAO = Ea—Ao (6.29)
and for the Q factor
A3 00
GSS B 4y89 = QO oa (6.30)

The relative errors in the pole radius and the O
factor can be expressed in terms of the relative
errors in resistors, capacitances, and gain-sensitivity
products of the operational amplifiers

(6.31)

58 (2) T

) sach ()

(6.32)

where the summation is over all components.
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For a usable section, we must have GSZU ~ 0,
because the error in the pole radius, according to
Equation (6.14), must be small. In the literature
there are, however, sections that have higher gain-
sensitivity products. These sections are of course of
no practical use as the variation in 4 is very large
(typicaly £50%).

6.4.8 Amplifiers with Finite Bandwidth

The pole radius and the Q factor also depend on the
bandwidth of the operational amplifier, i.e., w, =
2n GB, where GB is the gain-bandwidth product.
We use the following two measures of the deviations
from nominal values with ideal amplifiers.

The relative error in the pole radius, due to the
finite bandwidth of the amplifiers, is

P A Al‘p

o Ty — T'pnominal
o pnominal

(6.33)

"' pnominal

The deviation in the Q factor, due to the finite
bandwidth of the amplifiers, is

A 0

. 6.34
Qnominal ( )

n

It can be shown that both ¢ and 5 are indepen-
dent of the RC network and only depend on
the gain-sensitivity product with respect to the Q
factor, i.e., both ¢ and  can be expressed in terms of
GS9 [112].

6.4.9 Comparison of Sections

According to Equation (6.14), it is important to use
sections and design these so the sensitivities in the
pole radius with respect to the passive elements
become small. Even more important is to use sec-
tions and design these so the gain-sensitivity pro-
ducts are minimized. The sections, which we will
discuss henceforth, will have gain-sensitivity pro-
ducts that are almost zero or approximately 1

(low), but there exist sections with gain-sensitivity
products that are proportional to 0.

While comparing different sections, we first com-
pare the sensitivities GSrAfO, S;f’, and Srg, which
should be minimal, and thereafter the sensitivities
GSY . S%. and S2.

Because of sensitivity reasons, normally only sec-
tions of the first and second order are used, but in
some cases, sections of the third order may also be
used [31]. Furthermore, when selecting the type of
sections, we may also consider other factors. For
example, we may consider:

cost

power consumption

requirement on the amplifier’s bandwidths

spreads of the element values

low output impedance so the sections can be

cascaded

e high input impedance for all frequencies because
the previous section may have a limited drive
capability (this can cause large distortion and
may even cause an oscillation)

® possibility to add several input signals

e realize several simultaneous filter functions (LP,
BP, HP, and AP)

® casy to tune, etc.

6.5 Single-Amplifier Sections

Second-order sections can be realized in many
different ways, and many circuit solutions have
been proposed in the literature. In this section, we
will classify the majority of circuit solutions into a
few classes, which will have similar sensitivity prop-
erties [31, 38, 64, 68, 79, 81, 112, 113]. There are,
however, a few realizations that do not fit into these
classes, but, in general, they do not provide any
additional advantages. Hence, we can neglect these
realizations.

Because of cost and their power consumption,
sections with only a single operational amplifier are
especially interesting. Such second-order sections
are called SAB (single amplifier biquad) as the
transfer function consists of the ratio between
two second-order polynomials. Note that the
power consumption of active RC filters with high
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dynamic signal range is relatively large in compar-
ison with competitive filter technologies such as
SC filters and digital filters.

Figure 6.15 shows a general single op-amp sec-
tion, but the structure is so general that it is difficult
to analyze. Hence, we need to specify and specialize
the RC network into more detail.

—1=

RC
+ Network

VDM[

Fig. 6.15 General single-op-amp section

6.5.1 RC Networks

We are from a sensitivity point of view interested in
how the poles are created. That is, the poles are
created by feedback loops. The zeros, which are
less of a problem, can be obtained by injecting the
input signal into several nodes in the RC network.

The poles of an RC two-port are single on the
negative real axis, excluding s = 0 and s = oo. The
zeros can be anywhere in the s-plane, except for a
sector defined by jo < nc/n and jo > —no/n where
n is the number of poles. Hence, a second-order RC
two-port cannot have its zeros on the jw-axis.

To realize a complex conjugate pole pair, an
amplifying element is required. In most second-
order sections, either a bridged-T or bridged twin-T
RC network is used for the network ;. The class of
sections, with the network N, of the type bridged-T
network, which was introduced by Deliyannis
(1969), is called NF1 sections, and the class of sec-
tions with bridged twin-T networks is called NF2
sections.

6.5.2 Gain-Sensitivity Product for SAB

The transfer function for a SAB can be written

(6.35)

We get with an ideal operational amplifier, i.e.,
A — oo,

H(s) =

(6.36)

where E(s), which is due to the finite bandwidth of
the amplifier, represents an error polynomial [39].
Generally, for a operational amplifier described by
Equation (5.27), E(s) is a polynomial of the form

E(s) = a<52 +b (ré) s+ crﬁ) (6.37)

when D(s) has been normalized so that
D(s) = s> + (ré)s + rﬁ.

The gain-sensitivity product for SAB sections is

GS§ =a(b—1). (6.38)

6.5.3 Sections with Negative Feedback

Figure 6.16 shows the general case for a negative
feedback section. The networks N; and N, only
contain resistors and capacitors. There are several
different ways of choosing the networks, but
all have in many respects similar sensitivity
properties.

1

N,

Vin C‘D Vout

Fig. 6.16 NF section with negative feedback

It can be shown that single op-amp sections
with negative feedback have the following prop-
erties. The relative error in the pole radius, due
to the finite bandwidth of the operational ampli-
fier, is
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Ar,

" .
" pnominal

5= (6.39)

The deviation in the Q factor, due to the finite
bandwidth of the operational amplifier, is

0 1
n= ~
Qnominal p Tp 1 0
1+ (2£)(2-—)aGs
+ w;) \w; 20 Ao

where w, = 2n GB. The only factor in Equations
(6.39) and (6.40) that depends on the network N is
GSAQO. For NF sections, we have GSAQ0 >20Q. Fora
given r,, Q factor, and network, Ny, can we only
reduce the right-hand sides of Equations (6.39) and
(6.40) by selecting an amplifier with larger w,.

The network N; is a part of the feedback loop
and will therefore determine the poles. The sensi-
tivity of the pole radius is minimal for the sections,
which we will discuss, due to the choice of struc-
ture for N;. Therefore any remaining degrees of
freedom in selecting the network N; and its ele-
ment values are chosen to minimize the sensitivity
of the Q factor, while at the same time the spreads
of the element values is kept within reasonable
limits.

(6.40)

Y3 Vs + Y3(Vip —
YZ(Vin -

6.5.3.1 NF1 Sections

Figure 6.17 shows a general NF1 section, which is
characterized by a bridged-7 network in the feed-
back loop.

Yo
1
J S|
L —e
Y
1 m ¥y
| I
o0 +

out

Fig. 6.17 NF1 section with bridged-7Tnetwork

The transfer function for the NF1 section can be
determined by summing the currents into all nodes
except for the amplifier’s output. We get, for the
currents into the nodes Vg, V_, V. and for the
output node

V8) + Y7(V— - VS) + Y9(Vour - VS) =0
V,) + Y7(Vg — V,) + Yﬁ(V(m[ — V,) —Y4V_=0

Yl(an_ V+)_ Y5V+:O

and for the amplifier
Vour = AV —V_).

Elimination of Vg, V4, and V_, which may be
done with the help of a symbolic algebra program,
e.g., Mathematica™ [141] or MAPLE™ [120],!
yields

"The reader should recognize that solving of these equation
systems and simplifying the expressions by hand is a very
tedious and error-prone process.

N(s) = —KN, + Y7Y3+ N, Y,
D(s) = Y7Yy + N, Y

K =Y/(Y1+7Ys)

N =Y+ Ys+Y;+ 73
E(s) =Ny =—Yi+ (Y7 + Yo+ Ya+ Y2)N).

(6.41)

Note that N(s), D(s), and E(s) in Equation (6.41)
must be normalized so that D(s) is monic, i.e., of the
form

D(s) = s> + (%)s + 1’12,

in order to get the desired error polynomial in
Equation (6.37).
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We get with an ideal operational amplifier, i.e.,
letting A — oo,

N(s) _

. —KN> + Y735+ N Y,
D(s) '

H pr—
(5) Y2+ N, Y,

(6.42)

Normally, a symmetric 7 network is used, i.e.,
Y; = Yo. Note that only the admittances Yy, Y7, Ys,
and Yy in the feedback loop affect the poles while
Y1, Y», Y3, Yy, and Y5 only affect the zeros.

It can be shown that NF1 sections have the fol-
lowing sensitivity properties:

S,r{,c <0.5for Rand C

GS:{; =

’Sg,c‘ <0.5for Rand C

GS/(;)0 o Q7 (u means proportional to)
Spreads in passive element values o< O°.

The sensitivity to R and C elements are minimal,
see Problem 6.9. Because the sensitivity of the pole
radius is minimal for all sections, which we will dis-
cuss, it only remains to minimize the sensitivity of the
Q factor. In practice, a passive sensitivity ‘S,%C <1
is sufficiently low. GS/?U for NF1 sections are, how-
ever, large, and NFI1 sections are only usable to
realize low and medium high Q factors (<10).

There are also practical limitations of how large
the spreads in the element values can be. For exam-
ple, a discrete operational amplifier cannot drive a
load resistance that is smaller than a few kQ while the
largest usable resistor should typically have a resis-
tance that is smaller than 400 kQ due to stray capa-
citances and leakage currents. Thus, the spreads in
element values should be less than 400, i.e., the O
factor must be less than 20. For high Q factors, the
spreads in the element values of the NF1 sections
becomes large and the tuning of these becomes diffi-
cult. The sections gain should not be chosen higher
than 10. Examples of NF1 sections are shown in
Figs. 6.18, 6.19, 6.20, 6.21 and 6.22.

1

Fig. 6.18 LP section of NF1 type with a bridge-T network

.
R
——== 1"
o

in

L/ \+

> r

out

L

Fig. 6.19 HP section of NF1 type with a bridged-T network

6.5.3.2 NF1 LP Section

The transfer function for the NF1 LP section shown
in Fig. 6.18 is

1

H(s) =

R3R7C¢Cy 24 ( 1
Ry

— (6.43)

s 1
R, R_9> Cy + R7R9CsCy

We normally select a symmetric 7" network and
R7 = Rg = R3 = R, Cg = C, and C6 = Cg/(9Q2),
which yields

_30
"= RC
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Fig. 6.20 HP-noted section of NF1 type with a bridged-T

network
Rg
C; Cy
R R ¢ || | 4
3 2 [ |
40

4\/\/\/_(\_

+ +
Vin <>

- Vaut

r
. —

Fig. 6.21 BP section of NF1 type with a bridged-7 network
v
Epp(s) =5+ (30> +1) (é’)s +2r
and from Equation (6.38) we get

GS§ =30 (6.44)

R cannot be chosen too low so that the input
impedance becomes too low and represents a too
high load to the signal source. The output impe-
dance is low. Note that the section gain can be
lowered by replacing R; with a resistive voltage

C

40?

||
I
R; 9

q
G
[ M
[

Co=
R

|||—<

Fig. 6.22 AP section of NF1 type with bridged-T network

divider. The resistor r is selected r ~ R3//R7//Ry
(the // denote impedances in parallel).

Example 6.2

a) Determine suitable element values for the NF1 section,
shown in Fig. 6.18, to realize a pole pair s, = —5n + /507
krad/s under the assumption that the operational ampli-
fier is ideal.

b) Determine the transfer function and the poles according
to Equation (6.35) when the operational amplifier is
characterized by the following parameters: 4, = 10°
and o, = 20 Mrad/s.

¢) Compare the results with Equations (6.39) and (6.40).

1, =/ (5m) + (s0m)?
a) The Q factor is Qm,,m-m,:J#

5.0249378 20p  2:(=57)

We first select C = 1 nF, because capacitors contrary to
resistors can easily be trimmed. We get Cg = C/9Q” =
4.400 pF and

30 3.5.02494

= =—————=95493kQ.
Cr, 1079 -157863.08 95493k

Note that the spreads in the element values are large, i.e.,
C/Cs = 90
b) Wehave Y; = Yo = Y, =0, Y; = Y7 = IR, Ys = sC/90",
Ys = sC, and Y5 = 2/3R.
K=0,N, =sC+3/R N,=1/R*—(3/R+sC)1/R +
sC/90%), and

E(s) =5+ (30> +1) ('é’)s +2r.
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The denominator with 4 ~ w,/s is
E(s) 3 2 1 17
N(s) + 5 = +22411172s” + 6.7815977 - 10" s + 4.9841664 - 10
= (s+a-+jb)(s+a—jb)(s+22381867)
and the poles with a non-ideal operational amplifier are f\/(714652.287)2 n (148505.86)2
sp =a£jb=—14.652287 £ j148.50586 krad/s Q= 2. (—14652.292)
and there is a parasitic real pole at s, = —22381.868 krad/s. = 5.0922748.
Because the radius of the real pole is about 141 times larger
than the radius for the complex pole pair, it will have an
insignificant influence on the frequency response. (c¢) From (b) and Equations (6.39) and (6.40) we get
The Q factor with a non-ideal operational amplifier is
5 | — 14652.292 4 j148505.86] — | - 15707.963 + j157079.63| — —0.05470
| = 15707.963 + j157079.63|
0 5.0922748
= = = 1.0134.
1 Qnmm’nul 5.0249
The deviations in the pole radius and the Q factor are thus ;s 52
very large, probably too large for the section to be usable. H(s)=——. C-r 1 C 1 -(6.45)
R . G o, 3+ G+ G
To reduce the deviation in the pole radius and Q factor, K
RsC7Co RsRgC7Cy

we should therefore choose an operational amplifier with
larger o,.

According to Equation (6.39) through (6.40) we get with
GS§ =302 =75.75

1 157863.08
2(5.0249) 2-107

= —0.0595

L

0= 7Ewr

75.75

GS§ =

1
;/, =
r r 1
1+ (2)(2-=)65¢
+<w,> (w, ZQ) Ao

The error in the estimate of the pole radius is relatively
small whereas the deviation in estimated Q factor is larger.
The error in the estimates increases if the ratio w,/r, becomes
small. Note that the ratio w,/r, should be of the order 50 or
higher for the influence of the operational amplifier’s finite
bandwidth to be insignificant. The availability of symbolic
algebra programs decreases the need for these estimates.

= 1.0579.

6.5.3.3 NF1 HP Section

Figure 6.19 shows the NF1 HP section, which with
an ideal amplifier has the transfer function

We normally choose a symmetric 7 network,
ie, C; = Cg = C3 = C, R¢ = R and
Rs = Rq/(90?), which gives r, =30/RC and the
error polynomial

Epp(s) = 25> + (30> + 1) <'§1’) s+,

and the gain-sensitivity product is GS%0 =602,
which is slightly larger than for the corresponding
LP section. With this choice of element values, the
gain becomes equal to 1 for high frequencies.
The gain can be reduced by replacing C; with a
capacitive voltage divider. The resistor r is selected
r= R6.

We obtain the section shown in Fig. 6.19 if all
resistors and capacitors, shown in Fig. 6.18 (except r),
are changed to capacitors and resistors, respec-
tively. This procedure, which can be applied to all
LP sections, corresponds to a lowpass-to-highpass
transformation.
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6.5.3.4 NF1 HP-Notch Section

In the NF1 HP-notch section, shown in Fig. 6.20, the
input signal is injected into the bridged-T network and
through the network, N,, which in this case is a resis-
tive voltage divider. The finite complex conjugate zero
pair is realized by the difference between these two
signal paths. This scheme to realize zeros is sensitive
to errors in the components.
With the following choices C; = Cy = C and

2

r R
a=2-1>0 Ry=—""7
2 2+a)°0Q
R5 . (2+Cl)Q2

K

TR +Rs (2+a)Q+1

we obtain an NF1 HP-notch section. The transfer
function and error polynomial of the NF1 HP-
notch section are

52 + r%
H(s)—(1+a)K-S2+(2+a)s ] (6.46)
R¢C R3R(,C2

E(s)=(1+a)s® + (2 +a)0>+ 1) (}é’>s +12. (6.47)

6.5.3.5 NF1 BP Section

Figure 6.21 shows an NF1 BP section with a simple
bridged-T network. The transfer function of the
NF1 BP section, with an ideal amplifier, is

1 s
B R;Cy ' ) C7+ Cy 1
7+ s
R(,C7C9 R3R6C7C9

H(s) = . (6.48)

WithC7 =Cy=C,Rg =R = r,andR; :%a
we obtain

H(s) = _%#Q (6.49)
(g
Epp(s) = s> + (20> + 1) <%>s +r, (6.50)
r,, :2—% GS§ = 20

The spreads in the resistors are proportional to 40>,
Also in this case, the gain can be reduced by repla-
cing R3 with a resistive voltage divider.

6.5.3.6 NF1 AP Section

Figure 6.22 shows an NF1 AP section, which also
was proposed by Delyannis. Also in this case, a
network, N», is used to realize the complex conju-
gate zero pair. The transfer function of the NF1 AP
section, with an ideal amplifier, is given by Equation
(6.20).

Selecting R; = Ry =
Cs = C/(40%), we get

20 G- Rs  0?
Vp—— = ==
RC R +Rs (Q°+1

R, C; = C, and

Eup(s) =8+ (20° + 1) (Ié>s +r2. (6.51)

A resistor r in series with Cy may be used to
compensate for the finite bandwidth of the amplifier
[116] where

0

®,Cs

r=2

and R;is changed to R; — r.

6.5.3.7

NF2 sections, which were introduced by Hamilton
and Sedra (1972), have a bridged twin-7T network
in the feedback loop, as shown in Fig. 6.23. There
exists, in principle, two types of bridged twin-T
networks, i.e., T networks of notch and bandpass
type.

A drawback of the bridged twin-7 network is
that it realizes a third-order transfer function. Ide-
ally, it should be only a second-order transfer func-
tion in the feedback loop. However, the two T net-
works can be designed so that a real pole and a real
zero cancels.

The condition for the pole and zero to be
cancelled is

V3+Y7+Ys+Yo=k(Yio+Yu+Yn+7Yn)

where k is a positive real constant.
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Fig. 6.23 NF2 section with a bridged twin-7 network

The generic NF2 section, shown in Fig. 6.23, has
the transfer function

(6.52)

where

N(s) = N1 Y11 Y10 + (Y73 + Ny Y2) Ny — KE(s)
D(s) = N1 Y11 Y13+ N2Y7Y9 4+ NiN2Ys
N =Y3+Y;+ Y3+ Y

N, Yio+ Yu+ Y+ Yi3

Ny =Y+ Yat+ Yo+ Y7+ Y1

E(s) = N\ Y3, + N2Y2 — N1 N2 N3
Y+ Ys

(6.53)

K

Normally, symmetric T networks are used, i.e.,
Y7 = Y9 and Y11 = Y13.

It can be shown that the NF2 sections have the
following sensitivity properties:
® |S¢c| <0.5for Rand C
° GS:{;m 0
° |S,%C|§ 0.5 for R and C if pole and zero cancels
° |S,%C| o Q for R and C if pole and zero cancels
* GS§ x 0
e Spreads of passive elements co Q.

GSAQO and the spreads of passive elements in the
NF2 sections are, thus, much lower than for NF1
sections, but they have more passive elements and
|S,gc| is also higher if pole and zero do not cancel.
The higher passive sensitivities are a relativey small
problem as the element values can be trimmed to
desired values. Through a suitable choice of compo-
nents, the temperature coefficients can be chosen so
the RC products become almost temperature and
frequency independent. The high-frequency proper-
ties of the NF2 sections are very good [24]. An essen-
tial drawback with NF2 sections is, however, the large
number of passive circuit elements. NF2 sections are
usable to realize medium to high Q factors. Figs. 6.24
and 6.25 show two examples of NF2 sections.

6.5.3.8 NF2 Generic Section

A generic NF2 section is shown in Fig. 6.24. The
transfer function, assuming an ideal operational
amplifier, is

g b
fSZ +—s5+ 0
H(s) = ——RC_RC (6.54)
52+ éps + rﬁ
where
V1+a2+b) rpRC

= = = — 2
r RC a2+ /) g=b-et
and the gain-sensitivity product is

o _(f+D(/+b+4)
GS; = , .
’ a(f+2)

Rla

MWy
S EEE
Rig Rle
WJR 2
e < )
R/b
.._/W\,_rﬂ [ ewnc

o9 +

+
Vin g) r ?+ v
R

Fig. 6.24 NF2 section with a bridged twin-7 network
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With these element values, a real pole and a real
zero will be cancelled. This section can realize all
types of second-order transfer functions, except an
allpass section.

Example 6.3 Dectermine the element values in the NF2
section that are shown above to realize a BP section with
r, = Skrad/s, Q = 15473398, and G = 323.13523.
Obviously f = b = 0 as the section shall be of BP type.
Elimination of the parameter a in the equations above yields

/ 2
RC = M
20r,
We select a fixed capacitance C = 10 nF and trim the

resistors. We get
R = 20656.71Q

RCr,
a= 20
g =GRC =0.066749105 R/g = 309.46796 kQ
e=2—g=19332509 R/e = 10.68496 kQ.

=0.03337455  R/a = 618.93592kQ

6.5.4 NF2 AP Section

The transfer function of the NF2 AP section, which
is shown in Fig. 6.25, is given by Equation 6.20)
where G = 1. A suitable choice of element values is

r_\/1+2a Q_\/1+2a - 1
77 RC Y l+a

and the error polynomial is
5 a+2\ (1, )
()G

R/a

v A

E(s) =

—O +

Via (P Rs Vour

Fig. 6.25 NF2 section with a bridged twin-7 network

6.5.5 Sections with Positive Feedback

Another class of second-order sections uses positive
feedback. The generic section, shown in Fig. 6.26,
has a network N, which is of BP type, in the
positive feedback loop. However, for the circuit
to be stable, a compensating negative feedback is
required. The negative feedback is realized with R
and R,. The input signal may be injected partly via
the network N; and partly via Rj.

Fig. 6.26 Generic PF section

PF sections with positive feedback can be divided
into four subgroups depending on the network
structure and the degree of negative feedback.

6.5.5.1 PF1 Sections
Nyisa RCladder network in a PF1 section. Figure 6.27

shows a PF1 section with the ladder elements Y;, Y-,
Y3, and Y4 and an amplifier with finite gain K > 1. The

V.

mn

Fig. 6.27 General PF1 section with ladder network
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feedback loop is closed by injecting the output voltage,
Vs by replacing the first grounded ladder arm with an
impedance divider, Y, and Y.

The PF1 section,” shown in Fig. 6.27, has the
transfer function

N|
D —_\7
(5) + =
where

N(S) = K(N1Y5 + Y3Y1)
D(S) = N2 + KY6 Y3
N =Ys+Y:3+ Yo+ Y,
Ny =Yi—(Ys+ Y4+ Y3)N (6.56)
E(s) = KN,

_ R7+ Ry
K = R

Figures 6.28, 6.29, and 6.30 show some examples
of PF1 sections. It can be shown that PF1sections
have the following sensitivity properties:

Fig. 6.29 PF1 section of HP type

2Sections of this type, which are based on VCVS, were
described by R.P. Sallen and E.L. Key in 1955.

Fig. 6.30 PF1 section of BP type

St <05 for Rand €

® GSI ~00

° ‘Sz%),c’ o< Q for Rand C

° GS§ x 0

e Spreads in passive elements are independent

of Q.

Note that the spreads in the element values are
independent of Q. It can be shown that PF1 sections
have the following properties with respect to the
gain-bandwidth product, GB.

The relative error in the pole radius, due to the
finite bandwidth of the operational amplifier, is

1

°% 300,

GS§ . (6.57)

The deviation in the Q factor, due to the finite
bandwidth of the operational amplifier, is

1
1+8—2G1<6(’—”>Q

0~ (6.58)

Wy
where w;, = 2n GB. PF1 sections have good high-
frequency properties, and the spreads in the element

values are less than for the NF sections. The sections
are usable for Q factors up to 50.

6.5.5.2 PF1 LP Section

Figure 6.28 shows a PF1 LP section, also called
Sallen-Key LP section, where the amplifier has a
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later discuss the special case where the gain is
equal to 1.

2 1 p . 1

The transfer function for the PF1 LP section,
shown in Fig. 6.28, with an ideal amplifier, is given
by Equation (6.10), with

1 I1-K

G = Kr’. (6.59)

?= RiR;C4Cy 0 RiCs

+R3C6+ R3Cy 4

The error polynomial becomes

E(s) = K(s2 +(KQ +1) (er>s - rf,). (6.60)

By choosing Ry = Ry = R, C4y = C¢ = C, and

1 1 1
C6:—R,Weobtainrp:—,G:k:3—§,and

}‘p 3

GS§ = K*Q.

The gain, K, must thus be < 3 in order for the
filter to be stable. But with this choice of element
values, the passive sensitivities with respect to Q
become proportional to Q, i.e., the passive sensitiv-
ities become large.

W. Saraga proposed the following selection of
the element values. First, select C4 to a suitable
value and then R = 1/(v/3r,C4), Ry = V/3(R3/Q),

RC

and Cg = v/30C4, which gives K = 4/3. With this
choice, the active sensitivity with respect to Q
becomes small, but the passive sensitivities increase
and the spreads in the element values become pro-
portional to Q. By choosing 1 < K < 4/3, we can
obtain a good compromise between the active and
passive sensitivities.

6.5.5.3 PF1 HP Section

The transfer function for the PF1 HP section,
which also is called Sallen-Key HP section [102],
shown in Fig. 6.29, is given by Equation (6.15)
with

1 p_ 11 1-K 6.61)
Py = ——— £ = . .
" VRiRCIC; Q0 RiCi RiC3 o ReC
2 R + Rg fp 1 1
The error polynomial becomes " T RIRaReC>Cs 0 RG TR .Cs
1 1-K
_x _D2\s 42 6.62
E(s) —K(A +(2K+3)0 1)(Q)é+’p> TR T RG (6.62)
and GSAQ0 =K((2K+3)Q —2), which is low. A K
suitable choice of element values is C; = C3 = C G = R.C (6.63)

and R¢ = R4 = R where r, 1/RC, which gives
Ry=1/r,Cand G=K=3-1/0.

Because a PF1 section of HP type can be
obtained from the LP section, shown in Fig. 6.28,
by changing resistors and capacitors to capacitors
and resistors, respectively, except for R; and Rg, it
is obvious that both sections have the same ele-
ment sensitivity.

6.5.5.4 PF1 BP Section

The transfer function for the PF1 BP section shown
in Fig. 6.30 is given by Equation (6.19) with

E(s) = K<52 + (MKQ__II) (er’)s + ;,2) (6.64)

A suitable choice is r, = 1/RC, Ry = R4 = R,

2 2 R+ R 2
R6:£»C2:C3:£»K: s 8=4—i_,
Cr, Rr), R; 0
which according to Equation (6.38) yields
K*(30 - 1)
0 _
GS, = 1

positive gain of K= (14 Rg/R7)>1. We shall
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6.5.5.5 PF2 Sections

In the PF2 sections, as well as in PF1 sections, a
ladder network is used, but instead a voltage fol-
lower is used as amplifier. By selecting the gain K =
1 in a PF1 section, the corresponding PF2 section is
obtained, see Fig. 6.27. The PF2 sections are there-
fore often referred to as Unity Gain sections.

PF2 sections have the transfer function

H(s) = % (6.65)
D(S) + B
where
N(S) = —N] Y5 — Y3Y1
D(S‘) =Ny, + Y¢Y3 (6 66)

Ni=Y1+ Yo+ Y3+ Y5
E(s) = N, = Y3 — (Y3 + Y4 + Y5)N,.

It can be shown that PF2 sections have the fol-
lowing sensitivity properties:

Sic| <0.5for Rand C
GST ~ 0

(S,‘{C‘g 0.5 for Rand C
GSS o 0

Spreads in passive elements are o< Q°.

PF2 sections have, thus, the same spreads in the
element values as NF1 sections and they are also
from a sensitivity point of view similar to NF1 sec-
tions, i.e., have large gain-sensitivity products. An
advantage with PF2 sections is, however, the low
passive sensitivity and they have few circuit elements.

Figures 6.31, 6.32 and 6.33 show some examples
of PF2 sections, which also are known as Sallen-Key
unity gain sections [102].

6.5.5.6 PF2 LP Section

The transfer function for the PF2 LP section shown
in Fig. 6.31 is given by Equation (6.10) where
1 o R0R3C6I‘p

= = 6.67
'z VRoR3C4Cs Ro+ R3 (6.67)

—o +
+
V.
" % R2 C Vaut

Fig. 6.31 PF2 section of LP type

Rg

—o +

+
Vi C) f— Ry
h o v

out

Fig. 6.32 PF2 section of HP type

Rg

Fig. 6.33 PF2 section BP type

R RiR,
““rir? PrRir O
and the error polynomial
Ro+ R r
_ 2 2 (Ko 3\ (Tp 2

A small resistor in series with C4 may be used to
compensate for the finite bandwidth of the amplifier
[116].
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6.5.5.7 PF2 HP Section

The transfer function of the PF2 HP section shown
in Fig. 6.32 is given by Equation (6.15) where

1
2 __
O (C1 + C2)C3R4Rs
p - 1 1 GC2 C1

= _|_ —
Q R4C1 R4C3 R4C%

G= .
Ci+ G

6.5.5.8 PF2 BP Section

The transfer function for the PF2 BP section shown
in Fig. 6.33 is given by Equation (6.19) where

rp, 1 1 1

e
O RGC RiCy R4Cy

Selecting Ry = R4 = R, C, = C3 = C, and
R¢ = R/(90°—1) yields

!

GSG,=30" —3

6.5.5.9 PF3 Sections

In PF3 and PF4 sections, third-order RC networks
are used, i.e., bridged twin-T networks, and an ampli-
fier with the gain K > 1 and K = 1, respectively. In
both cases, the T networks are designed so that with
nominal values a real zero cancels a real pole.

PF3 sections have the following sensitivity
properties:

° S;{C <0.5for Rand C
® GS; ~0

] S}%C < 0.5 for R and C if cancelling occurs
° Szg,c o Q for R and C without cancelling

* GS§ xQ
e Spreads in passive elements are o Q.

The passive sensitivities for bridged twin-7 net-
works are, as for the NF2 sections, large, i.e., pro-
portional to @, if cancellation does not occur.
Furthermore, PF3 sections do not have better

properties with respect to GSAQO than PF1 sections,
which have fewer circuit elements. However, in
some cases PF3 sections may be easier to tune,
but there are in practice few reason to use PF3
sections.

6.5.5.10 PF4 Sections

Voltage followers are used in PF4 sections as well as
in PF2 sections. A PF4 section has the following
sensitivity properties:

o |Sic|<05for Rand €

* GS; ~

o ‘SI%C’ o Q for Rand C

* GS$ xQ

e Spreads in the passive elements are o< Q.

The gain-sensitivity product has been reduced
due to the bridged twin-T network, but the passive
sensitivities have increased compared with PF1
sections. PF4 sections have almost the same sensi-
tivity properties as NF2 sections, but they have no
special advantage compared with PF1 sections.
Figures 6.34, 6.35 and 6.36 show some examples
of PF4 sections [112]. In all sections, the element
values have been chosen so a real pole and a real
zero are cancelled.

R

2C
R
C R/2

1

% Rla T C ng
® JT_ ® —

Fig. 6.34 PF4 LP section

v, @
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bR Vv

* C RI2
> Rla T C,
L

Fig. 6.35 PF4 LP-notch and HP-notch section

Fig. 6.36 PF4 section of HP type

6.5.5.11 PF4 LP Section

Figure 6.34 shows a PF4 LP section. The transfer
function is given by Equation (6.10) where

r:\/1+2a Q:\/l+2a G— 1
r RC 2a 4a2Q%°

6.5.5.12 PF4 LP-Notch and HP-Notch Sections

Figure 6.35 shows a PF4-notch section. The transfer
function for the section is given by Equations (6.17)
and (6.18) where

V14 2a Q_\/1+2a G—Cl
"= TRC Y - C
To obtain an LP-notch section, which has . > r,,

dcC
lect Ry = R, b = 0 and C| =
we may select R, , and €y =+ o

d=(r./r,)* and C; = Ci(1 + 2a — d)/d.

To obtain a HP-notch section, with r. < r, and
G = 1, we may select C; = C, C, = 0,b = 1,
R = Rdz/(l + 261), and R, — Rl/(l - dz)

6.5.5.13 PF4 HP Section

Figure 6.36 shows a PF4 HP section. The transfer
function is given by Equation (6.15) where G = 1

and
. ~ V1+2a Q_\/1+2a
7~ RC Y

6.5.5.14 PF4 BP Section

Figure 6.37 shows a PF4 BP section. The transfer
function is given by Equation (6.19) where

r_\/l—l—a Q_\/l—i—a
P RC T oa
Rl

Fig. 6.37 PF4 BP section

6.5.6 ENF Sections

NF and PF sections either have low sensitivities for
errors in the passive circuit elements or high
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sensitivities for variations in the gain-bandwidth
product, GB, or vice versa. For example, NF1
sections have low sensitivities for errors in the
passive elements and high sensitivities for errors in
the GB, whereas the opposite is true for PF1
sections.

By using positive feedback in an NF section, a
trade-off can be made between the two types of
sensitivities so that the active sensitivities decrease
on behalf of an increase in the passive sensitivities
and the spreads in the element values decrease as
well [112].

Figure 6.38 shows an ENF section (enhanced
negative feedback). The resistor R3 can in the gen-
eral case be an arbitrary RC network. The positive
feedback is realized with Ry and R,. For R, = oo, an
NF section is obtained.

RC
Network +
M
t R 3 R2 Vout
Vin Rl

|||—¢

Fig. 6.38 ENF section

If we choose R, < oo, the poles of the corre-
sponding NF section will be moved closer to the
jw-axis. The positive feedback thus increases the
section’s Q factor (Q enhancement). The amount of
the positive feedback can be chosen so the effect of
the errors in the passive circuit elements and the
limited bandwidth of the operational amplifier is
minimized [38].

ENF sections are suitable to realize sections with
medium high Q factors because for low Q factors
the NF1 sections are simpler.

The generic ENF section shown in Fig. 6.39 has
the transfer function

)
+

Fig. 6.39 ENF section

where

N(s) = Y3Y| + N3Y3Y7 + (N3 Y2 — N2 Y1)N,
D(s) = (N{N> — Y3) Y10 — (Y7Yo + N1 Y5) N3
N =Y;+Y,+Ys+ Yy
No=Y,+ Y4+ Y+ Y7
Ny=Ypp+Ys+ Y

(6.70)

E(s) = (Y3~ NiN2)Ns.

6.5.6.1 ENF Section: Deliyannis-Friend Section

Deliyannis®- Friend section [37], also called STAR,
is shown in Fig. 6.40 and can realize transfer
functions of type LP-notch, HP, HP-notch, BP,
and AP.

6.5.6.2 ENF BP Section

We get a BP section by selecting the element values
as shown in Fig. 6.40. A suitable choice of the ele-
ment valuesis: Ry = R, = Ry = Rg = 00, Rg = R,
R; = R/(4a*Q*), C; = Cy = C, Rs = r, and
Ryo = (K=1)r where r,=1/RC, Q=1/2a,

3Teodor Deliyannis, Patras University, Greece.
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Rq
R2 C7 C9
AA —e [ e
I I
Ry Ry

in

L/ O\t

) RE

Fig. 6.40 Deliyannis-Friend ENF section

G=2a—1-2a0%/RC, and K=1+24°Q?/
(1 —a).

The gain-sensitivity product for the Q factor is

(1 —a+24Q%’
2a30?

If we select aQ > 3, we get GSg0 =2aQ* Ifais
selected less than 1, the section becomes less depen-
dent on the operational amplifier’s bandwidth, but
the sensitivities with respect to the passive compo-
nents increases [32, 36].

GSY = (6.71)

6.5.7 Complementary Sections

Consider the two sections shown in Fig. 6.41 The net-
works N are the same but the terminals 2 and 3 have

1 3 1 2
e N e —eo— N e
1 1
- +
N ——0 ) o
AV AN

Fig. 6.41 Complementary sections

been interchanged and the inputs to the operational
amplifiers have also been interchanged. If we have
R, = kR; and R; = k R4 where k > 0, the sections
have the same poles and element sensitivities.

Example 6.4 Fig. 6.42 shows the PF1 BP section,
shown in Fig. 6.30, and corresponding complemen-
tary section.

6.6 Transconductor-Based Sections

Transconductor-C filters, also called g,,-C filters,
are one of the filter techniques that are recom-
mended for filtering of high frequencies. Transcon-
ductor-C filters with a passband edge of more than
100 MHz have been manufactured. Bipolar transis-
tors are preferable at these frequencies because they
have higher g,,, lower noise, less DC offset, and use
less power than MOS transistors. For filtering of
signals up to 100 MHz, MOS transistors can also be
used. Important applications for such filters are in
hard drives.

It is essential to minimize the number of trans-
conductors in a structure because the power con-
sumption, noise, and chip area is directly propor-
tional to the number of transconductors.

First- and second-order sections can be realized in many
different ways and with one or more transconductors. A
structure for realization of first- and second-order sections
with only one transconductor and three admittances is shown
in Fig. 6.44.

The transfer function is

_ gn1(Y1+Y2)
Vi Ya+ Y\ Y3+ YoY54+g,Ys

H(s) (6.72)

By a suitable choice of admittances, which can consist of
resistors and capacitors, all types of first- and second-order
sections can be realized, see [32]. The resistors can, of course,
be realized with transconductors.

A circuit with one transconductor and four admittances is
shown in Fig. 6.43. The section’s transfer function is

_ YI(Y37gm)
Y1 o+ Y1 Y4+ YoY3+ Yo Yy + Y3Y4+ng3-

H(s)

Analysis and design of these types of sections are dis-
cussed in detail in [32].
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Fig. 6.42 PF1 BP section
and corresponding

Rg

complementary section Rs
Ry G,
+
Vm_ T R,
o3

Fig. 6.43 Section with one transconductor and four

admittances

Fig. 6.44 Section with one transconductor and three

admittances

6.7 GIC-Based Sections

In the previous chapter, the sensitivity of ampli-
fier sections was discussed. The gain-sensitivity
product for the pole radius was very small for all
sections. If that is not the case, then the section
has no practical use. The gain-sensitivity product
for the Q factor was at best proportional to Q

and there are no known sections that have a
lower gain-sensitivity product.

These good active sensitivity properties can
also be obtained for sections with several opera-
tional amplifiers. For the single op-amp sections,
the sensitivity for errors of the passive elements is
at the lowest proportional to Q. However, sec-
tions with low passive sensitivities did not have
low active sensitivities and vice versa. A motive to
use several operational amplifiers is therefore to
obtain low passive sensitivities while at the same
time the active sensitivities are small. Of course,
the gain-sensitivity product for the pole radius
must be very small; otherwise, the section is not
useful.

In the literature, there exist second-order sections
that have been optimized with respect to the sensi-
tivity of the pole with respect to the amplifier gain
[20, 40, 41]. The pole sensitivity is improved for
certain types of sections if several operational
amplifiers are used.

Another reason to use several operational
amplifiers is that the sections may be easier to
tune, realize at the same time several types of
transfer functions, and have smaller spread in
the element values. Note, however, that several
operational amplifiers means larger cost and
power consumption.

A large number of different two op-amp sec-
tions are represented in literature. A sensitivity
comparison with single op-amp sections shows
that the best circuits do not have any major
advantages from a sensitivity point of view. An
exception is sections that are based on Antoniou’s
GIC[18].
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Second-order sections can be realized with a
GIC that simulates the inductor in an LC circuit. A
Figures 6.45 6.46, 6.47, 6.48, 6.49, and 6.50
show examples of different GIC sections. GIC Co R, G Ry Ry
sections of this class have the following sensitivity ’—{ }—" VVV
properties: N Sl
o |Sic| <05 for Rand € -
® GS; ~0 e
° GSA’;JZ ~0 Fig 6.47 HP section
o [s8c[ <05 for Rand
e GS§ ~Qand GS$ ~Q
Ar 1 1

P Y AR

" pnominal (Q77] 0)121
[ ] n = ~

Qnumirm a

[ (1+3) <12Q <’p> (1 on + 26))
W1 [Q7]

o The spreads in passive elements are co Q.

I

Fig. 6.45 LP section Fig. 6.49 BP section

C R G R, R,
*—o

|||—4

Fig. 6.46 LP-notch section Fig. 6.50 AP section
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Thus, these GIC sections are among the better
second-order sections. The sensitivity becomes
especially low of matched operational amplifiers,
i.e., if w,; = w,, the variations in the Q factor will
be small. Operational amplifiers, which are imple-
mented on the same silicon die, are often designed to
have matched performances. The high-frequency
properties of the GIC sections to be discussed
below are equivalent with or better than the best
single op-amp sections. The below two op-amp sec-
tions have very good high-frequency properties if
matched operational amplifiers are used.

6.7.1 GIC LP Section

Figure 6.45 shows an LP section based on Anto-
niou’s GIC. With the choice of element values R; =
R2 = R4 = R5 = R,R3 = QR,andCl = C3 = Can
LP section is obtained. The transfer function is
given by Equation (6.10) G = 2r; where r, = 1/
RC. The section has good high-frequency properties
and its gain can be reduced by using a voltage
divider instead of R;.

6.7.2 GIC LP-Notch Section

Figure 6.46 shows an LP-notch section with very
good high-frequency properties if the operational
amplifiers are matched. A section with a PIC of type
A is obtained with the following selection of the
element values: R;, = Rg = 20R, Ry = R; =
Ry = Rs = R, C;=051+1/k*C, C,=C,
Cs=0.5(1 = 1/K*)C, and k= (r./r,)* > 1. The
transfer function is given by Equation (6.17) where
G = l/kand r, = 1/RC. Note that the signal source
is applied at both ports.

6.7.3 GIC HP Section

Figure 6.47 shows an HP section based on Anto-
niou’s GIC. We obtain a HP section with a GIC of
type A with the following choice of the element
values: R = OR, Ry = R3; = R4 = Rs = R,
C, = C¢= C,andr, = 1/RC.

The transfer function is given by Equation (6.15)
where G = 2. The section has good frequency prop-
erties if the operational amplifiers are matched.

6.7.4 GIC HP-Notch Section

Figure 6.48 shows an HP-notch section with a
GIC of type A. The section’s transfer function
with the choice of element values R, = R; =
Rs = R, Rg = (1 + K)OR, Ry = (1+1/k*)OR,
Ry =2Kk*R/(1+Kk?), Rs=2k*R/(1—-k?*), and
C, = C¢ = C'is given by Equation (6.18) where

2K

G=2-""
3-k

k= (r./r,)* <1,and r, = 1/RC.

6.7.5 GIC BP Section

Figure 6.49 shows a BP section based on Antoniou’s
GIC. With the choice of the element values R; = Rj3
= R4 = R5 = R,R() = QR,C2 = C6 = C,andrp =
1/RC a BP section with good high-frequency prop-
erties is obtained. It is advantageous to choose Z, =
Zs = R to reduce the effect of finite GB of the
amplifiers under the assumption that they are
matched [106].

The transfer function is given by Equation (6.19)
where G = 2r,/Q. To obtain suitable gain of LP,
HP, and BP sections, the input stage can be mod-
ified to a voltage divider. For example, the BP sec-
tion has a gain equal to 2 at w = r,. By dividing the
Rginto two equally large resistors, one in series with
the voltage source and the other parallel with the
capacitance Cg, a halving of the input signal to the
GIC is obtained. If the gain shall be larger than 2,
we can choose Ry > Rs.

6.7.6 GIC AP Section

Figure 6.50 shows an AP section based on Anto-
niou’s GIC. With the element values Ry = R; = Ry
=Rs=R Rs=0R C,=Ce=C,andr, = 1/RC
we get an AP section with G = 1. The sensitivity
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properties are the same as for the BP section dis-
cussed above.

6.8 Two-Integrator Loops

A reason to use several operational amplifiers in a
second-order section is that we can simultaneously
realize several transfer functions in a single second-
order section. That is, the output from different
operational amplifiers in the section can have LP,
HP, and BP characteristics. Furthermore, the
design and tuning procedures often become
simpler.

A technique to realize active filter structures
with low sensitivities to variations in the band-
width of the operational amplifiers employs
several operational amplifiers to realize a compo-
site amplifier that has very low sensitivities for
variations in the gain-bandwidth product. It is also
an advantage to use several amplifiers to realize high-
performance integrators.

Most three op-amp sections, but not all, realize a
so-called two-integrator loop. There are several dif-
ferent variations of the loop, and we will here dis-
cuss their properties and realization. Note that
two-integrator loops are also used to build more
advanced filter structures, i.e., leapfrog filters,
which will be discussed in Chapter 10.

6.8.1 Two-Integrator Loops with Lossless
Integrators

An integrator has the transfer function H(s) = %1/s,
i.e., the transfer function has a pole at the origin. An
integrator with losses has a real pole in the left half
of the s-plane, i.e., H(s) = £1/(s+a). In order to
distinguish between a true integrator and a lossy
integrator, the former is often referred to as a loss-
less integrator. We will in Section 6.8.4. discuss two
types of second-order sections with lossy and/or
lossless integrators [32, 107, 115, 131].

For the signal-flow graph shown in Fig. 6.51,
which has two lossless integrators, we have

V{)ut = Vin - i Vaut - Vout (673)
T1

27T

Fig. 6.51 Two-integrator loop with two lossless integrators

and we get

2
Vour ST

H(s)=_ow— 02
(5) Vi 21Ty +astr + b

(6.74)

Thus, the signal-flow graph represents a second-
order HP filter. The denominator to the two-
integrator loop, shown in Fig. 6.51, is

D(s) = 1128’ + atas + b = 111, (s2 + (Vé))s + rﬁ)

where

P R WL Y LTI )
7Nt a0 1

The following sensitivities are obtained directly
from Equation (6.75):

(6.75)

. r 1
Sy =8i=-8'=-3 Sr=0

1
_ _ g0 _
S =-82=87=~

5 Si=-L

The sensitivities are, thus, very low.

6.8.2 Kerwin-Huelsman-Newcomb
Section

The Kerwin-Huelsman-Newcomb section, also
known as the state variable realization, is based on
the two-integrator loop with two lossless integrators
[32, 107, 115, 131]. Consider the HP transfer function

Gs?

R

H(s) = (6.76)
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Equation (6.76) can be rewritten as

Vot (5) (s2 + (rl)s + r{z}) = G5*Vin(s)

Q
and
_ (] 2 (1 ? Gs> ?
Vout - = é Vout - r,; ; Voul + Gs ; Vm

and we get

1 /7, p\ 2
Voul = -5 <_> Vout - (_) Vout + GVin- (677)

O \s s

Equation (6.77) corresponds to the signal-flow
graph shown in Fig. 6.52, which contains only two
lossless integrators and one addition. Because
Vouw has HP characteristic, the outputs (r,/5)V,,,
and (rp/s)2 V,.: Will have BP and LP characteristics,
respectively.

Fig. 6.52 Two-integrator loop

A Miller integrator, with the transfer function
H(s) = —1/sRC, can be realized with one single
operational amplifier.

We modify the signal-flow graph as shown in
Fig. 6.52 according to Fig. 6.53 to obtain inverting
integrators, i.e., so Miller integrators can be used.
Note that the loop gain in each loop in the two signal-
flow graphs must be retained after the modification.

BP

Vip=V, —’

out __»r
Vgp=—2V,

N out

Fig. 6.53 Modified signal-flow graph

The three transfer functions become

G 2
Hyp——> (6.78)
2+ (2)s+r
Q 14
-G
Hyp—=— % (6.79)
52 + <r—” s+rs
: 5 2
Gr
Hyp— r (6.80)

s2+ (lép)s +7;

The relation between the node voltages in the
modified signal-flow graph shown in Fig. 6.53 is

1
Vip = 0 Vep = Vip + GVin.

An adder/subtractor circuit that can realize
Equation (6.81) is shown in Fig. 6.54.

(6.81)

Fig. 6.54 Adder/subtractor

By considering the three input signals, one by
one, and superimposing their contributions, we get

Ry Ry + Rs Ry
Vigp = Vap——V
HP = R R, ( R Bp— o Vir
(6.82)
n R R+ Rs),,
R, + Rq Rs in.

Thus, Equation (6.81) can be realized by using
the circuit that is shown in Fig. 6.54. We obtain by
comparing Equations (6.81) and (6.82):

r,=1/RC,R|/Ry =20 —1,andG=2-1/0
where we have selected R, = Rs, R3 = R¢ = R, and

C, = C, = C. The resistor R4 can be used to select
the gain factor G.
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Fig. 6.55 KHN section

H -

B

—O +

Figure 6.55 shows the complete realization of the
section, which is known as the KHN section after the
originators Kerwin, Huelsman, and Newcomb
(1967). Note that the section at the same time rea-
lizes an LP, HP, and BP transfer function. Burr
Brown manufactures a commercial version of this
type of section with the name UAF 42.

The KHN section has, as required, low sensitiv-
ity with respect to the pole radius for errors in the
passive and active elements. Furthermore, it has low
sensitivity with respect to the Q factor for errors in
the passive elements and the gain-sensitivity pro-
duct is proportional to Q. The Q factor is, however,
sensitive for the operational amplifier’s finite band-
width, which tends to increase the Q factor and
move the poles toward the jw-axis. If the opera-
tional amplifier’s bandwidth is too small, the poles
move into the right half plane and the section will
become unstable. This tendency is referred to as Q
enhancement. This effect can partly be alleviated by
using a feedback resistor between the output of 4,
and its positive input terminal.

Another problem with this section is that if the
input signal contains a large high-frequent compo-
nent, slew rate-limitation of the output signal may
occur in the operational amplifier 4.

Variations of this circuit can be obtained by
instead injecting the input signal via one of the two
integrators.

Example 6.5 Determine suitable component values when
the KHN section shall realize an HP section with gain = 3
and the poles 5, = —0.2 %3 krad/s.

D(s) = TS +atus+b =11 (sz + (I—p>s + rﬁ)

T

We get r,=1/(—10.2) + 32 = 3.00666 krad /s and
0 = —r,/(20,) = 7.516648.

We select R, = Rs, R; = Rg = R, C; = C, = C and get
r, = 1/RC,Gyp = 2 —1/Q,and R|/Ry = 2Q — 1. We select
Ry = Ry = Ry = Rs = R = 10kQ, which gives C = 3.32595
nF, Gyp = 1.86696, and R; = 140.333 kQ.

The HP section’s maximum gain is obtained at
= which gives |H(jo)|max = 14.0644. The

p
V1-1/207
HP section’s gain is, thus, too large and therefore we use
a voltage divider on the input. R, is therefore replaced with
R4, and Ry, where Ry, //Ry, = Rqand Ryp/(R4a + Rap) =
3/14.0644. We get Ry, = 46.8813 kQ and Ry =
12.7114 kQ.

6.8.3 Transposed Two-Integrator Loop

The transposition theorem is useful to generate new
signal-flow graphs [108].

Theorem 6.3: Transposition Theorem [f we change
the direction on all branches in a signal-flow graph
and interchange the input and output, then the new
signal-flow graph will have the same transfer function
as the original.

By transposing the signal-flow graph shown in
Fig. 6.51, i.e., change the directions on all branches
and interchange the input and output, the transposed
two-integrator loop, shown in Fig. 6.56, is obtained.
The transfer function and its denominator are
according to the transposition theorem the same as
for the signal-flow graph shown in Fig. 6.51, i.e., the
denominator is

- (6.83)
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ST STy
v 1

out

Fig. 6.56 Two-integrator loop with two lossless integrators

Because the coefficients in the denominator are
the same as earlier, the sensitivities will also be the
same, i.e., the sensitivities are low also for this two-
integrator loop.

6.8.4 Two-Integrator Loops with Lossy
Integrators

Further variants of two-integrator loops are
obtained if one of the integrators is replaced by a
lossy integrator. A lossy integrator has a first-order
transfer function with a pole on the negative real
axis [32, 107, 115, 131].

6.8.5 Tow-Thomas Section

A two-integrator loop with a lossy integrator is
obtained if the inner loop is replaced with a first-
order LP section [125]. The denominator of the two-
integrator loop when one integrator has been
replaced with a lossy integrator, according to
Fig. 6.57, is

D(s) = T1Ts” + atys + b

=TT, (52 + (rap)s + rf,) (6.84)

1
sTi+a STy

V

out

Fig. 6.57 Tow-integrator loop with one lossy integrator

where the coefficients are the same as in Equation
(6.75).

The denominator is the same as for the two-inte-
grator loop with lossless integrators and the sensitiv-
ities are therefore the same. The feedback loop can be
modified according to Fig. 6.58 so it can be realized
with two Miller integrators and an inverter. See [107]
for an analysis of finite amplifier gain.

-1
sT+a STy

in

1

out

Fig. 6.58 Modified two-integrator loop with one lossy
integrator

Figure 6.59 shows the resulting section. This sec-
tion is named after the originators for the Tow-
Thomas section. Here the integrator with losses
has been placed to the left but it is of course possible
to change the order between the inverter and the
integrators or use a positive integrator.

The two transfer functions are

2

— r
Hyp— 5 r (6.85)
Rl D) + rp 5
N a s+ Vp
—1 K
Hgp = 6.86
O Toue L
sc + é s+ I’p
where
R r 1
2 4 j4
= = . 6.87
" R3RsRsC1Cy O RoCy (6:87)

Normally, R3 = R4 and r3 =~ R3//R4 are chosen.
The gain factor, G, is determined by the resistor R;.
Tow-Thomas section has no HP output and there-
fore an input signal with high frequency will not
cause slew rate-limitation. From a sensitivity point
of view, it is equal with the KHN section [32, 107,
115, 131]. With suitable design, both sections have
the following sensitivities:

S;!ic’ <0.5for Rand C
* GSI ~GS| ~GS) ~1
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Fig. 6.59 Two-Thomas
section

‘S%,c’ <0.5for Rand C
o GS§ ~20+1
o GS§ ~1
e GS§ ~0+1
1 1

® J~x -7 (— + —) (Relative error in the pole

radius) \@1 ©n
N~ 1

- 1 2 3

1 - Qrp<—+—+—)

73

(6.88)

The spreads in passive elements are co Q.

The passive sensitivities are, thus, minimal and
the gain-sensitivity products are proportional to Q,
i.e., lowest possible. The error in the pole radius and
the increase of the Q factor, due to the limited
bandwidth of the operational amplifiers, is with
identical operational amplifiers

5= (6.89)
Wy
= ! 6.90
n= I_TQrp (6.90)
Wy

For large Q factors and relatively large pole
radius, 17 becomes large and we get Q = 1Q,.ominal-

Example 6.6 Consider a second-order section with Q = 25,
rp, = 2m 10 krad/s that should be realized with an operational
amplifier of the type 741 with @, = 2z Mrad/s.
From Equation (6.89) we get 0= 72%”/ = ;%2{82 =
—0.015. Thus the pole radius is reduced. However, according
to Equation (6.90), n becomes = oo. That is, the section
becomes unstable. The cause of the increase in the Q factor

is due to an excess phase shift in the integrators.

; °

We can generally show that for a two-integrator
loop [31],
1

1 1

t+o (Qn - Qn)

Insertion of Equation (5.51), which is valid for
the Miller integrator, into Equation (6.91) with w =
r, gives Equation (6.88). The real poles cause excess
phase in the integrators. This phase function is the
cause for the increase of the section’s Q factor. The
error in the phase function between an ideal inte-
grator and a Miller integrator is

R 1 1
AQ = arctan <2) = arctan <§> ~ 0

This extra phase shift can be compensated with a
capacitor parallel to R4 shown in Fig. 6.59.

1 1 1 1 1 2 1
Com— (ot )= (—+—+—). (693
Ry (Qn Q12) Ry (wrl Wp (Dz3> (6.93)

Insertion of Equations (5.55) and (5.51), with
matched operational amplifiers, into Equation
(6.91) yields 7 = 1. The error in Q factor has, thus,
in practice been eliminated. However, as discussed
in Section5.9.2, the passive compensation is not
working as well as the active compensation using
the phase-lead integrator.

n= 6.91)

(6.92)

6.8.5.1 Integrators with Several Operational
Amplifiers

The above analysis of integrators, which is based
on the quality factor of the integrator, is, however,
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not complete because it only pays attention to the
integrator’s excess phase. A more complete analy-
sis must also pay attention to the integrator’s mag-
nitude function. In [42] a more complete analysis is
made and several different integrators with con-
siderably better frequency properties are presented
and evaluated. Sections based on two-integrator
loops and with these more advanced integrators
can be used to realize a pole radius of up to GB/
20. With the simple Miller integrator, two-integra-
tor loop sections can only realize poles with r, <
GB/100.

6.8.6 Akerberg-Mossberg Section

Figure 6.60 shows a section that is named after the
inventors, the Akerberg-Mossberg section® [147].
The section is based on a two-integrator loop with
one lossy integrator and with an active compensated
integrator (phase-lead integrator).

Fig. 6.60 Akerberg-
Mossberg section

Normally, we choose Ry = R/G, R, = OQR, R3 =
R4 = R5 = RG = R,andC1 = C2 = C.

The Akerberg—Mossberg section is characterized
with suitable element values of the following sensi-
tivity properties:

o |Sic| <05 for Rand €

° GSA,:)I ~ GSAp()z ~ GSA’:)Z ~ 1
° ‘ng,c’ <0.5for Rand C

* GS$ ~20

° GSAQ()Z ~ Q

° GS/?03 ~ low

1 1
e 0~ —r,| ——
" (wrl 26013)

. ~ 1
N~ 2 ! !
R +5)<1 +Q"p(w_r3_(1 +25)<0)—,1+@_r3>))

e The spreads in passive elements are oc Q.

The sensitivity of the Q factor due to the limited
bandwidth of the operational amplifiers is consider-

The transfer function is for the ¥, p output

G
Hypls) = —5—— (6.94)
$2 + és +r
where
}"2 = 7]26 r—p = 1 &yz_
2 R3R4RsC C, 0 RCy R 7

“Dag Akerberg and Kére Mossberg, Royal Institute of Tech-
nology, Sweden.

; ®

ably less than for KHN and Tow-Thomas sections
and equal with the best single- and two-op-amp sec-
tions. The reason is that the phase errors in the Miller
integrator and the phase-lead integrator are the same,
but of different sign, if the amplifiers are matched. For
matched operational amplifiers, we obtain

3 (6.95)

~

B 2w;

1
(1+5)(1—45Qai)

(6.96)

n=
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Example 6.7 For the Akerberg-Mossberg section with
0 = 25,r, = 2n 10 krad/s and matched operational ampli-
fiers of the type 741 with @, = 27 Mrad/s, we obtain

3r, 3-2m-10*

20, 2-2m-106
1

—0.015. The pole radius is reduced

1

n_(1+5)(

1
~0.985-1.015

Wy

1 —%) (1- 0.015)<1 +

4.0-015-25-2xn - 10
2n - 109

= 1.000225 = Q = 1.000225 Qominar = 25.0056.

The effect of the finite bandwidth of the operational
amplifiers on the Q factor is, thus, very small and the effect
is somewhat smaller on the pole radius compared with Tow-
Thomas section.

6.9 Amplifiers with Low GB Sensitivity

Active filters are in general sensitive for variations
of the gain-bandwidth product of the operational
amplifiers, and typically the ratio r,/@, must be less
than about 0.01; otherwise the pole radius and Q
factor will differ too much from their desired values.
The effect is especially large for large Q factors.

By using several operational amplifiers to realize
a composite amplifier, we can make it less sensitive
for the finite gain-bandwidth products of the indi-
vidual operational amplifiers.

Figure 6.61 shows an example of such a BP sec-
tion, which uses a composite amplifier with low
sensitivity with respect to the finite gain-bandwidth
products of the operational amplifiers. The section
can be used for poles with r,/w, < 0.05, i.e., the

requirement on the gain-bandwidth products of
the operational amplifiers is small [41].

The section is actually a single op-amp section
with a bridged-T network where the operational
amplifier has been replaced by three operational
amplifiers. Normally, a symmetric 7 network is
used, i.e., C; = C,. The passive sensitivities are,
thus, the same as for the corresponding single op-
amp section. For the section, we have

X 1 1
= =
? " R3R4C1C,

Ry

Ry

2

To avoid oscillations when the power supply
voltage is applied, or for large disturbances via the
input signal, a reverse biased diode should be placed
between the (+)-input on A3 and ground. The oscil-
lations originate from the operational amplifiers in
this case working in a nonlinear mode.

Further examples of several sections with low
requirements on the bandwidth of the operational
amplifiers can be found in [41].

Fig. 6.61 BP section with low sensitivity for variations in GB




222

6 First- and Second-Order Sections

6.9.1 Differential Two-Integrator Loops

The above integrators are suitable to use in a two-
integrator loop. Figure 6.62 shows a Tow-Thomas
section. Because it is necessary to use differential
realizations in integrated circuits, we mirror the
structure shown in Fig. 6.62 in the ground plane
and obtain a corresponding differential structure
as shown in Fig. 6.63. Note that the inverter is
realized by interchanging the outputs of the last
integrator. Inverters are, thus, without cost in dif-
ferential realizations.

AN
Ry Rs
*—\W—j
¢ T
Vm Rl 0—| l—(l | |
—\A\\—d

Fig. 6.62 Tow-Thomas section

R Ry
+._/\/\/\/ T W\/ P ) +
Vin AA A 2 ,\/\/\/ +_Z :>< Vour
Ry

R, c C
eyt Ly
R R
) 5
MV

Fig. 6.63 Balanced Tow-Thomas section

By replacing the integrators with any of the
earlier discussed integrators, a realization that
is suitable for implementation in an integrated
circuit is obtained. Figure 6.64 shows the
resulting balanced Tow-Thomas section with
MOSFETs.

1
_tr Rs
o—T 1
|
SIS EING
+o— 1 - T et ) +
Vin 7< Vuut
—e—__ g + I, + b _
fry o x| e
‘_”_' Il
G T
R Rs
| S
Y

Fig. 6.64 Tow-Thomas section with MOSFETs

6.9.2 Transconductor Based on
Two-Integrator Loops

In the same way as for active RC sections, there are
a large number of realizations of first- and second-
order g,-C sections. Below are some examples
shown of second-order sections, which are based
on a two-integrator loop [1, 32]. All these sections

have
1

Srlf — |S"
1581 =1 .

&m

=|S¢| =152,

i.e., the sensitivities are low.

6.9.2.1 LP Section

Figure 6.65 shows an LP section with the transfer
function given by Equation (6.10) where

I‘_p _ g&m2 P &m1 &m2 G—=— 8m2 &m3
0 G r \/ C C, C
V.

Fig. 6.65 LP section
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Fig. 6.66 Simplified LP section

If we select G = rf,, the section can be simplified
according to Fig. 6.66, so only two transconductors
are required. Note that both the capacitors are
grounded, which is advantageous for implementa-
tion in an integrated circuit.

6.9.2.2 HP Section

A HP section based on a two-integrator loop is
shown in Fig. 6.67. The HP section has the transfer
function given by Equation (6.15) where

- |8m1 Em2 Em3 p _ 8m2 Em3 _ _ 8m3
r Cl CZ gma Q C2 gma gma
Vour

——O

Fig. 6.67 HP section

Most of the previously discussed structures based
on one, two, or three op-amps have corresponding
realizations based on transconductors. Numerous
alternative realizations of second-order section can
be found in [32].

6.9.3 Current Conveyors-Based Sections

In this section, we will discuss two examples of
second-order sections that are based on current
conveyors of type II. Additional realizations of

second-order section can be found in [27, 32, 118,
148, 149].

Note that in integrated circuits, it is advanta-
geous to only use grounded passive elements
because parasite capacitances then have less effect
and the tuning becomes simpler.

6.9.3.1 LP Section

Figure 6.68 shows a second-order section of low-
pass type. The active element is here used as an
inverting current amplifier as the y-port is
grounded.

LY Vi

Fig. 6.68 Secction-order LP section

We have
V.—Vi=Rl
I, =—-1I,
I+ L
V,=-— =
N SC]
Iour = Iin - Ix + Il
Vl = RZIam
Ii _Ix
Rzlour:_ SC2 .

Elimination yields the transfer function of the
section

Lo 1

H(s) = = .
O = = CGR R (R + R)Crs 7 1

(6.97)
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6.9.3.2 General Section

A general second-order section that operates in
voltage mode is shown in Fig. 6.69 and can
realize LP, HP, BP, notch, and allpass sections
[148].

The section has only three current conveyors
and five passive elements, i.e., a minimal num-
ber. It has a low impedance output and can
therefore easily be cascaded. Furthermore, the

last conveyor operates as current amplifier and
can in practice be realized easier than a complete
CCII+. The component spread is proportional
to the Q factor, i.e., the spread is small. This
means that the total capacitance for the section
also becomes small.

The transfer function for the section shown in
Fig. 6.69 is obtained by selecting suitable input
signals and from the relation

RyViyt — sCIR\ Ry Vipp + (s*C1CaR I RyR; + sC1 R R3) Vi

Vout =

S2C1C2R1R2R3 + sCi1RyR; + Ry

CCII+ z

+

V.

inl

Fig. 6.69 General second-
order section

By selecting the input signals and compo-

nents, we get the transfer functions shown
below.

Section type Vil Vin2 Vi3

LP Vin 0 0

HP 0 Vi 0 R, = R;
BP 0 Vi 0

Notch Vm V,-,, Vm R2 R3
AP Vin Vin Vm RZ = 2R3

The pole radius and Q factor are

1 G

b /

P EEEEE——— = R - .

" CiGR 1 R3 Q *V'C\RR; (6.98)

The passive sensitivities, which are low, are

CCII+ Zz

In 'y "y I p 1
SCI,I :Scp,z :S£1 :S'}]33 = —5
1
Sgl :5‘%] 25% = _ng =—5

See [77] for second-order sections that can be
realized with controllable conveyors, i.e., CCCII+.

6.10 Sections with Finite Zeros

The KHN section realizes transfer functions of LP,
BP, and HP type whereas Tow-Thomas and Aker-
berg-Mossberg sections only realize transfer func-
tions of BP and LP type. To realize a, section with
arbitrary finite zeros, two different methods are
used.
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6.10.1 Summing of Node Signals

Figure 6.70 shows one of two common schemes to
generate finite zeros, which are formed by a
weighted sum of the signals in three independent
nodes. The transfer function is

S e

TR

- Mt2
H(s) = , as b

2+ —+—

T T

(6.99)

Vout

Fig. 6.70 Two-integrator loop with finite zeros

A drawback with this method is that it requires
one extra operational amplifier to perform the sum
of the node voltages.

Fig. 6.71 shows a typical example of a second-
order section with finite zeros. The transfer function
is obtained from Fig. 6.71 and from Section 6.8.2.

We get
R
10) HLP

_R _R _
16) = (SRt + () 1z + (1

(6.100)

The section can only realize zeros on the jw-axis or in
the left half plane because only positive coefficients can
be realized in the numerator polynomial. Negative coef-
ficients can be realized by using the positive input of the
amplifier, as was done in the circuit shown in Fig. 6.54.

6.10.2 Injection of the Input Signal

Another and better method is to inject the input
signal into several nodes in the section as shown in
Fig. 6.72. This requires no extra operational ampli-
fier, which reduces both the cost and power con-
sumption. Note that the structure in Fig. 6.72 is the
transpose of the structure shown in Fig. 6.70 and it

M
R, Rs
—NAA— C I
R s
6 —N\/\\—¢
4\/\/\/_' HP
R, =
M

=
/7 7\t
/

Fig. 6.71 KHN section with

zeros realized by summing
node voltages

|||—0
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Fig. 6.72 Two-integrator loop with finite zeros

has the same transfer function. Figure 6.73 shows
how arbitrary zeros can be realized with the Tow-
Thomas section by feed forward of the input signal.
In Fig. 6.73, the order of the inverter and the inte-
grator has been changed due to the transposition.
The transfer function to the Tow-Thomas section
with injection of the input signal into two nodes becomes

sz-i-i +r§
H@):G.Qiz (6.101)
P+Ls+r
p
G
here G = ——and
where c, an
2 R4 ) R4
== ==
r R3R5RsC1Cy - R3R5R7C,C5
Iy 1 r- 1 _ Ry
0, RC 0. RiC; RyRsCi
(6.102)

This section can realize zeros on both sides of the
Jjw-axis. It is only necessary to use either R; or Ry,
depending on if the zeros should be in the left- or
right- hand side of the s-plane. For zeros on the jw-
axis, we may select R; = Rg = oc.

The element values for all sections should be
chosen so the sensitivities become low and that
the signal levels at the operational amplifier’s
output become optimal. An advantage is that
the poles and zeros can be trimmed independ-
ently.

Figure 6.74 shows how arbitrary zeros can be
realized with Akerberg-Mossberg section by using
feed forward of the input signal. Akerberg-Moss-
berg section is especially simple to tune because for
both the poles and the zeros, the Q factor and radius
can be tuned individually with different circuit
elements.

The transfer function of the Akerberg-Mossberg
section shown in Fig. 6.74 is

1 R6 N
2 s I R 2
S+<R1 R5R8)C3+r3

—-C
H(s) = — - (6.103)
G sz + éps + r[27
where
2 Rq R

Q = chll‘p 1‘2

" T RRaRsC1Ch : T RuRsRCHCs

=~
L/ \*
/

Fig. 6.73 Tow-Thomas
section with finite zeros
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Fig. 6.74 Akerberg—

Mossberg section with
arbitrary zeros

=
1/t
_/

T

Example 6.8 Select the component values in an Akerberg-
Mossberg section so that

a) A section with the poles corresponding to Q = 10 and
r, = 20 krad/s and zeros on the jw-axis at r. = 25 krad/sis
realized.

b) An allpass section with the same poles is realized.

a) We select all capacitors equal, i.e., C; = C, = C3 =
10 nF, which makes the gain equal with —1. The condi-
tion on the Q factor gives R, = Q/Cyr, = 50kQ. From
the ratio of the pole and zero radii, we obtain

p 2_ R(,R4R5R7C2C3 _ R7C3
(F_) " R3R4RsC1CaRs  R3C
10kQ, which gives R; = 1.5625kQ.

Furthermore, we select Rs = Rg = 10k€Q, which yields
the condition for the pole radius that R, = 1.6kQ. Insertion
of the selected values in the expression for the radius of the
zero gives the correct value. The real part of the zero should be
0, hence we select R; = 10kQ, which gives Rg = 10kQ.

b) For an allpass filter, we must have r, = r., which is why
we select R; = R; = 10kQ. However, the pole radius is
not changed. Further, we have that the real parts of the
poles and zeros shall be equal, but with different signs.
Note that R; and Rg only affect the zero’s real part. We
can thus select Ry = oo and Rg = R, = 50kQ. The other
components are not affected.

and we select R, =

6.10.2.1 Signal Injection Through Grounded
Elements

A common method to inject input signals into a
network is to place the input voltage source in series
with a grounded impedance. An example of this
method is the structure shown in Fig. 6.21. Often,
only a fraction of the grounded impedance is “lifted
from ground” and the remaining part is kept at
ground.

6.11 Problems

6.1 Determine the maximum of the magnitude
function for a second-order LP section. Assume
that 0> 1/v/2.

Determine the angular frequency for the peak
of the magnitude function for a section with the
poles and zeros shown in Fig. 6.3.

Determine the maximum of the magnitude
function for a second-order HP section.
Assume that 9> 1/v/2.

Determine the coefficients «g, a;, and a, so that
the transfer function given by Equation (6.7)
represents a

6.2

6.3

6.4

a) lowpass

b) highpass

c¢) bandpass

d) allpass

e) lowpass-notch

f) highpass-notch section.

6.5 Determine the Q factors for the poles of a
Butterworth, Chebyshev I, and a Cauer filter
with a passband ripple corresponding to p =
5% and . = 10 krad/s.

6.6 a) Determine the transfer function of the cir-

cuit in Fig. 6.5.

b) Determine the poles and zeros and DC
gain.

¢) Determine the group delay.

d) Determine suitable element values so that
74(0) = 200 pus.
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6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

a) Determine the transfer function for the
NF1 section, shown in Fig. 6.19, when the
operational amplifier has finite gain.

b) Determine suitable element values and the
error function E(s) assuming an ideal
operational amplifier when the circuit
shall realize a complex pole pair with Q =
10 and r, = 10 Mrad/s.

Determine the transfer function for an LP
NF1 section with an operational amplifier
with finite gain.

Determine the sensitivities for Y, S,{, with
respect to a circuit element x, i.e., when
Y = xffor k = +0.5 and 1.

a) Determine the error in the poles for the BP
section shown in Fig. 6.21 when

R 0
C;=Cg=C,Re=R, Ry =—,1r,=2—.
7 9 ) 16 PEAX] 4Q2 »Ip RC

b) Determine suitable element values for rea-
lization of a complex pole pair with radius
4%, Mrad/s and Q = 5.

¢) Determine the peak gain.

d) Determine the spreads in the element
values.

e) Determine the change in the pole radius and
Q factor when the operational amplifier has
®, = 200 ¥ Mrad/s when GS§ =202

Determine S;’;}, S",g77 S;’gg, S'gé och S'(”8 and

S%}, SI%, Sgg, Sgé och Sgs with respect to the

passive circuit elements for the LP NF1 section

shown in Fig. 6.18 with the following choice of

element values R; = R; = Ry = R,

Cg/C6 = 9Q2, and Cg = C.

Show that SVl — Re{SﬁlUw)} and

1 )
s L gl
T d(jo)
Determine the gain-sensitivity product for a

section that realizes the transfer function

H(s) = G

ds’> +es+f

24 p .
as+bs+c+ 1

Determine the gain-sensitivity product for an

NF1 LP section.

a) Determine the transfer function of the NF2
section shown in Fig. 6.25.

6.16

6.17

6.18

6.19

6.20

6.21

b) Determine suitable element values for rea-
lizing a complex pole pair with O = 20 and
r, = 4m Mrad/s.

¢) Determine the spreads in element values.

d) Determine the errors in pole radius and Q
factor when the operational amplifier has
», = 200 = Mrad/s when GS$, = 2/a.

a) Determine suitable element values for rea-
lization of the BP section shown in Fig. 6.24
for realizing a complex pole pair with
radius 47 Mrad/s and Q = 5.

b) Determine the peak gain.

¢) Determine the spreads in the element
values.

d) Determine the errors in pole radius and Q
factor when the operational amplifier has
», = 200 7 Mrad/s when GS, = 2/a.

Estimate and compare the relative errors in
pole radius and Q factor for a BP realized
with NF1 and NF2 sections when the pole
radius is r, = 40n Krad/s and Q@ = 10 and
the op-amp has o, = 2z 10 Mrad/s.
Determine the transfer function of PF1 section
shown in Fig. 6.27 when the operational
amplifier has finite gain.

a) Determine the transfer function of the sec-
tion shown in Fig. 6.28 when the opera-
tional amplifier has finite bandwidth.

b) Determine suitable element values for rea-
lization of a complex pole pair with pole
radius 47 Mrad/s and Q = 5.

¢) Determine the peak gain.

d) Determine the spreads in the element
values.

e) Determine the change in pole radius and Q
factor when the operational amplifier has
», = 200 = Mrad/s when GS$, = 20.

f) Determine and compare the gain-sensitivity
products for the two choices of element
values in Problem 6.19 a).

Determine suitable element values for the Sal-

len-Key LP section shown in Fig. 6.28 (PF1) to

realize a pole pair with Q = 5, r, = 2m krad/s,

and DC gain = 2. Select R; = Ry and Cy = Cs.

a) Determine suitable element values in a PF1
BP section to realize pole pair with radius
47 Mrad/s and Q = 5.
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b) Determine the peak gain. 6.27 Derive the transfer function for the HP section
¢) Determine the spreads in the eclement in Fig. 6.47 and identify the corresponding
values. RLC network.

6.28 Determine suitable element values for a HP
GIC second-order section to realize a complex
pole pair with Q@ = 1/v/2 and r, = 20 krad/s.

6.29 Determine the transfer function for the section
shown in Fig. 6.76.

6.22 a) Determine the transfer function of the PF1
section shown in Fig. 6.28.
b) Determine the sensitivity of r,, for variation
in the passive elements.
c¢) Determine the sensitivity of ¢, for variation

in the passive elements. R, R
d) Determine the sensitivity ofg, to the ampli- A ,\/\3/\/
fier DC gain.
e) Determine the passive sensitivities when the C C,
section realizes a pole pair with @ = 10 and * ._| l_"_| l_' e
_ , -Bv;
r, = 4m Mrad/s. in .
17 —VV\—
6.23 a) Determine the transfer function of the " _aV. R, Vout
branching filter shown in Fig. 6.75. . - " ~ o
b) Determine suitable element values so that 1
the crossover frequency becomes 1.7 kHz. -
Fig. 6.76 Circuit in problem 6.29
C
[
I
R
+ ¢ —o
Vlout ¢

T V20ut

6.24 a) Determine suitable element values for rea- 6.30 a) Determine suitable element values for a

Fig. 6.75 Branching filter

lization of a PF1 BP section with a complex KHN LP section to realize a complex
pole pair with the pole radius 47 Mrad/s pole pair with pole radius 47 Mrad/s and
and Q = 5. 0 =20
b) Determine the peak gain. b) Determine the spread in the element
¢) Determine the spreads in the element values.
values. ¢) Determine the change in the pole radius and

Q factor when the operational amplifiers
have w, = 200 = Mrad/s.
d) Select suitable circuit elements for tuning.

6.25 Determine the sensitivity of Q and r, for varia-
tions in Cg in the PF2 section shown in Fig. 6.31.

6.26 a) Derive the transfer function for the LP sec-
tion in Fig. 6.45 when the operational 6.31 Determine the transfer function of the Tow-

amplifiers have very large bandwidths. Thomas section when R; = R, = R; = Ry =
b) Determine suitable element values to rea- 2Rand R; = R4, = Rs = Rg= Rand C; = C,
lize a complex pole pair with Q = 1/v/2and =C;=C.

r, = 20krad/s. 6.32 Derive Equation (10.9).
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6.33 Estimate the errors in Q and r, when the Tow-
Thomas section is implemented with 2% resis-
tors and 5% capacitors.

6.34 a) Determine the transfer function for the

Tow-Thomas BP section, also called a
DIG section (DIG; distributed infinite
gain), shown in Fig. 6.73.

b) Determine suitable element values with
the section to realize a complex pole
pair with pole radius 4n Mrad/s and
0 = 20.

¢) Determine the spread in the element values.

d) Determine the change in the pole radius
and Q factor when the operational ampli-
fiers have o, = 200 Mrad/s.

e) Select suitable circuit elements for tuning.

6.35 a) Determine suitable element values for the
Akerberg-Mossberg LP section to realize a

6.36

Fig. 6.77 UAF42

complex pole pair with pole radius 4=
Mrad/s and Q = 20.

b) Determine the spread in the element values.

¢) Determine the change in the pole radius and
Q factor when the operational amplifiers
have w, = 200 = Mrad/s. Compare with
Problem 6.30.

d) Select suitable circuit elements for tuning.

Burr-Brown manufactures an integrated cir-

cuit (UAF42) with the structure shown in

Fig. 6.77. Determine the types of sections

that can be realized when C = 1 nF + 0.5%

and R = 50kQ £ 0.5%.

a) Determine the transfer functions V,/V; and
V3/V1 and crossover frequency when the
switches are open for the audio system
shown in Fig. 6.78.

b) Determine the transfer functions V,/V7y, V3/
V1, and V4/ V| and crossover frequency when

MY
R, Re
—MA— [1<1
R, R [ G,
5 —| l—o
A — R; PA 80 W
+ v, —\/\/\—¢
_L = Woofer
= Tweeter -
PA20 W Ry
R, T Ry “ PA20W
R \ P
3 v,
Ry = Barker

Fig. 6.78 Audio system
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the switches are closed. R, = R, = R4y = Ry
:22kQ,R3:R5:R7:R82R9:
11 kQ, R’y = 29 kQ, C; = C, = 47 nF.
TLO084 is a suitable choice for the amplifiers.

6.38 Determine suitable element values for the a
three op-amp section that realizes the poles
and zeros in a second-order notch section
with Q@ = 5 and the notch frequency of
50 Hz. Use the KHN section.

6.39 Determine suitable element values for a three
op-amp section that realizes the poles and
zeros in a second-order notch section with
QO = 5 and the notch frequency of 50 Hz.
Use the Akerberg-Mossberg section.

6.40 a) Estimate the errors in Q and r, when the
Akerberg-Mossberg section is implemented
with 2% resistors and 5% capacitors and
ideal operational amplifiers.

b) Choose one resistor to tune r, and deter-
mine its required range in order to tune r,
to its desired value.

¢) Choose another resistor to tune Q and
determine its required range in order to
tune Q to its desired value.

6.41 Repeat Problem 6.40 for Tow-Thomas
section.

6.42 Estimate the upper limit on r, for the Tow-
Thomas section when the error in r, caused by
the operational amplifiers must be less than
0.6%. The operational amplifiers are matched
and have a bandwidth of 3 MHz.

6.43 Repeat Problem 6.42 for a KHN section.

6.44 Repeat Problem 6.42 for Akerberg—Mossberg
section.

6.45 An active RC filter has the following normal-
ized element values: R; = 1.34, R, = 0.713,
C; = 1.0, and C, = 0.1. Denormalize the
element values so that the passband edge
occurs at 2.2 kHz and R, = 12 kQ.

6.46 Derive the sensitivities for r, and Q for a loss-

less two-integrator loop.

C

1 T

Vi Emi

n — =

Fig. 6.79 Transconductor-based filter in problem 6.47

6.47 Determine the transfer function of the circuit
shown in Fig. 6.79.

6.48 Determine the transfer function of the circuit
shown in Fig. 6.80.

Fig. 6.80 Transconductor-based filter in problem 6.48

6.49 Determine the transfer function of the circuit
shown in Fig. 6.81.

Fig. 6.81 Transconductor-based filter in problem 6.49



Chapter 7
Coupled Forms

7.1 Introduction

The first publication on the active RC filter (4ARC)
appeared in 1938 (Scott). J.G. Linvill (1954) is one of
the first pioneers of modern active filter theory. At
first, electron tubes were used as amplifying elements.
They were expensive and had very large power con-
sumption. Filter circuits with only one amplifying
element were therefore preferred, but they turned
out to be sensitive for variations in resistance and
capacitance values and particularly sensitive to the
gain of the electron tubes. In practice, it as not possi-
ble to design usable active RC filters of higher order
because of the very high sensitivities. This has led to
extensive research to find active filter structures that
are less sensitive to the component errors.

High-order filters have inherently much higher
element sensitivity compared with the first- and
second-order sections discussed in Chapter 6. This
can be explained by considering the denominator of
a transfer function when the poles lie very close.

Consider the denominator D(s) of a high-order
analog filter

N

D(s) = Z dist = H(s + 8p)-
k=0

j=1
Taking the derivative of both sides

OD QDO
8dk - 8spn6dk

yields
N
OSpp
<= H(s + ) a;,k
o

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_7,

© Springer Science+Business Media, LLC 2009

and

s N
pn
=——fors = —Spn-

N S
[T +-5)

1 S

(7.1)

If the poles are clustered as for narrow-band
filters, the factors in the denominator of Equation
(7.1) will be small and the derivative will be large.
Furthermore, if the degree N of the filter is large, the
denominator will contain many small factors, which
yields high sensitivity with respect to the coefficient
errors.

Example 7.1 Consider a transfer function with the follow-
ing poles

Sp12=—1=£0.liandsp34 = —0.99 £ 0.1i.

The corresponding denominator is
D(s) = s* 4 3.985> + 5.96015> + 3.98s5 + 1.000001.

Now, assume that errors occur in the circuit and the
denominator is changed to

D(s) = s* +3.985° + 5.96015% + 3.98s + 1.000000.

The new poles are

sp12 = —0.99499985746603237 4 0.099876340306429973i
Sp3.4 = —0.99500014253396762 + 0.09987350322800613i.

Hence, an error in the sixth decimal in the denominator
results in errors in the poles in the third decimal. The sensi-
tivity is indeed very large. In addition, it was shown above
that the sensitivity increases for poles that lie clustered, i.e,
very close, and with the number of poles. This phenomenon is
well known from numerical analysis; it is difficult to compute
accurately the roots of a high-order polynomial, especially if
the roots are clustered.

233
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7.2 Taxonomy for Analog Filters

Many different filter structures have been proposed
in order to overcome the sensitivity problem.
Fig. 7.1 shows a taxonomy that includes the main
analog filter structures and their relations.

In the literature, contradictory statements about
the element sensitivities of coupled forms are com-
monly made. Some authors claim that the sensitiv-
ities are low whereas others claim that they are high.
The coupled forms use feedback in order to reduce
the sensitivities, but it is not clear how the feedback

Coupled form

Synthesis of H(s)
Synthesis of LC ladder

-~

T~ l

Multiple-feedback form

Cascade form Wave active filter

Fig. 7.1 Taxonomy for
analog filter structures

Parallel form

Immitance simulation Topologic simulation

An early approach to reduce the sensitivity pro-
blem was to realize a high-order transfer function by
a cascade of lower-order filters. This approach is
now known as the cascade form. The element sensi-
tivity for the whole filter can be reduced by reducing
the number of factors, i.e., N in Equation (7.1), and
selecting poles that are far apart. In practice, only
sections of the first and second order are used.

The cascade form is, however, not very good from
a sensitivity point of view and it should only be used in
simple applications with relatively low filter require-
ments. For filters of higher order and for high require-
ments on the frequency selectivity, more advanced
filter structures are recommended. The parallel form
is only of theoretical interest and it is not recom-
mended because of its poorer stopband sensitivity.

The search for active filter structures with low
element sensitivity, with respect to both passive and
active circuit elements, has mainly followed along
two development tracks.

7.2.1 Coupled Forms

The first approach is to start from a cascade of the
first- and second-order sections and introduce feed-
back between these sections, in order to reduce the
element sensitivity. This class of filter structures,
which is referred to as coupled forms, will be
described in detail in Section[Z.3]

shall be introduced and optimized to reduce the
sensitivities. Hence, the sensitivity properties may
largely depend on the skill of the designer.

Cascade and parallel forms are special cases of
coupled forms. The parallel form, however, should
not be used, and the cascade form should only be
used for simpler applications, i.e., filters of relative
low-order and with low to medium high Q factors.
However, the cascade form is often used in industry
because it is erroneously perceived to be simple to
design.

7.2.2 Simulation of Ladder Structures

The second approach starts from an LC network
that has minimal element sensitivity, i.e., a doubly
resistively terminated LC ladder network. This net-
work can be simulated with a variety of methods
using active components. If the simulation technique
retains the passivity and maximum power transfer
properties of the doubly terminated LC network,
then the sensitivity properties will also be retained
in the active counterpart. These methods, which are
recommended if the requirements are strict, will be
discussed in Chapters 8, 9 and 10.

With active filters, we cannot realize any new
types of transfer functions compared with passive
LC filters, except for unstable filters, which of
course only are usable as oscillators. It is only the
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technologies for the implementations that are dif-
ferent. The filtering becomes the same, though.

7.3 Cascade Form

In this and the following sections, we discuss differ-
ent methods to realize higher-order active RC fil-
ters. The cascade form is one of the simplest and
most common realization forms. Because of its rela-
tively large element sensitivity, it is, however, only
recommended for simple applications. Typically, it

bos + CO)(CJ]S2 + bis + Cl) . (CZMS2 +bys + CM)

should only be used for filters with low or medium
high Q factors and orders less than six to eight. The
element sensitivity is relatively high in the passband,
but it is low in the stopband.

To realize a filter in cascade form, the numerator
and denominator are factorized into first- and sec-
ond-order polynomials. One pole (zero) on the real
axis in the s-plane corresponds to a first-order poly-
nomial. A complex-conjugate pole (zero) pair cor-
responds to a second-order polynomial. A general
transfer function can thus be factorized according
to Equation (7.2)

H(s) :(

(s = a0)(s? = 20,15 +15)) o (82 = 20,8 +Tpp)

(7.2)

By collecting complex-conjugated poles and
zeros, the transfer function can be written as a pro-

duct of the first- and second-order transfer
functions
H(s) = Ho(s)H,(s) ... Hy(s) (7.3)
where
bos + ¢
Hy(s) = 120 (7.4)
S — 0y
and
o2 . .
His) = S EbsEa w (as)

2 _ . 2
8% = 20,8 + 1y

A transfer function that is factorized into a pro-
duct of partial transfer functions can be realized by a
cascade connection of the corresponding filter sec-
tions, as shown in Fig. 7.2. Normally, only second-
order sections are used, except for filters of odd-
order where one first-order section is required.

Hy | Hy Hy | ...y Hy

Fig. 7.2 Cascade form

The input impedance to each section should be
sufficiently large, and the output from each section
is taken from an amplifier with low output impe-
dance. This allows the sections to be tuned indepen-
dently, as the sections do not interact. The trimming
is therefore much easier than for filter structures
where all components interact.

The design of an active RC filter in cascade form
begins by factorizing the transfer function according to
Equation (7.3) and then realizing the sections accord-
ing to the previous chapters. The order in which the
sections are cascaded is in principle arbitrary, but in
practice their ordering is very important because the
order determines the signal levels in and between the
sections. We will discuss these issues below.

The cascade form is the most commonly used
filter structure, due to its perceived simplicity, in
applications with low requirements, i.e., for rela-
tively broad banded filters with low or medium
high Q factors.

An advantage, which is shared with many other
structures, is the possibility to use a small or mini-
mal number of operational amplifiers. The element
sensitivity for the cascade form is essentially equal
to the sum of the sensitivities of the individual sec-
tions. This means that the sensitivities of the indivi-
dual sections should be minimized while the number
of operational amplifiers should be small. There-
fore, sections with only one operational amplifier
are used if the Q factors are low. At medium high Q
factors, two- or three-op-amp sections may have to
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be used. The cascade form should, however, not be
used if the filter contains sections with large Q fac-
tors. Another important factor at the selection of
filter structures is how easy it is to tune. The cascade
form is easy to tune because we can tune the poles
and the zeros in each section independently.

7.3.1 Optimization of Dynamic Range

Useful signals in active RC filters must be larger
than the noise floor and smaller than the power
supply voltage. The dynamic signal range is the
ratio of the maximum amplitude (rms) of a sinusoi-
dal signal in the passband that does not saturate the
amplifiers' and the noise voltage (rms). This ratio is
called SNR (signal-to-noise-ratio). It is not impor-
tant to have high SNR in the stopband because
these frequencies will be removed. An active RC
filter for audio typically has a dynamic signal
range of only 80-90 dB. It should be recognized
that it is expensive in terms of power consumption
to achieve large dynamic range, as well as large
bandwidths.

In active RC filters, the output voltage of each
amplifier will vary for different frequencies and
typically have a peak at some frequency. The varia-
tion is determined by the transfer function from
the filter input to the output of the amplifier. To
maximize the dynamic range, the maximal output
voltage of each amplifier should be made equal and
correspond to the desired gain of the filter. The
design of any filter structure should therefore ensure
that the peaks are the same for all amplifiers.

7.3.2 Thermal Noise

All resistors in a circuit generate thermal noise.
Thermal noise, also called Johnson noise, appears
as a noise voltage in series with the resistor as shown
in Fig. 7.3. It has a Gaussian power density func-
tion, pdf, and a constant power density spectrum,
i.e., a white spectrum. The polarity of the noise

'For higher frequencies, slew rate-limitation of the outputs of
the amplifiers may occur.

Fig. 7.3 Noise model for a
resistor

source is not important because its value is squared
anyway. In some cases, a current source in parallel

with the resistor may be useful where 12 = ¥ 2/R 2.

Traditionally, the power density spectrum of the
noise for a resistor is given in terms of frequency,
ie., S(jf)=4kTR [V?/Hz], where k=1.3806504
10~ [J/K] is Boltzmann’s constant, T is the abso-
lute temperature, and R is the resistance of the
resistor.

We, however, prefer to use angular frequency,
i.e., the power density spectrum with zero mean is

_ 2KTR [V2/rad].

Sr(jw) -

(7.6)
The power spectrum density of a 1 MQ resistor at
room temperature is

Sr(jow) = 2.6368 - 10~15[V? /rad].

The power spectrum at the output of a noiseless

filter, with the transfer function, H(s), is
. ) .

S(jw) = [H(jw)|"Sk(jo). (7.7

If there is more than one resistor, their individual

power spectrum densities at the output can be

added, as the thermal noise sources are uncorrected.
The variance of the thermal noise voltage is

v = | S(jow)do. (7.8)
/

Example 7.2 The variance of the thermal voltage due to a
1 MQ resistor at the input of a first-order noiseless filter at
room temperature is at the output of the filter

o0 o0

V= | S(jw)do = | |H(jo)*Sg(jo)do
o=

o0
n 2 2
- / KTRa 2 .6025 105 V2
n(w? + a?)
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and v=161 nV when H(s) =
T=300K.

If the maximal output voltage of the filter is 1.7 V, the
dynamic range (signal-to-noise ratio) becomes

1.72
()1 (L a—
0 0g<2.6025- 10-8

the noise is important in most cases.

Thermal noise is a lesser problem in active RC
filters that are implemented with discrete compo-
nents because the capacitances can be chosen
relatively large, which reduces the resistances, as the
frequency responses are proportional to 1/RC. In
integrated filters, the capacitances cannot be selected
too large because this will be expensive in terms of
chip area. Typically, the total capacitance is limited
for economic reasons to a few hundred pF.

It can be shown that the noise in analog filters is

, @ = 2m Mrad/s,
s+a

) = 80.46 dB. Hence, minimization of

(7.9)

Hence, making the capacitors larger will reduce
the noise, but the resistors must be reduced with the
same factor in order to not change the frequency
response. A lower impedance level results in higher
power consumption. Moreover, an increase of the
required SNR with 3 dB results in a doubling of the
power consumption. Techniques to reduce the
power consumption using nonlinear circuits have
been proposed [98, 129].

7.3.2.1 Flicker Noise

There will also be a 1/f (or 1/w) noise component,
so-called flicker noise, in the power density spec-
trum if a DC current flows through the resistor
whose magnitude is proportional to the power dis-
sipated in the resistor. Hence, the power density
spectrum has the form

(7.10)

where ¢ depends on the material and physical design
of the resistor [63].

Minimizing the resistance values will reduce the
thermal noise due to the passive components, but a
typical operational amplifier cannot drive an impe-
dance that is smaller than a few kQ. Note that the
resistance value used above is large.

7.3.3 Noise in Amplifiers

An amplifier also generates noise that is filtered by
the circuit [89, 103]. This noise has typically a var-
iance in the range 10-100 pV and it is often larger
than the noise generated by the resistors. Hence, the
power spectrum for the noise at the filters output
depends on circuit structure and the different noise
sources. Typically, the noise spectrum will be largest
at, or slightly outside, the passband edge.

The noisy operational amplifier is generally
represented as a noiseless amplifier, with noise vol-
tage and current sources at the input as shown in
Fig. 7.4

Fig. 7.4 Noise model for an 2
operational amplifier

L

The operational amplifier is assumed ideal in
all other respects, i.e., has infinite input impe-
dance and zero output impedance. In addition,
we assume that the noise sources are assumed
uncorrelated and that the statistics of the noise
sources are time-invariant. The magnitude of the
noise sources depend on the technology used and
differ depending on if MOSFET or bipolar tran-
sistors are used [63]. The interested reader is
therefore directed to the vendors for further
information.

The noise voltage (V) and noise current (7,)
power spectral densities are of the forms

Sy(jo) = Syo (1 + %)

Si(jw) = S (1 n %)

where Sy, Sjo, 0y, and w;are constants. That is, the
noise voltage and noise current power spectral den-
sities have a 1/w component. Typical orders of
magnitude for a CMOS operational amplifier are
Syo~210"1, 8,0~ 1073, wy ~ 103, and w; =~ 100.

Then, if the transfer function from the ith noise
voltage source to the output is Hjw), and the trans-
fer impedance from the kth noise current source to
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the output is Z,(jw), the total output noise voltage
spectral density is given by

S(jw) = |Hi(jo) *Svije) + > | Zi(joo)|* S (jew).
i k
(7.11)

The mean-square total output noise voltage is
given by Equation (7.8). The computation of the
output noise power spectrum becomes tedious
because many transfer functions and impedances
need to be computed in a filter with many amplifiers
[66, 85, 128].

The total output noise can be divided into two
components. The component due to the resistors is
the minimum output noise possible and is referred
to as “inherent noise” and the component due to the
active devices is called the “amplifier noise.”

The contribution to the output noise voltage by
noise voltage sources is independent of the impedance
level of the circuit whereas the contributions due to the
resistors and the noise current sources are propor-
tional to the impedance level and to the square of
the impedance level, respectively. It therefore follows
that if a choice of impedance level is possible, the
output noise will be at minimum when the contribu-
tion due to noise voltage source is dominant.

7.3.4 Noise in Passive and Active Filters

It can be shown that the thermal noise at the output
of LC filters and the corresponding active counter-
parts is proportional to the group delay [44]. In fact,
it is proportional to the electrical and magnetic
energy stored in the capacitors and inductors. The
same is also valid for the sensitivity in the passband,
as discussed in Section 3.3.9. Hence, Chebyshev II
and Cauer filters generate less thermal noise than
Butterworth and Chebyshev I filters.

7.3.5 Distortion

Here we have assumed the idealized case that the
circuits realizing the transfer function are linear.
This is certainly a reasonable assumption for small

signal levels, but for larger signal levels the circuits
become weakly nonlinear [91, 103, 136]. This causes
nonlinear distortion, which appears as a widening
of the signal spectrum. For example, a sinusoidal
input signal with frequency w, will give rise to a
sinusoidal output signal of the same frequency, but
also a number of sinusoidal output signals with
frequencies nwgy, where n=2, 3,... The magnitude
of these so-called “spuriouses” are often larger
than the noise discussed above. Hence, the
dynamic range estimate discussed in the two pre-
vious sections is usually too optimistic.

7.3.6 Pairing of Poles and Zeros

In an Nth-order filter with N/2 second-order sec-
tions, the poles and zeros can be allocated to the
sections in several different ways. Note that an ana-
log filter always has N poles and N zeros.

The first pole pair can be combined with one of
N/2 different finite zero pairs, or zeros at s = 0 and
s = oco. The next pole pair can be combined with (N/
2—1) zero pairs, and so on. There are, thus, (N/2)!
ways of combining the pole pairs with the zero pairs.

A simple scheme is

e Assign the pole pair, which has the highest Q
factor and its closest zero pair, to section #1, as
illustrated in Fig. 7.5.

® Assign to section #2 the pole pair that among the
remaining poles has the highest Q factor and the
closest zero pair among the remaining zeros, and
SO on.

jo
1
) X
3 E
G
2 X

Fig.7.5 Pairing of poles and
Zeros
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Using this scheme, the variation in the signal
level for different frequencies becomes small, but
not necessarily minimal, for each section.

Note that, for example, a BP filter may be rea-
lized by a cascade of LP, HP, BP, and notch sections
depending on how the zeros are allocated to the
second-order sections. In some cases, however, it
may be favorable to pair poles and zeros into two
BP sections instead of a combination of LP and HP
sections because the BP sections are easier to tune.

7.3.7 Ordering of Sections

The signal dynamic also depends on the section
ordering. After the poles and zeros have been com-
bined into sections, there are (N/2)! orders in which
the sections can be cascaded. In all, there are (N/2)!”
different orders and pairings.

A simple rule of thumb, but not necessarily opti-
mal, is

® Place the section with the lowest Q factor first
and thereafter increasing Q factors.

A real operational amplifier is not perfect, e.g.,
there is an offset voltage, i.e., the output voltage has
a DC component, which does not originate from the
input signal, but comes from the operational ampli-
fier itself. To remove the offset voltage originating
from preceding sections, it is often suitable to place
a section with a zero at s = 0, i.e., an HP or BP
section, as the last section.

It may also be suitable to place an LP or BP
section as the first section. The reason is to attenu-
ate possible large input signals in the stopband so
the following sections will not be driven into satura-
tion or slew rate-limitation. In some cases, there are
reasons not to use the optimum order, but instead
use a close to optimum order. It is, however, neces-
sary to perform the design to optimize the dynamic
signal range. It is advisable to write a computer
program to evaluate different alternatives.

Example 7.3 Consider a BP filter meeting the specification
w1 =9.5 krad/s, wn,=10.5 krad/s, wg,=7.864 krad/s,
5 = 12.684 krad/s, A, = 1.2494 dB, and A,,,, = 60 dB.

The relative bandwidth is 1/10.274 ~ 9.7%, i.e., a rela-
tively narrow band filter. The specification is met by a sixth-
order BP filter. Modifying the specification in the

MATLAB routine used in Example 2.8, we get for the cor-
responding Cauer LP filter

N =3

Spo = —0.4592611 So =00

Sp12 = ~0.2224865 S:12 = 4/ 5.550478
+0.9533972

G = 0.0142881
and for the BP filter
N =6

S,12 = 1 13.140996 krad/s
S.3.4 = 17 7.5905185 krad/s
S:5 = 0
S — OQ

spi2 =—0.10593929 Q1 = 44.940759

+/9.52139476 krad/s
= —0.11654721
+/10.474792 krad/s
Sps.e = —0.22963057
+/9.9847006 krad/s
G = -14.288145.

02 = 44940759

Sp3.4

03 = 21.746540

We select a negative gain factor because we intend to realize
the transfer function with three cascaded second-order sections
that have negative gain factors.

The Q factors are very high and the filter is indeed chal-
lenging to implement. Note that a complex conjugate LP pole
pair yields two BP pole pairs with the same Q factors. This
fact may be used to validate the design.

The bandpass transfer function is

B —14.2881455
T 2 + 211.87858s + 90688181
(s> + 172685790)

" 52 + 233.0944s + 109734800
(s> 4+ 57615971)

"s2 + 459.26114s + 99746976

H(s)

(7.12)

The attenuation for the bandpass filter is shown in
Fig. 7.6. According to the pairing scheme discussed above,
we assign to

section #1: S23.4 and Spi 2t
—Gy(s* + 57615971
P )
52 4+ 211.87858s + 90688181
section #2: S41.2 and Sp3 4l
Ha(s) = —G,(s* + 172685790)
2T 21 233.09445 + 109734800
section #3: 25, S-6. and Sps.6:
—Ghs
Hy(s)

T 2 1+ 459.261 145 + 99746976

Section #1 is a HP-notch, section #2 is an LP-notch, and
section #3 is a BP section. The gain factor has been selected
negative, i.e., G=(-G;) (-G,)(—G3), because we intend to
realize the sections with inverting second-order sections.

We select an ordering of the section with increasing Q
factors, according to the rule of thumb, first section #3, then
section #2, and finally section #1.

The last two sections have the same Q factors, and we
select the LP-notch as the second section in order to remove
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Fig 7.6 Attenuation of BP 80
filter

A(o) [dB]
S

any large high-frequency signals that may cause slew rate-
limitation in the HP-notch section.

7.3.8 Optimizing the Section Gain

The gain of the individual sections should be
selected in order that the filter passband gain
meets the specification and so that the maxima of
the magnitude functions, from the input to the sec-
tions outputs, are equal. We demonstrate the opti-
mization of the sections gains by an example.

Example 7.4 Assume that the required gain of the BP filter in
Example 7.3 is 12.

The optimization is done as follows, starting with the first
section, i.e., section #3.

First, we scale section #3 by choosing the gain factor G5 so
that |H3/,,0 = 12. The maximum of the magnitude function,

10 15 20 25 30
o [krad/s]

Equation (6.19), occurs at w =r,. We get —G3(Q/r,) = 12,
i.e.,, G3=-5511.1. The magnitude function is shown in
Fig. 7.7.

Next, choose G, so that |H3H5|,,,« =12, where Hj is
the previously optimized section. We get G, =-0.086705.
The magnitude function from the input to the output of
section #2 (bold) and to the output of section #3 (thin)
are shown in Fig. 7.8.

Note that for w =~ 10.4 krad/s when |H3H,| has its peak,
the |H;| is only about 5.1 whereas at o ~ 10 krad/s the
opposite is true, i.e., | H3| has its peak and |H,| is about 7.5.

In the last step, the gain factor in section #1 is optimized.
We get G; =-0.3588. The magnitude function from the input
to the output of sections #3 and #2 (thin) and to the output of
section #1 (bold) are shown in Fig. 7.9.

For w = 9.6 krad/s when |H| = |H3H,H,| hasits peak, then
|H;| is only about 5.4 whereas |H3H,| is about 1.8. Hence, for
some frequencies one section has a large output signal whereas
other sections have small output signal and vice versa. That
large and small output signals occur at different frequencies for
the sections is characteristic of the cascade form, and it becomes
more severe for filters with high Q factors.

IH(j)l

Fig 7.7 Magnitude function
of the scaled section #3

9.5 10 11.5 12

o [krad/s]

10.5 11
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I[H3 H2I

Fig 7.8 Scaled magnitude 12
functions for section #3 and
sections #2 and #3 10
8 L
2 o
=
4
0
8 8.5 9

12

|
9.5 10 10.5 11

o [krad/s]

10 +

IH(jo)!
N

gl [H3:H2 H1|

|[H3 H2I

8 8.5 9
Fig 7.9 Scaled filter

7.3.9 Scaling of Internal Nodes in Sections

The signal levels inside a frequency selective filter
structure typically vary significantly. That is, for a
sinusoidal input signal, the amplitude in a particu-
lar internal node may become very large and at the
same time very small in some other node. More-
over, the amplitudes may be of opposite sizes for
another frequency. This effect is particularly
pronounced for filters with high Q factors. In this
section, we will discuss the scaling, i.e., optimiza-
tion, of the signal levels inside a second-order
section with several amplifiers. The outputs of
these amplifiers are often referred to as critical
scaling nodes.

Consider the two-integrator loop shown in
Fig. 6.72 where we assume that the output node
already is properly scaled.

9.5 10 10.5 11

o [krad/s]

115 12

We introduce scaling factors, k, into the section.
These scaling factors must be introduced in such a
way that the poles and zeros are not changed and
only the gain is changed. The signal level at the
node X is increased with a factor k, and it is possi-
ble to select an optimal signal level. Because, the
poles and zeros must not be affected, we introduce
a second scaling factor 1/k that cancels the effect of
the first factor. Hence, only the signal level in node
X is affected.

7.3.9.1 General Tow-Thomas Section

Consider the Tow-Thomas second-order section
shown in Fig. 7.10. In the first design step, we select
suitable element values so that the desired poles
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Fig 7.10 Two-Thomas section with scaling coefficients

and zeros are obtained. We have, according to
Equations (6.101) and (6.102), G = —C3/C, and

2= R4 2 R4

7 R3RsR:C C; " R3RsR;C,Ch

p _ 1 r: 1 R4
0, RC 0. RiCy RsRsCy'

In addition, we select the ratio of C; and Cj to
obtain the desired gain factor for the section. This
means that the output of the section becomes prop-
erly scaled.

There are two internal nodes X and X, that also
need to be scaled. We therefore introduce the scal-
ing factors, k; and k», in order to have two degrees
of freedom to scale the two critical nodes indepen-
dently. The scale factors are used to modify the
element values in the structure.

We start from the node closest to the input, i.e.,
X and divide C, by k| and multiply R; with k;, then
the 1/RC constant of the integrator is increased with
a factor k; and the gain of the subsequent inverter is
reduced with the same factor. Hence, neither the
poles nor the zeros and their Q factors are changed
as the loop gain is the same. The transfer function to
the internal node X is

1 b 1

Hy.(s) = w (7.13)
2y r
0
The coefficients for node X, are
=0

b = k

: ( R;Cy R6C1C2) l (7.14)

RiRs— RyRy "
RIRRR,C1Cy )

€1

Note that only the gain factor of the transfer
function from the input to node X; has changed.
We determine k; so that the maximal magnitude
function becomes equal to the maximum of the
overall magnitude function. This can easily be
done by plotting the magnitude function and
numerically determining a suitable value for the
scale factor.

The coefficients for node X, are

0
C; — RC
b2:( 73 — RRg 1>R5l’2k2
r (7.15)
R2R7 R1R6 ,
= R k .
(6] < R1R2R7 > Srp 2

In the next step, we continue with the modified
element values to scale node X». This can be done by
multiplying both R, and R3 with k,. Again, we
determine k, so that the maximal magnitude func-
tion from the input to the node X, becomes equal to
the maximum of the overall magnitude function.
Note that the scale factors only appear as gain
factors in the numerators of Equations (7.14) and
(7.15). In general, the scaling factors can often be
introduced in several different ways depending on
the circuit topology.

Example 7.5 Consider section #3 in Example 7.4. The BP
section has the transfer function
—GgS

Hi(s) = .
) = 77459261145 1+ 99746976

Here, we select reasonable element values, but for the sake
of simplicity, we do not select standardized values. Next, we
select C3=0 and R;=o00 to remove the constant and the s>
term in the numerator. We notice that C; affects both the gain
factor and the Q factor. We select C; =20 nF and we get for
the Q factor, ie., R,C,=0/r,=1/459.26114=0.00217741
and R, =108.871 kQ.

The coefficient in the numerator yields —G3 = R.a =
—5511.1 and we get R; = 9.07260 kQ. By selecting R; = Rs
= R¢ = 10 kQ and C, = 20 nF, we get from the pole radius
R, = 9.07260 kQ.

The transfer functions to nodes X; and X, are given in
Equations (7.16) and (7.17), respectively. We get with these
values two LP transfer functions

—27555500k
Hy (s) = 7.16
7 () = 345906114 1 99746076 1O
—109.9431.105
Hy,(s) = 2 (7.17)

52 +459.26114s + 99746976
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The maximum of the magnitude function for a BP sec-
tion is GQ/r,. Alternatively, we may plot the corresponding
magnitude functions to find the maximum. Here we find
that £y = 1.99748 yields a maximum of 12 for the node X,
and a maximum of 12 is obtained for the node X, with k, =
0.500637. Hence, we change the originally selected element
values to Cp/ky= 10.013 nF, k,Rs = 5.00637 kQ, krRy =
76.681 kQ, and k1 Rz = 19.975 kQ.

7.3.9.2 General f\kerberg-Mossberg Section

The transfer function of the Akerberg-Mossberg
section is

2, 12 2
ST+ —s5+7
Hs) =G —% 1y
sz + és + rlz,
where
"2 _ R6 r2 — L
P R3R4RsCCy : R4R5R7C2C3 (7 19)
rp 1 I 1 Rg '

0 R 0. RiC; RsRyC;
and G = C3/C;. For example, in the case of a low-
pass section, which lacks the 5% and s terms, we take
the limit of the numerator when C3; — 0.

To scale the Akerberg-Mossberg section, we pro-
ceed in the same manner as a for the Tow-Thomas
section. The nodes to be scaled, X; and X,, are

I

R G 1 n R4Rs
B+ (-t (5-8)0) %)k

S+ (2= )C) Bk

indicated in Fig. 7.11. We scale the node X; by
multiplying both Rs and R¢ by k;, and to scale
node X, we divide C, by k> and multiply R4 with k.

Fig 7.11 Akerberg-Mossberg section with arbitrary zeros
and scaling coefficients

The coefficients in the numerator of Equation
(7.13) for the internal node X is

1 G r T
a=|———+2L—-—=]Cs|Rsk
] (Rl Ry (Qp Q:) 3) o

p rz 2 2
= S ER- R
bl (Q])Rl Q2R2 (rp rz)C3> Skl (720)

2 2
22 ) Rk,
R R

and for the node X>»

1 =

(7.21)

a) =

_ Ry R4Rs\ Tp
by = ((Rs Rle) O + (

. & _ R4Rs 2 GR4R5)‘?
0= ((Rs RlRﬁ)rp + 0:RRs ka.

The gain from the input of the filter to the nodes
X7 and X, should be made equal to the desired filter
gain. It is easily verified from Equations (7.18) and
(7.19) that this scaling affects neither the poles nor
the zeros, as k| and k, do not appear in the transfer
function.

Example 7.6 Consider section #2 in Example 7.3. The
LP-notch section has the transfer function

5% 4 172685790

Ha(s) = —0.08671 :
2(8) = =0.08671 335044, + 109734800

Note that the sign of the gain factor G, has to be chosen to
fit the selected section. For the sake of simplicity, we select
reasonable element values, but not necessarily standardized
values. We select C; = 400 pF, C; = 80 pF => C3 = G, ()
= 34.684 pF. Next, to obtain the required Q factor, we select
Ry = Q/Cyrp, = 10.7253 MQ. To obtain the required pole
radius, we select R4 = Rs = 1 MQ, Rg = 400 kQ, and R;
= Rg/(R4R5C1 Czrﬁ) = 113.9109 kQ.

For the zero radius, we select R; = Rg/(R4RsCrC312) =
834.803 kQ. Finally, the zeros should be on the jw-axis, i.e.,
from Equation (7.16) we select Ry = R; = oco. These values
yield an LP-notch section with the desired transfer function.
The maximum magnitude is in this case |H,|,,,. = 2.38245.
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In order to scale the internal nodes, we also must consider
the influence of section #3. Hence, we shall scale the internal

—5511.1s

nodes in section #2 when the transfer function is H3H,. We
have for node X,

—(ays*> +bis+cr)

HXI (S) =

s +459.26114s + 99746976 " 52 + 233.0944s + 109734800

We scale the magnitude function of the internal node X,
to have a maximum of 12. The coefficients in the numerator
of the transfer function to node X, with the above element
values, are a; = 0, by = —2183.3903k,, ¢; = 1396103.6k,.

By plotting the magnitude function, we find that k; =
0.24096 yields a maximum of the magnitude function to node
X equal to 12. The new element values required to scale node
Xy are Rg = k1400 kQ = 96.384 kQ, Rs = k-1 MQ =
240.960 kQ.

Next, we scale node X using the above element values. We get
a = 0, by = 1694.6383k,, c; = 1083585.8k.

By plotting the magnitude function, we find that k, =
0.31046 yields a maximum of the magnitude function to node
X, equal to 12. The element values required to scale node X>
are Ry = kr-1 MQ = 310.46 kQ and C, = 80/k, pF = 257.68
pF

Because, the Q factors are very high, it may be advisable
to consider a better integrator than the Miller integrator. The
passive components should be selected so that the tempera-
ture coefficients of the resistors and capacitors are the same,
but with different signs.

7.3.10 LTC1562 and LTC1560

LTC1562™ is an integrated circuit from Linear
Technology that contains four second-order sec-
tions of LP, HP, and BP type whose r,, O, and G
are determined with three external resistors, but the
HP section requires an external capacitor as well.

Figure 7.12 shows a chip photo of half of the
chip, i.e., two second-order sections. In the center
of the photo, different capacitors are seen and on
each side of the chip three operational amplifiers.
The whole chip is approximately 3.0x4.5 mm
including pads.

The usable frequency range is 10-150 kHz,
and the error in the pole radius is less than 0.3%
and the signal noise ratio, SNR, with Q = 1, is 97
dB with Vdd = 5V and 107 dB with Vdd = 15V.
The four sections can be cascaded into two
(matched) filters of the fourth order or a single
filter of the order eight. The circuit can be used for
many different types of applications, i.e., anti-
aliasing filter for 14-bit A/D converters, equalizers

during data communication, and as two matched
(nearly identical) LP filters in 7 and Q channels in
a transceiver.

Fig 7.12 Chip photograph of half of the chip LTC 1562

Figure 7.13 shows a photo of half of the chip
LTC1560-1. The whole chip is approximately
2.2x3.4 mm including pads and contains a
fifth-order LP filter of Cauer type with two select-
able passband frequencies: 500 kHz and 1 MHz.
An array of unit-size capacitors are seen in the
center of the photo. The circuit requires no exter-
nal components except for two decoupling capaci-
tors. The passband ripple is less than 0.2 dB up
to 0.55w. and less than 0.3 dB up to 0.9w., and
the stopband attenuation is larger than 63 dB at
2.43w,. The filter has low noise and low distortion.
The signal noise ratio, SNR, is 75 dB with V,; =
5 V. The circuit can be used for many different
types of applications, i.e., anti-aliasing filter for
A/D converters.
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Fig 7.13 Chip photograph of half of the chip LTC 1560-1

7.4 Parallel Form

The transfer function can be rewritten into a partial
fraction expansion so it consists of a sum of first-
and second-order transfer functions. This is the
equivalent to a filter in parallel form that is shown
in Fig. 7.14.

—»

L

H,

L
L3
Vin <> :
) L Hy

Fig. 7.14 Parallel form

The parallel form is characterized by very high
element sensitivity in the stopband and is therefore
not practically usable. The cause for the large sensi-
tivity in the stopband is that the input signal goes

through several different paths from the input and is
summed at the output. The sum of relative large
signals should be zero or small in the stopband.
Small relative errors in any of the signal paths will
therefore deteriorate the stopband. The parallel
form or any other structure with several signal
paths are not recommended.

7.5 Multiple-Feedback Forms

The sensitivity of the cascade form was improved by
partitioning a higher-order filter into several cas-
caded filter sections of the first and second order.
Because the sections do not interact, they can be
tuned separately. The sensitivity for the whole filter
is, however, relatively large in the passband. An
error in an element in one section only affects the
corresponding pole or zero pair, whereas in an LC
filter an error in an element affects all poles in such a
way that the resulting change in the magnitude
function becomes small. Active filter structures,
which simulate an LC filter, will be discussed in
Chapters 8, 9 and 10. The sensitivity in the stopband
is, however, low for the cascade form, as each sec-
tion contributes to the attenuation.

Coupled forms [61, 62] are a more general class of
cascaded structures, see Fig. 7.15, where the sensi-
tivity is reduced by using negative feedback between
the sections. An error in an element value will
affect the poles, and the resulting element sensitiv-
ity in the passband becomes less than for the
cascade form. The sensitivity in the stopband,
however, becomes poorer. A drawback with feed-
back between all parts of the filter is that the
tuning becomes more difficult.

Hy(s) Hy(s)

Hy(s)

Fig. 7.15 Coupled from of type FLF

It is suitable to use first-order sections for low-
pass and highpass filters and second-order sections
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for bandpass and stopband filters. Coupled forms
also known as multiple-loop-feedback forms, which
were developed by Perry, Laker, Ghausi, and
Schaumann, are mainly used for geometric sym-
metric bandpass filters.

7.5.1 Follow-the-Leader-Feedback
Form(FLF)

Follow-the-leader-feedback structures are described
by the signal-flow graph shown in Fig. 7.15. The term
follow-the-leader-feedback alludes to the children’s
game “Simon says.”

By selecting the sections and the feedback
coefficients in different ways, different structure
variations are achieved. If the integrators,
H(s) = 1/s, for the sections, we obtain the com-
panion form.

The passband sensitivity is better for this class of
structures compared with the cascade form, but the
stopband sensitivity is worse. The group delay
sensitivity is also higher. This makes this filter struc-
ture less interesting. The feedback and feed-forward
coefficients in the structure shown in Fig. 7.16
determine the coefficients in the transfer
function’s denominator and numerator polyno-
mials, respectively.

Fig. 7.16 Zeros realized by summing of node signals

From Fig. 7.15 we obtain

(7.22)

and

Vo=GViy— (it +foHIHy — ...+ fyyHiHy ... Hy) Vg

Mok 7.23
=GVi— Y Jik (H H,-(s)) V. (7.23)
k=1 J=1

The transfer function of the filter shown in
Fig. 7.15is

[T Hy(s)
G| Hi(s
Y i

1+ f:fk (]l_[1 Hj(s)>

k=1

(7.24)

The zeros can be realized by multiple signals
being added so the sum becomes small for certain
frequencies, see Fig. 7.16. This requires an extra
operational amplifier.

The transfer function to the filter shown in Fig. 7.16 is

M k
G > B [T Hi(s)
k=0  j=1

H(s) = (7.25)

1+ %.fk (ﬁ H./'(S)>
=1 \y=I

A better way to generate finite zeros is to inject
the signal into several nodes as shown in Fig. 7.17.

A straightforward derivation yields the transfer
function

S, 11 () (1 3 AT H )

m=0 J=m+ k=1 j=1

). (7.26)

H(s) = Mk
1 +1§1fk I;IIH,-(S)

The design of these two FLF variants, with
finite zeros, and general choices of the sections
and simultaneously optimizing the dynamic signal
range is very complicated [112]. The choice of the Q
factors can be made so the sensitivity is minimized
[61, 62].

These two ways of generating zeros are sensitive
for errors in the element values especially for trans-
fer functions with clustered zeros, i.e., when the
zeros lie close to each other. The sensitivity for



7.5 Multiple-Feedback Forms

247

Fig. 7.17 Finite zeros
realized by injection of the
input signal

element errors also increases with the number of
ZeT0S.

The best way of realizing zeros is as in a ladder
network where the input signal is reflected back to
the source by an open-circuit series arm or by a short-
circuit in a shunt arm. A series resonance circuit and
a parallel resonance circuit behave at resonance as
a short-circuit and open-circuit, respectively.
Furthermore, it is difficult to tune the zeros in
the FLF structure because the feedback and feed-
forward coefficients affect all poles and zeros.

A large number of different filter structures is
obtained by selecting the sections in special ways.
The design of these structures is commonly done
using a computer program.

7.5.1.1 Companion Form

The companion form, which also is referred to as the
state variable form, is obtained by choosing all sec-
tions as identical integrators. This structure is espe-
cially usable for geometric symmetric BP filters, but
it does not exhibit better sensitivity properties than
the cascade form. We demonstrate the design prin-
ciple with an example.

Example 7.7 Design an FLF filter with integrators as sec-
tions, i.e., the companion form, starting from the normalized
transfer function for a third-order Cauer filter with A4,,,,. = 0.1
dB, A4,,,, = 24 dB, w. = 1 rad/s, and wg; = 2 rad/s. The
passband edge shall be 200 krad/s.

The transfer function is

0.3534086(s> + 5.153209)

(s + L.117384)(s2 + 0.7639755 + 1.629869)’ (7.27)

H(s) =

First the numerator and the denominator are expanded.
Note that this actually is not recommended because the

accuracy in the poles and zeros decreases, but here it is
difficult to perform the design in terms of poles and zeros.

B 0.35340865% + 1.821188
T 53 4 1.88135952 + 2.4835225 + 1.821188’

H(s) (7.28)

We get from Equation (7.25)

)| j

M k M
GZBk(l_[ HJ(5)> GZB&(%Y
k J=1 k=0
H(s) = =

=

M N M . k
1+sz,;< lH,(s)) 1+lzlfk(§)
=1 K=

J

a

where H;(s) = — We get with M = 3.

GO ROROGRT

A () () +1

_ GBys® + GBas® + GB,a’s + GB;ya®
a 3+ fras® + fra?s + fra3 '

We get from identification with Equation (7.28).

GBy = GBya®> =0  GPya = 0.3534086 GPya’ = 1.821188
fia=1881359  fra® =2.483522 fia® = 1.821188.

We have more free parameters than equations, i.e., there
are therefore many possible ways to select the parameters.
Assume that the desired gain here is H(0) = 4, i.e., we select
K = 4 and a = 1, which gives

1.821188 0.3534086
B3 = Bl = Bo = Bz =0
4 4
/i =1.881359  f, =2.483522 f; = 1.821188.

The denormalization so the passband edge becomes 200
krad/s is done by selecting a = w, = 2 10°. Note that the
denormalization does not affect the coefficients f; and f.
The coefficients can then be modified so the signal dynamic is
optimized, but this will not be discussed here [112].
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7.5.1.2 Shifted Companion Form (SCF)

All sections in the companion form have lossless
integrators, and in the shifted companion form
(SCF) all sections are identical lossy integrators,
_a

s+a

H;(s)

except for the first section. Its name comes from the
fact that the poles have been shifted into the left half
of the s-plane. The feedback coefficient f| is
included into the first section, making it different
from the others.

7.5.1.3 Primary Resonator Block Structures

In primary resonator block structures (PRBs) all
sections are identical, i.e., they have the same r,
and Q, but the feedback coefficient f{ = 0. This
makes the filter structure modular and it may

reduce its implementation cost.
The transfer function is obtained directly from

Equation (7.24)

where the PRB structure has sections with the trans-
fer function

a

Ho(S) = v—|—a'

(7.30)

A geometric symmetric BP filter is obtained by
performing LP-BP transformation of the sections,
i.e., by switching sections to identical BP sections
with the transfer function

a a as
S+a £t o
T_‘_

Ho(s) S (7.31)

$% 4 as + w7
a

This approach, to use frequency transform
structures, can be used in most LP structures to
realize HP and geometrically symmetric BP and BS
filters.

Example 7.8 Design a geometric symmetric BP filter with
Apmax = 1 dB, geometric center frequency w; = 5 krad/s,
and the bandwidth w, = 500 rad/s. The filters gain shall
be equal to 1. Start from a PRB structure, which realizes
a third-order Chebyshev I LP filter. The LP filter shall
according to the BP transformation in Chapter 3 have
Q. = 500 rad/s.

The normalized poles are S,o = —0.4941706 and S,; > =
—0.2470853 0.9659987.

The transfer function for the LP filter is

6.141334 - 107

M
GIIH,s)
H(s)=—— =l - - G}fgl ) (7.29)
1+ 5 f (1‘[ H,-(s)) 1+ 37 fiH (s)
k=2 \j=1 k=2
H(S)

T (S+247.0853)(S + 123.5427 + j482.9993) (S + 123.5427 — j482.9993)

The Q factorsare Q = 0.5and Q = 2.01772. We write, for
the sake of simplicity, the numerator and the denominator as
polynomials?

_ 6.141334 - 107
©S3 +494.170652 + 309602.3S + 6.141334 - 107

H(S)

In this case, Equation (7.29) and Equation (7.30) yield

2Note that this should be avoided because we lose accuracy in
the poles and zeros.

3
P J—C -
0f3 + Hon +1
_ Ga*
TS 434S+ a2 (L +3)S+ A+ +H )]

Through identification with the transfer function we
obtain
3a = 494.1706
&(f> +3) = 309602.3
&(fs+f+1) =6.141334- 107
Ga® = 6.141334 - 10’
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which gives

a = 164.7235
f3 =4.330096

/> =8.41019
G = 13.74029.

By performing a BP transformation, i.e., changing S to s
according to Equation (7.31) with w; = 5 krad/s, the BP transfer
function is obtained with the poles

spi2 = 123.54266 + j4998.473 Q= 20.23593
Sp3a = —58.79102 + j4763.9489 O = 40.51904
Spss = —64.75163 +,5246.948 O = 40.51904.

The zeros are s. = 0 and s. = co. These are very high Q
factors. The feedback coefficients, f, are not affected by the
transformation. These computations are easily performed
using the MATLAB function PRB [51].

According to Equation (7.31), the sections’ Q factors
becomes only

a 164.7235

Figure 7.18 shows the realization of the BP filter. All
sections are thus equal and have r, = 5000 rad/s and Q =
30.35389. The element values are the same as computed in
Example 6.3.

Because the Q factors are large, we here select NF2 BP
sections. Because the sections and the adder on the input is
inverting, one extra inverter is used for the coefficient f3 to
obtain the correct sign. The later inverter can, however, be
eliminated if instead the feedback signal is applied to the
positive input of the operational amplifier (4;). With ideal
operational amplifiers and components, we get the realization
of the filter shown in Fig. 7.18.

PRB and SCF are special cases of FLF. The sensitivity
properties of FLF filters are better than for the cascade form,

= 30.35389.

Qseclion =

but not as good as for leapfrog filters, when the transfer
function has finite zeros. Leapfrog filters will be discussed in
Chapter 10. For transfer functions without finite zeros, the
sensitivity properties for FLF and leapfrog filters are similar
and both are better than the cascade form. FLF filters are
suitable for BP filters without finite zeros.

Coupled forms are sensitive to excess phase in the freed-
back paths. Typically, the feedback coefficients, f;, are rea-
lized using resistors as shown in Fig. 7.18. The excess phase
can be compensated for by adding suitable, small capacitors
across the the feedback resistors [104].

7.5.2 Inverse Follow-the-Leader-
Feedback Form

In inverse follow-the-leader-feedback form (IFLF)
the direction of all branches in the signal flow
graph have been changed, according to Fig. 7.19.
This operation is called transposition and it does
not change the transfer function. The IFLF struc-
ture has similar sensitivity as FLF, but it often has
better signal dynamic. This structure was originally
introduced by D.J. Perry (1975), and it is an analog
counterpart to the direct form I' in the digital domain.

Hy () [~

Fig. 7.19 Signal-flow graph for IFLF

2.3094 kQ

1.1890 kQ

Fig. 7.18 Geometrically

SG

symmetric BP filter realized
with the PRB structure
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7.5.3 Minimum Sensitivity Form

Minimum sensitivity form (M SF) is the most general
form of coupled structures as it has a general feedback
network. MSF is designed with the help of computer
software, which minimizes one sensitivity measure for
the filter. The design is relatively complicated.

7.6 Transconductor-Based Coupled
Forms

Higher-order filters based on transconductors can be
realized using any of the coupled forms. The structures
that were used for active RC filters are however not
directly suitable because every feedback coefficient
requires one transconductor, which leads to high
power consumption, large chip area, etc. Instead, we
can use special feedback networks that only allow the
coefficients +1, i.e., direct feedback, which can be
realized without transconductors.

Consider first an allpole filter according to
Fig. 7.20 with integrators and a general feedback net-
work. By specializing the feedback network so that
only one coefficient, with the value + 1, exists between
every integrator output to one or more transconduc-
tor inputs, a large class of structures is obtained [32]. A
feedback coefficient, which does not assume values +1
or 0, requires a transconductor, which contributes an
extra phase shift in the feedback loop. This is unsui-
table because the coupled forms are sensitive for phase
errors in the feedback loop.

Figure 7.21 shows a first- and a second-order
allpole section. Figure 7.22 shows two examples of
third-order allpole sections. It can be shown that
there are 3! = 6 different sections, but four of these
are of less interest because they can only realize real
poles or cannot realize simple LP filters [32].

Vour Vour
vin —o Vin o
T 7

CII C

Fig. 7.21 First- and second-order allpole sections

For a fourth-order section, there are 4! = 24 differ-
ent structures, but only 10 of these are generally usable.
Some of these structures coincide with IFLF and leap-
frog filters, which will be discussed in Chapter 10.

7.6.1 Inverse Follow-the-Leader-
Feedback Form

Inverse follow-the-leader-feedback form can be rea-
lized using g,,-C integrators as sections. Figure 7.23
shows the structure for an Nth-order IFLF structure
of allpole type. Note that the upper structure shown
in Fig. 7.22 is a third-order IFLF structure.

In follow-the-leader feedback form, a summing of
all the integrators’ output voltages occur and this
requires one transconductor per integrator. Totally
3N + 3 transconductors is required for a general

Feedback Network

T§
\EY

|||—|

Fig. 7.20 Nth-order allpole
filter with integrators

If all coefficients in the structure, shown in
Fig. 7.20, are +1, no extra transconductors are
required to realize the feedback network. It can
be shown that there are N! ways of choosing the
feedback network. For an Nth-order allpole filter,
N integrators are required.

2

CZ_IT_

transfer function. FLF is, thus, not well suited for
implementation with transconductor-C techniques.
The magnitude function of the IFLF is less sen-
sitive for phase errors in the feedback loops com-
pared with the cascade form, but the sensitivity with
respect to the group delay is larger. Moreover, the
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Fig. 7.22 Third-order

allpole sections

by Bl

I CzI T

Fig. 7.23 IFLF

large global wiring introduces parasitic poles that
significantly degenerate the group delay of multi-
feedback structures and they do not appear to be
practical for applications where the group delay
performance is important.

N(s) = 111213 . . .

’ENSN + T1T27T3 . .

7.6.2 Finite Transmission Zeros

Finite transmission zeros can in principle be realized
either by injection of the input signal in suitable
nodes (feed forward) or by summing the signals in
suitable nodes. Figure 7.24 shows how the input
signal is injected in the integrators and how a floating
resistor is used on the filter’s output to add the out-
put signal from the allpole network and the input
signal. The numerator to the transfer function is

.TN,lsN_l ..’C1’CzS2—|—’E1S+ 1 (7.32)

‘ Feedback Network

Fig. 7.24 Finite zeros

out

8mR

_ 8maN+1

realized by injection of the

input signal

‘ Feedback Network ‘

8m2
—+

Fig. 7.25 Finite zeors
realized by summing of node
voltages
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where t; = C;/gmq- This approach may be econom-
ical if only a few of the coefficients in the numerator
are not zero or *1.

Figure 7.25 shows how finite zeros can be
realized by summing the signals in different
nodes. The transconductor g,z corresponds to a
resistor, and the transconductor g,,; corresponds
to the weights of the node signals. In Section
we showed that the sensitivity for errors in the
transconductor g,,,; becomes high for higher-
order filters and if the zeros lie close to each
other. Hence, these two structures for realizing
the zeros are not recommended.

7.7 Problems

7.1 Determine suitable order and pairing of the
poles and zeros for the filter in Example 2.4.

7.2 Realize a Butterworth filter with 4,,,,, = 3 dB,
f.=3.5kHz, A4,,,, = 25dB,and f; = 10kHzin
cascade form with PF2 sections.

7.3 Design an active RC filter with maximally flat
passband in cascade form. The specification for
the filter is
Passband: 0<f<70kHz A4,,,<0.1dB
Stopband: /> 20 kHz A,pin > 25dB

Use one-op-amp sections with positive feedback.

7.4 Scale the signals in the last section in the filter
Example 7.4.

7.5 Scale the signals in the filter Example 7.4, but place
the section in the following order: #1, #2, and #3.

7.6 Suggest a suitable realization for the HP filter in
Problem 2.31.

7.7 Suggest a suitable realization for the filter in
Example 2.8.

7.8 Suggest a suitable realization for the filter in
Example 2.9.

7.9 Determine suitable element values for a high-
pass filter in cascade form that realizes the
transfer function

SS

H(s) = (s2+ 4005 + 3.5100) (2 + 2300s + 7.610)(s + 500) "

7.10 Select suitable sections for realization of the
BP filter in Example 3.3 in cascade form and
scale the signal levels. Verify the scaling by
plotting the magnitude functions from the
input to the critical nodes.

7.11 Why is it not a good idea to use the parallel
form to realize a high-order filter, i.e., parallel
connection of first- and second-order sections?

7.12 Derive the transfer function of the FLF filter,
i.e., Equation (11.5).

7.13 Scale the signals in the KHN section shown in
Fig. 6.55 so that the maximal output signal for
the operational amplifiers becomes equal
when r, = 3.00666 krad/s and Q = 7.516648.

7.14 Design and select suitable sections for a BP
filter that is realized in cascade form with the
following poles and zeros

Sp1s (5,17) = —479.9438

+;13915.1038 rad/s

01 = 14.505217

Sp2 (v27) =—1327.3315 02 = 5.8722883
+715532.3355 rad/s
Sp3, (5p3) = —1440.76978
+/18206.9763 rad/s
Spas (Spg ) = —566.7471
+j20094.5532 rad/s
8.1, (s217) =257521.0955 rad/s
S22, (5227) =1j25823.6 rad/s

03 = 6.3382487

Q4 = 17.735021

S23, (S:3:) = 0
Sz4, (Sz4 ) = o0
G = 4.4815 10°

which meets the filter specification w.,; = 14
krad/s, w., = 20 krad/s, w;, = 8 krad/s,
wy = 25 krad/s, A4,,,. = 0.4 dB, 4,,;,1 = 70
dB, and 4,,,,, = 50 dB.

7.15 Repeat Problem 7.14 but realize the transfer
function instead by using FLF.



Chapter 8
Immitance Simulation

8.1 Introduction

A doubly resistively terminated LC filter that has
been designed using the insertion loss method, i.e.,
for maximum power transfer in the passband, has
minimal element sensitivity. Hence, we can expect
that an active RC filter, which simulates the energy
relationships in the LC filter, will also have low
element sensitivity. In this chapter, several methods
are discussed that use active components to realize
some undesired circuit elements in an LC network
[4, 18, 32, 74, 105, 112, 115]. These methods are
called immitance simulation methods as immitances
are simulated, i.e., impedances and admittances.

An inductor can be realized with a generalized
immitance converter GI/C, which has the input
impedance

Zin(s) = K(s)Z " (8.1)

By selecting suitable K(s) and exponent in Equa-
tion (8.1), we obtain according to Section 5.4.4
different special cases of converters and inverters,
e.g., PIC (positive impedance converter) with K(s) =
ks and (+)-sign and gyrator PII (positive impedance
inverter) with K(s) = k and (—)-sign [18].

8.2 PIC-Based Simulation

An inductor can be simulated with a PIC loaded
with a resistor. The most common and best realiza-
tions are based on Antoniou’s GIC. In practice,
however, it is difficult to realize floating inductors,

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_8,

© Springer Science+Business Media, LLC 2009

i.e., inductors that are not grounded at one end.
Suitable LC ladder structures that only have
grounded inductors are HP and BP filters, which
do not have finite zeros in the upper stopband and
at most one zero at s = oo. We demonstrate the
method with an example.

Example 8.1 Realize a Cauer HP filter with the structure
shown in Fig. 3.69 using the impedance simulating method
with a PIC. The specification is 4,,,,, = 0.01087 dB, 4,,,;, =
60dB, f. = 16 kHz, f, = 6 kHz, and R, = R, = 50 Q

First, we map the requirement to a corresponding LP
requirement.

Q. = w?/w. where o, = 2nf, = 2r16 krad/s.
Q, = w?/w, where o, = 2nf, = 2n6 krad/s.

We select ;> so that Q. = 1, in order to get the require-
ment for a normalized LP filter, i.e., => v = w.. We get
Q, = 0l o, = oo, = 16/6 = 2.666.

We select the LP filter C051523 and a 7 ladder with
only two capacitors. Hence, the corresponding HP filter
will have only two inductors that need to be simulated.
The normalized element values are L; = 0.732110, L, =
0.044113, C, = 1.261137, Ly = 1.496225, L, = 0.121060,
Cy = 1.149490, Ls = 0.662813, and R, = R; = 1.

Next, we transform the LP elements to elements in the HP
filter and at the same time change the impedance level to R,
using the mappings:

Iyp = Ro/(w3Crp) = Ry/(w.Crp) and
cyp = 1/(R0(U%LLP) = 1/(R0prLp)

where Ry = 50 Q.

We get

¢y = 271.7401 nF

¢, = 4.509865 uF l, = 0.3943736 mH
c3 = 132.9637 nF

s = 1.643348 uF
¢s = 300.1505 nF

Iy = 0.4326781 mH

253



254

8 Immitance Simulation

Each grounded inductor is replaced with a PIC that
is loaded with a resistor, according to Fig. 8.1, where /»

= kr, and I, = kry where the conversion function is
K(s) = ks.
RA‘ Cl C3 CS

Fig. 8.1 Active HP filter of type impedance simulation using
PIC

Figure 8.2 shows the corresponding realization with
Antoniou’s GIC. For sake of simplicity, the symbol, shown
to the right in Fig. 8.2, is used for Antoniou’s GIC where R,
= Rj. It is important to use matched operational amplifiers.

Fig. 8.2 Active HP filter of type inductance simulation using
Antoniou’s GIC

The input impedance according to Equation (5.63) with
ideal operational amplifiers is

RiR;

Zip=————".
" R2 ( 1 /SC4)

A suitable design, which minimizes the effect of the finite
bandwidth of the operational amplifiers, is obtained if we
choose w.Cyqry = 1, w.Cqry = 1, and R, = R3[112].

We select C4 = | nF, which gives r, = ry = ljo. C4 =
9.94719 kQ, and from Equation (5.63) with R, = R; =
10 kQ we obtain Ry =15/(r,Cs) =39.6468 Q and
Ry = 14/(raC4) = 43.4975 Q for the resistor R; in the first
and second PIC, respectively.

8.3 Gyrator-Based Simulation

An inductor can also be realized with a gyrator
loaded with a capacitor. This method is also best
suited for LC structures with grounded inductors.

A gyrator is a nonreciprocal two-port, which was
defined by Equation (5.16) [18]

Vi=-nbh
-

. (8.2)

where r| and r, are real constants > 0. The gyrator is
a lossless circuit element if r; = r,. According to
Section 5.4.4, the gyrator is a PII (positive impedance
inverter) with the input impedance for port 1

B(s)l i
C(S)Zg o Zg '

Zin = (8.3)

The K matrix for a lossless gyrator is obtained
directly from Equation (8.2)

0 r
KGyralor = [1 O‘|

r

where r = ry = r,. For the circuit shown in Fig. 8.3,
we have the input impedance

Zin(s) = r*Cs. (8.4)

r L
«— > 40—41
Z,(s) —» ) Q \-:2 c
.| _

Fig. 8.3 Gyrator loaded with a capacitor

Thus, an inductor can be simulated with a gyra-
tor loaded with a capacitor.

Gyrators are available as discrete integrated cir-
cuits, e.g., TCA 580 and TESLA SN150 10, but they
have not had a commercial success due to their
relative limited market compared with operational
amplifiers. However, a gyrator can be implemented
as a circuit with only transistors and capacitors with
about the same number of transistors as an opera-
tional amplifier. Hence, the gyrator-based approach
is well suited and commonly used in integrated
active filters.
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Example 8.2 Realize the same filter as in Example 8.1 but
with gyrators.

According to Equation (8.4), the inductors can be
replaced with gyrators, which are loaded with capacitors
according to Fig. 8.4.

Fig. 8.4 Gyrator-C HP filter

We get the following realization where C, = ’land C, =
I An advantage of this approach is that it is easier to
implement good capacitors compared to resistors in a digital
CMOS technology.

8.3.1 Transconductor-Based Gyrator-C
Filters

In the immitance simulation approach, some com-
ponents are replaced with an equivalent network,
e.g., an inductor is replaced with a gyrator that is
loaded with a capacitor. A grounded inductor can
be realized using a capacitor and a gyrator that is
realized by two transconductors as shown in
Fig. 5.55. However, many structures like the Cauer
filter shown in Fig. 8.5 have floating inductors.
Figure 8.6 shows how floating inductors in the
ladder network shown in Fig. 8.5 can be simulated
with gyrators and capacitors. The floating inductors

are realized by the circuit shown in Fig. 5.58. Note
that the resulting circuit has two floating capacitors
with top and bottom plate parasitic capacitances,
which are added to the capacitances C;, C3, and Cs.

Floating immitances that are connected to high-
impedance nodes suffer from parasitic capacitances
that affect the frequency response. As was shown in
Example 5.3, a floating impedance can be replaced
with a shunt admittance between two gyrators as
shown in Fig. 8.7 where Z = 1?Y.

— Yo LN
- dd 0P
O——O oO—e L 2 —O

Fig. 8.7 Equivalent networks

A better and more general method is to use the
equivalent network shown in Fig. 8.7 to convert the
series admittances to grounded impedances as
shown in Fig. 8.8.

An LP filter with finite zeros and series arms of
parallel resonance type is converted to grounded
series resonance circuits according to Figs. 5.59
and 5.61, where Z; = Y;/(g2€m3) and g,,1 = Zum3-

8.3.2 CClI-Based Gyrator-C Filters

In this section, we show how an LC filter can be
simulated using a gyrator-C circuit that is realized
using current conveyors.

Example 8.3 The Cauer LC filter shown in Fig. 8.9 meets the
requirements . = 10 Mrad/s, w, = 52.4 Mrad/s, 4,,,.x = 0.1
dB, and 4,,;, = 50.5 dB with the element values R, = R; =
50 Q, C; = C3 = 2.020486 pF, C, = 49.048 pF, L, =
5.59284 pH.

Figure 8.10 shows the corresponding realization with cur-
rent conveyors. Conveyor 1 realizes a VCCS and conveyor 2
the source resistor R;. A pair of symmetric gyrators is

Fig. 8.6 Gyrator-C
realization
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Fig. 8.8 Improved gyrator-
C realization

obtained if we select r = r3 = rqy = rs = rg, which according
to Equation (5.65) corresponds to a series inductor with the
inductance

L=rC

with r = 2158.87 Q and C = 1.2 pF yielding L, = 5.59284
1H. We may select r; = ary in order to increase the gain with
a factor o. For example, « = 2 compensates for the attenua-
tion Rz /(Ry + Ry) = 1/2 when Ry = R;.

Fig. 8.9 Reference filter

Fig. 8.10 Gyrator-C filter

|LS2
[
V3; T }’5
X X
& z CCIl+ CCIl+ z|_¢
y y®
y |
CCIl- z y y y :
JoHx D CCIl+ 7 CCII- 7 z CCII- l
X — X X Cy
e ® @] [ L@ lag,
oI T
T : - 4

with current conveyors

8.4 Gorski-Popiel’s Method

The Gorski-Popiel method is a generalization of
the impedance simulation method. In Gorski-
Popiel’s method, the filter is divided into two
parts, a network N;, which contains all induc-
tors, and a network N; with the remaining

circuit elements [46]. The network N; is then
frequency transformed by dividing all impe-
dances with k,. Because N; only consists of
inductors, the transformed network will have
the same topology, but it will only consist of
resistors. In order to not affect the network Ny,
PICs with K(s) = ks are placed between the
networks as shown in Fig. 8.11.
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Fig. 8.11 Principle of the -
Gorski-Popiel method I
! Frequency
: transformation .
*— [ ks:1 N
Ny ! Ny <:::\'> N ks:1 ks
| ® — PR
*— T a2 D AN~
|
|
The Gorski-Popiel method is suitable for net- v
works with floating inductors, e.g., LP and BP fil- ﬁ __l_
ters. Note that the number of PICs is in many cases : =
fewer than the number of inductors. | |
It is useful to perform the above method in steps. st 1 N, N
. . . 19
Consider therefore the network shown in Fig. 8.12 &— N — kps ] ks [ °
where only N, contains inductors. J_ |:| J_ J_
Zin1
N; -
_—IT— Fig. 8.13 Network after step 1
t+e V.
il 9t
N3
I I —
1 4 ks
— N N, <o N, —e =
1 T L + 2 ‘ ‘
V] V4 1: ks
T T T o e [ s Je ]
= - = = D kys D kys
Fig. 8.12 Extraction of the inductor network, N J,: i‘ r Jf~
Zin2

In the first step, we insert a PIC between N and
N;. The input impedance Z;,; is according to Equa-
tion (5.20)

As)
D(s)

where Z; is the input impedance of the left port of
the N; network. In order to not change Z,,;, we
divide all impedances in the networks N;, N,, and
N5 with kis. The resulting network is shown in
Fig. 8.13. In the modified network, N;, the induc-
tors have now become resistors while in N, and N3
the resistors and capacitors have become capacitors
and supercapacitors, respectively.

In the second step, we insert a PIC between N,
and N, with the ports as shown in Fig. 8.14. The

Zin = Zp =kisZy

Fig. 8.14 Network after step 2

input impedance Z,, is according to Equation
(5.21)

D(s) 1
——Zioad = —2Zis
A(S) load sz load

Zipp =
where Z,,,,1s the input impedance of the left port of
the N, network. In order to not change Z,,,, we multi-
ply all impedances in the network N, with k,s. Hence,
the impedances in N, are the same as in the original
network, except for the real scale factor k»/k;. How-
ever, original resistors and capacitors in N3 have
become capacitors and supercapacitors, respectively.

In the last step, we therefore insert a layer of PIC
between N; and N3 as shown in Fig. 8.15. The
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e kys
il | el | =

Fig. 8.15 Network after step 3

network Nj is thereby converted back to the origi-
nal, except for the real scale factor k3/k;.

The conversion factor, k, of Antoniou’s GIC is
k = R;C, when R, = Rj, it should be selected
according to the method discussed below in order
to minimize the effect of the finite bandwidths of the
operational amplifiers [112].

The starting point is an impedance analysis of the
network NL in Fig. 8.16. We first select [18, 112]

and R, is selected so the impedances in the network
N, obtain suitable values. Next we select

R C, s R C,

Cy= i, 4= —
|V2/I2|(u:(o[ |V3/13|(u:w[

and, finally, we must select R3;C3 = R4C, because
the two last PICs must have the same conversion
factor, k3.

Example 8.4 Consider the ladder in Fig. 3.68 where we

had eliminated the right-most shunt inductor. The result-

ing ladder is shown in Fig. 8.17 where C4 = n(n-1)Cy, +
2

n C3.

Ly, Ly, /n

nCy,,

Vout

Fig 8.17 BP ladder

R = i First we extract the inductive network as shown in
L=, Fig. 8.18.
The inductive network has only three ports connected to
the rest of the ladder. Hence, we need three positive impedance
R3Cy
33N,
re L
Ry R,
PIC PIC
G C,
+ it L, LY .
h V2 N, |3 sl Ry,
o N1 e R PIC C,|— —m— ——CPICRj«e "Nl e
Fig. 8.16 Scaling of V. + SEG ‘j' 1¢1
impedances according to the " L Vi L 4 L out
Gorski-Popiel method = - - = =

Then C, is selected so the resistors in the network
N obtain suitable values. Next, we select

R C

C=— &
P Wi/l .,

converters. In this case, they must have the same conversion
factor, K(s) = ks. The resulting realization is shown in
Fig. 8.19 where

L1 Lza Lzh LZh
Ri=— R=—" Ry=—""— Ry=-——.
Tk Tk T k(=0 YT ke
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nCy,

Fig 8.18 BP ladder with extracted inductive network

Fig 8.19 Gorski-Popiel’s
realization of a BP ladder

8.5 Bruton’s Method

Bruton’s method is a generalization of Gorski-
Popiel’s method [18, 48]. Instead of only performing
a frequency transformation of the element in the
inductive network, all circuit elements are trans-
formed by multiplying the impedances with 1/s
or s. The transfer function is not affected by the
transformation of the impedances because the (vol-
tage) transfer function is a ratio between the differ-
ent impedances.

Theorem 8.1 If all impedances in a network are mul-
tiplied with the same function, g(s), all transfer func-
tions of the type V.|V, and 1,,,/1;, as well as all
input and output impedances are invariant.

If all impedances are multiplied with 1/s, the
circuit elements are converted in the originating
network in the following way.

R = 1/s°D (Capacitor with the value' C — L)
Ls = R (Resistor with the value R «— L)

1/sC = 1/s2D (FDNR; supercapacitor with the
value D «— C [Fs])

!The same numerical value, ie,if R =10kQ, weget C = 107*F.

As an alternative, all impedances can be multiplied
with s at which the circuit elements in the originating
network are converted in the following way:

R = Ls (Inductor with the value L < R)

Ls = Es2 (FDNR; superinductor with the value

E — L[Hs])

1/sC = R (Resistor with the value R — {).

The original filter is often called reference filter.
The new circuit elements with the impedances 1/s*D
and Es” are called supercapacitor and superinductor,
respectively. These elements can only be realized

G

a nC
e
(I-m)Cy,, % f :]} I

with the help of active circuit elements. Figure 8.20
shows corresponding symbols.

Fig. 8.20 Supercapacitor
and superinductor

Superinductors are, however, not usable in prac-
tice because they represent a second-order derivative.
The magnitude function for a differentiator increases
linearly with frequency and even more rapidly for a
superinductor, i.e., high-frequency noise will be
strongly amplified and any circuit containing such

elements will have a poor signal-to-noise ratio.
Bruton’s method is suitable for networks with

non-grounded inductors. We demonstrate Bruton’s
method using an example.

Example 8.5 Realize the ladder network shown in Fig. 8.21
using Bruton’s method. The filter shall meet the following
requirements: A,,,, = 1dB, 4,,;,, = 40 dB, o, = 22 krad/s,
and w; = 38 krad/s.

The denormalized element values are R, = R; =
1 kQ, L; = 60.86877 mH, L, = 10.791805 mH, C, =
55.841824 nF, wg, = 40.7355 krad/s, Ly = 65.099016
mH, and C4 = 70.125962 nF.

Because the T network contains three inductors and
only two capacitors, it is suitable to convert the network
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Fig. 8.21 Fourth-order Cauer filter

by multiplying all impedances with k/s, which yields a
filter structure with supercapacitors. The constant k is
selected so the elements obtain suitable values; select for

Rik/s = 1/(cys)

Fig. 8.22 FDNR filter corresponding to a fourth-order
Cauer filter

example k = 105 [I/s]. The element values shown in
Fig. 8.22 become

where ¢; = 1/(Rsk) = 1/(1000k) = 10 nF

sLik/s = r) = kL; = k60.86877107° = 6086.88 Q

sLok/s = rs = kL, = k10.791805 1073 = 1079.18 Q

k/(Cays*) = Dy = Cy/k = 55.841824 1077 /10° = 55.84182410~'* Fs

sLyk/s = re = kL3 = k65.099016 10~ = 6509.9 Q
k/(Cy4s?) = Dg = Cy/k = 70.125962 1077 /10° = 70.12596210~'* Fs

Rik/s = 1/(c2s)

where ¢; = 1/(Rrk) = 1/(1000k) = 10 nF.

Supercapacitors can be realized with a GIC loaded
with a capacitor. From Equation (5.63) with Z; = 1/sC,
Z, = Z3 = R, Z, = R4, and Zs = 1/sC, the input
impedance is obtained

Zin(s) =1/s*C*Ry = 1/s’D where D = C*Ry.

Suitable design for the supercapacitor Dj is
w.C4Ry = 1, which yields C4 = Dyw,. Select R, =
R; = R = 10 kQ, which yields C; = Djo. =
12.2852 nF and Ry = 3.6999 kQ, and in the same
way we obtain C¢ = Dgw. = 154277 nF and Ry =
2.9463 kQ for the supercapacitor Dg.

Both inputs to the operational amplifiers require a DC
path to ground or to an output of an operational amplifier
for the bias current. Such a DC path to ground does not exist
in Fig. 8.22 due to the capacitors ¢; and ¢,.

One way of solving this problem is to parallel connect ¢,
and ¢, with two resistors R, and R,,. These can be selected
according to the following principle. The gain for the refer-
ence filter at o = 01is |H| = 0.5, which also shall be valid for
the FDNR filter. For @ = 0 we shall have

Ry,

=0.5.
R1p+R2p+rl+r6

Furthermore, both R;, and R,, should be much larger
than r; and re. Select, ie., Ry, = 56 kQ and R,, =
81 kQ. These resistors have a small effect on the filter
frequency response at very low frequencies. A buffer
amplifier is also required for the output, as the output
may not be loaded.

Itis, if possible, suitable to select a reference filter
such that the FNDR elements become grounded.
Filters that contain floating inductors can be rea-
lized with this method, which is one of the best for
realization of lowpass filters even if certain pro-
blems can occur with bias currents.

Bruton’s method can also be used when trans-
conductors or current conveyors are used to realize
the supercapacitors.

8.6 Problems

8.1 Design a second-order notch-filter (very narrow
bandstop filter) for 50 Hz. The reference filter is
a grounded series resonance circuit.
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Fig. 8.23 FDNR filter

8.2 Design first an LC filter that meets the following 8.9 Realize the ladder structure shown in Fig. 8.24

requirements: w, = 2 krad/s, 4,,,,. = 2dB, w,. = using Gorski-Popiel’s method.
4 krad/s, and A4,,;, = 20 dB. Use a Chebyshev I
approximation and a T'ladder with R; = 0Q and R,
R; = 600 Q as reference filter. Is this a good +
choice? Realize the reference filter using the immi- v 7
tance simulation method where inductors are "\ Vou
realized by using PICs. Select, if possible, capaci- -
tances to 10 nF. Assume that 7, = T4(®c). Fia. 8.24 Band ladder i blem 8.9
8.3 Realize the same transfer function as in Pro- 2% andpass fadder m probiem .
blem 8.2, but use instead a doubly resistively
terminated reference filter. 8.10 Realize the transfer function to a Cauer filter
8.4 Design first an LC filter of Chebyshev I type that meets the requirement in Example 4.7
with a minimum number of inductors and R, = using Gorski-Popiel’'s method. Select an
R; = 600 Q. Replace the inductors with PIC approprjate reference filter.
circuits. Assume for sake of simplicity the lar- .11 Realize the filter in Problem 8.8 using Gorski-
gest group delay occurs at the passband edge. Popiel’s method.
The requirements are f. = 200 kHz, f; = 8.12 Realize the filter in Problem 8.8 using Bruton’s
50 kHz, 4,4, = 1 dB, and 4,,;, = 35 dB. method, but use instead the corresponding T
8.5 Realize the transfer function to a Chebyshev 1 ladder.
HP filter that meets the requirement in Example  8.13 Realize the transfer function of a Cauer filter
5.3 using the immitance simulation method that meets the same requirement as in Example
(PIC).

8.6 Realize an active filter based on a third-order ©
ladder using gyrators. When is this approach
appropriate?

8.7 Realize the ladder shown in Fig. 8.9 using
gyrators when R, = R; = 1kQ, C; = 209.4
nF, C, = 33.06 nF, C3 = 209.4 nF, and L,
= 83.47 mH.

8.8 Realize an active filter based on a third-order ©
ladder structure using Gorski-Popiel’s method.  Fig. 8.25 Bandpass filter in problem 8.16
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4.7 but using Bruton’s method. Select a suita- 8.15 Show that a single supercapacitor can be

ble reference filter structure. used to realize a third-order Butterworth
8.14 Determine suitable element values in a GIC to filter.
realize a supercapacitor with D = 107® Fs 8.16 Realize the ladder structure shown in Fig. 8.25

when ®.j;i.r = 1 Mrad/s. using as few PIC as possible.



Chapter 9
Wave Active Filters

9.1 Introduction

Wave active filters represent another approach,
proposed by H. Wupper and K. Meerkotter [142,
143], to simulate LC filters where the components
are described using waves. That is, instead of using
the port current and voltage to describe a port,
incident and reflected waves are used. The incident
and reflected waves are a linear combination of
current and voltage. Hence, we have performed a
linear coordinate transformation from the variables
current and voltage to incident and reflected waves.

Wave active filters that simulate doubly resistively
terminated LC filters inherit the low sensitivity prop-
erties of the reference filter [13]. The same approach
is also used for digital wave filters, but in this case the
doubly resistively terminated network consists only
of lossless commensurate transmission lines [35, 135].

We begin with a description of generalized wave
filters and later describe wave active filters with
voltage waves in more detail. Note that this descrip-
tion includes, as special case, several other struc-
tures, i.e., leapfrog filters [32].

9.2 Generalized Wave Variables

Figure 9.1 shows a general two-port with lumped
elements. The case of commensurate transmission
lines is analogous, but the transfer functions will not
be rational functions in s.

L )
+ o> | <o +
N
Vl Two-port V2
Fig. 9.1 Two-port -° ® -

L. Wanhammar, Analog Filters using MATLAB, DOI 10.1007/978-0-387-92767-1_9,

© Springer Science+Business Media, LLC 2009

Usually, we use currents and voltage to describe
two-ports. Here, however, we will use incident and
reflected waves.

The generalized wave variables x and y are a
linear combination of input current and voltage of
a port.

We define for each port

X1 V1
{ } =7 [ ] ©.1)
Y1 11
where
P= {Pn P12:| det(P) = pupa — prapat #0 9.2)
P2 Pn
and for port 2
X2 V2
{ } B Q{ } 9.3)
2 12
where
0= {411 mz} det(Q) = q11922 — q12921 0. (9.4)
q21 42

We can interpret the generalized wave variables x
and y, shown in Fig. 9.2, as incident and reflected
waves, respectively. A wave description is equivalent

X1 & X

N
Wave two-port

V| o<— e V>

Fig. 9.2 Wave two-port

263
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with describing a network with currents and
voltages.

It is essential that the P and @ matrices are
selected so the power relations are retained, as
low-sensitive LC filters obtain their low element
sensitivity through maximal power transfer from
the source to the load.

Several very useful matrix representations for
two-ports have earlier been discussed. It is also use-
ful to define similar matrices, but in terms of wave
variables.

9.2.1 Wave Transmission Matrix
The transmission matrix is defined as
|4 A—B][V, V)
= =T 9.5)
1 C-D I I
where 4, B, C, and D are the elements in the K
matrix. By eliminating currents and voltage, we

X
yl

where F'is the wave transmission matrix of the two-
port.

PTQ! [xz] :F[)Q] 9.6)
)2 Y2

9.2.2 Chain Scattering Matrix

Recall that the K matrix (chain matrix) is
7 A B[ V2 Vs
= =K . 9.7
I C D||[-IL b
The chain matrix is useful to compute the matrix

for two cascaded two-ports. If two two-ports are
cascaded, according to Fig. 9.3, the resulting chain

I I
+ o ° <o T+
Vi Ny N, Va
— — *® —® —

Fig. 9.3 Cascaded two-ports

matrix becomes K = K;K>. It is therefore useful to
define a similar matrix for wave two-ports.
The chain scattering matrix is defined as

] e
X1 2
where
C= 0 1 F 9.9
S ©9.9)

The chain scattering matrix is used in the same way
as the chain matrix, i.e., the chain scattering matrix for
two, cascaded wave two-ports equals the product of
the corresponding chain scattering matrices.

9.2.3 Generalized Scattering Matrix

We define the generalized scattering matrix as
{Jﬁ} _ S[Xl} _ |:Sll 512:| {Xl }
2 X2 S21 S22 ] LX2
The output y,, when the second input x, is zero,
is y» = sp1x1, and 5,1 behaves as the normal transfer
function. A two-port with s;; = 55, is symmetric
whereas a two-port with s;; = —s,, is antimetric.
An advantage with the scattering matrix is that it
exists for all circuit elements contrary to impedance
and admittance matrices, which become singular for

certain circuit elements.
The relation between the C and S matrices is

(9.10)

1 o an @ .
c- L {521512 511522 511} ©.11)
521 —S$2 1
and
1 . SR
g L [612 el 612621]. ©.12)
|1 -2

9.2.4 Voltage Scattering Matrix

Henceforth we will only discuss the voltage scatter-
ing matrix unless otherwise explicitly stated. The
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voltage scattering matrix is a special case of the and

generalized scattering matrix. The voltage scatter-

ing matrix of voltage type' is obtained with the X2 =Va+ Rolp 9.16)
following selection of the parameters =V —-R '

P= [1 Ri ] (9.13)
1 =R '
and
0- [1 ke } ©.149)
1 =Ry '
This can also be written as
x1 =V + R 1
{ P (9.15)
»n="r-RrR1

where R; and R, are two positive constants, so-
called port resistances.

The variables x; and x, can be interpreted as
incident voltage waves and y; and y, as reflected
voltage waves. With this choice, the power rela-
tionships are retained, which is a prerequisite for
inheriting the low-sensitivity of the reference
filter.

For a two-port, the chain scattering matrix C is
obtained from Equations (9.6) and (9.8)

0 17[1 Ry 1[4 —-B][1 R, 1!
Rt b s | e | R R Y o7
X1 1 0|1 —-R;|]|C —-D]||]l —R, 2
and with Ry = R, = R = 1/G, which usually is the
case, we obtain
C[Cll C12:|1{A—BG—RC+D A+BG—RC—D} 9.18)
ey em] 2|A-BG+RC—D A+BG+RC+D '
and
1[A+BG—-RC—-D 2(AD — BC)
S=— (9.19)
A 2 —A+BG—-RC+D

where A = A + BG + RC + D. For a reciprocal
two-port, we have AD — BC = 1.

Henceforth we will denote the incident and
reflected voltage waves with A(s) and B(s), respec-
tively, in accordance with what is customary in the
literature for wave digital filters,i.e., x = Aand y =

"Power waves, which normally are used in the literature for
microwave filters, are defined as x; = V/v/R| + VR I} and
»1 = V1/VRi — VR I [70]. The name comes from the fact
that x> and y* have the dimension power.

B. Note the conflict in notation with the scattering
matrix parameters and 4, B, C, and D.

Example 9.1 Determine the scattering matrix parameters of
voltage type for a two-port consisting of a series impedance
according to Fig. 9.4.

We first determine the K matrix. We have
1 Z I
+ ._._:p_._.l 2+
41 vy

R

=~ ®

Fig. 9.4 Series impedance
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Vi=ZL+ 1>
L =-h
. 1 Z .
e, K= 0 1 .Insertionof A = 1,B=Z,C =0,

and D = 1 in Equation (9.19) yields the voltage
scattering matrix for a series impedance

S_[S]] S12:|_ 1 [Z ZR} (920)
sy os»] Z+2R[2R Z | ’

The voltage chain scattering matrix becomes according to
Equation (9.18)

1 [2R—Z Z
C:{Cn C12:|: [

2R| -z 2R+Z]' ©-21)

1 2R

9.3 Interconnection of Wave Two-Ports

Kirchhoff’s laws are valid for the two connected
ports shown in Fig. 9.5, i.e.,

N 1 Vl V2 N 2

Fig. 9.5 Interconnection of two networks

Vo=V
L =-1I.

These equations correspond to the matrices

1 0 1 0
K= and T = .
{0 1] [0 —1}

Insertion in Equation (9.6) yields

. (9.22)

1 0 .
F=P 0
-1
which describes the relation between the waves at
the connection. A direct connection of two wave
two-ports according to Fig. 9.6 can thus only

occur if x; = y, and x, = yy, ie., if F for the

connection is
1 0
F= .
0 1

X1 X2

Sl Sz
1 y2

Fig. 9.6 Direct interconnection of two wave two-ports

Several selections of the parameters in the P and
O matrices are possible, but only some of these
retain the power concept and yield low sensitive
filters and at some time result in low-complexity
realizations. Here, we therefore only discuss the
selection that corresponds to the voltage scattering
parameters.

9.4 Elementary Wave Two-Ports

Consider a two-port that consists of a series induc-
tor and that both port resistances are equal, i.e.,

Ry = R, = R. The scattering matrix becomes
according to Equation (9.20)
S 812 1 sL 2R
SSeriesL = P —
21 2 2R+sL|2R sL

which can be written as
1 st 1
I+st|1 st
where T = L/2R.

Note that the parameters in the voltage scatter-
ing matrix for a series inductor are first-order
rational functions, i.e., 511 = s = s1/(1 + s1) and
s12 = 821 = 1/(1 + s1) have highpass and lowpass
characteristics, respectively.

For simplicity, we will henceforth use the symbol
shown in Fig. 9.7 for a wave two-port with a voltage
scattering matrix according to Equation (9.23), i.e.,
for a series inductor.

SSeriexL = (9 23)
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Fig. 9.7 Wave two-port for A
a series inductor

The corresponding chain scattering matrix for a
series inductor becomes
c1 C2 1 —1ys TS
CSFI'i(’SL = =

o } . (9.24)

(&%) —T1S T8 — 1
The scattering matrix for a two-port consisting of
a series capacitor is in the same way obtained from

Equation (9.20)

1
© 2R

1
1 1
2R+ |2R

o 1 |: 1 S‘L‘l]
ol 4sTy sty 1
where 1, = 2RC.

Also in this case, the scattering matrix para-
meters are first-order rational functions with either
lowpass or highpass characteristic. The correspond-
ing chain scattering matrix for a series capacitor is

S SeriesC —

(9.25)

T15—1 1
T1S T1S

CSeriesC - 1 1541 (9.26)
m T8

The voltage scattering matrices for a series induc-
tor and series capacitor are

|:BlSeriesL :| 1-&&-—1317 l-i{s‘r |:A 1SeriesL :| (9.27)

AdSeriest.

Boseriest. Tror

and

1 ST
|:BlSeri€sC :| T+st  1+st |:A 1SeriesC
B 2SeriesC

] . (9.28)

T+st AZS(%)‘ieSC

Note that the series capacitor matrix can be
obtained from the series inductor matrix by chan-
ging the rows and vice versa. That is, Bjgeiesc has
the same form as B> g,riesz. ANd Bs s, iesc has the same
form as BlSeriesL'

This means that if we have a realization of a wave
two-port for a series inductor, a realization of a
wave two-port for a series capacitor is obtained by
changing the reflected waves B and B, according to
Fig. 9.8 where t = L/2R = 2RC. This corresponds
to multiplying the C matrix with the matrix

Fig. 9.8 Wave two-port for A, A,
a sereis capacitor o—p— <«
T
Bl B2

0 1

1 0f
Theorem 9.1 If the reflected waves of a wave two-
port to a series admittance, Y, are changed according

to Fig. 9.8, a wave two-port corresponding to a series
impedance Z = 4R*Y is realized.

Example 9.2 Show that a series resonance circuit with the
impedance Z; = sL; + 1/sCj in a series arm corresponds to a
series admittance with a parallel resonance circuit if the waves
on the wave two-ports are changed according to Fig. 9.8.

According to Theorem 9.1, we have Y, = Z,;/4R> =
sL1/4R2 + 1/sC14R2 = sC, + 1/sL,, which corresponds to
a series arm with a parallel resonance circuit with the ele-
ments L, = C,4R*and C, = L,/4R>

In the same way can the wave two-ports for shunt
arms be derived. Here instead we shall use an
equivalent technique that is based on gyrators.

A gyrator is described by Equation (5.17) by the

chain matrix
0 ri
K| 0 (9.29)
n

where r; = r,. Insertion in Equation (9.19) yields
0 1
SGyrator = _1 0 ] (930)
and
"1 0
CGyramr = 0 1 (931)
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A gyrator, with r; = Rand r, = 1/R, and corre-
sponding wave-flow graph are shown in Fig. 9.9.

Ajo—>——0 B,

-1

Blo—<l—o A2

Fig. 9.9 Gyrator and corresponding wave two-port

A series inductor placed between two gyrators
according to Fig. 8.7 thus corresponds to inverting
By and A; of the wave two-ports for a shunt induc-
tor. Gyrators are, thus, cheap to implement as they
only require one inversion.

Table 9.1 shows some of the most common two-
ports with series elements and the corresponding
voltage wave two-ports. Table 9.2 shows some
wave-flow diagrams for shunt elements and the

corresponding wave-flow diagrams with t = L/2R
= RC(/2, and in Table 9.3 some useful one-ports and
corresponding wave-flow diagrams are shown.

9.5 Higher-Order Wave One-Ports

Figure 9.10 shows the symbol for a three-port cir-
culator and its corresponding wave-flow diagram.
Note that an incident wave to port 1 is reflected to
port 2, and an incident wave to port 2 is reflected to
port 3, and so on. Hence, the circulator “circulates”
the incident waves to the next port in order.

The scattering matrix is

B 0 0 17714, A,
Bl=1]100|[d|=S|4] 32
B; 0 1 04 A;

Table 9.1 Series impedances

Two-port Wave two-port Element values
L o—— —<—o0
o—Y Yo T
T=L/2R
. . e S
C o>—] —<—o0
o—| l_o T
T=2RC
o—o0 o}{*\o
R R
L C o—p—]
= W T
O/AJ Lk Tl = L/ 2R
o—o0
R R RN T,=2RC
L o»>—]
T
O_‘__A{T\_—’_O O/%f(‘ T,=2RC
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Table 9.2 Shunt impedances

Two-port Wave two-port Element values

T

M

o

=
=

‘_él‘_o T=RC/2

T

o

1
f

=
=

T1=2L/R

o=

O—r— T
7 \ T1=RC/2

5 :I T,=2L/R

M

1,=2L/R
T,=RC/2

12<—<]—O

The input impedance to port | in Fig. 5.12 is

R+ 27,7
Z:# (9.33)
Z)+ 73
R+ 7,7, R
_Z-R_ Z,+ 7 _(
Z+R R+ 2,7 N
K+ 22y »
Zr + Z;

where Z, and Z; are the impedances connected to
port 2 and 3, respectively. The corresponding reflec-
tance at port 1 is

22—R>< Z3—R):(_&X_&) (9.34)

- Z,+R

 Z3+R

Hence, the resulting reflectance is the product of
the two reflectances. Higher-order reflectances can
therefore be realized by connecting several circula-
tors. For example, replacing Z5 with a second circu-
lator that is terminated with the impedances Z3
and Z, yields a reflectance consisting of three
reflectances

S = (=82)(=53)(=S4)

and so on. The order of the scattering matrices
is arbitrary. The resulting structure is shown in
Fig. 9.11 for the case of four cascaded circulators.
Usually, only first- and second-order reactances are
used for sensitivity reasons.
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Table 9.3 One-ports

One-port Wave one-port
1=0 A
+oe—
v B j
_ o——
*— A
= 1
- |
R B
+ I A :
\%4 R
B=0
"R
R | B=V;,

Fig. 9.10 Three-port
circulator and its
corresponding wave-flow
diagram

Fig. 9.11 Circulator
structure

These structures are of less interest in the analog
domain, but they are very useful in the digital
domain. In fact, they are the basic building block
used in lattice wave digital filters [35, 134, 135].

9.6 Circulator-Tree Wave Active Filters

A method for synthesis of lossless two-ports can be
based on factorization of the scattering matrix into
a product of lower-order scattering matrices. The
factored scattering matrices correspond to a two
circulator trees as illustrated in Fig. 9.12 for the
special case with four branches.

The scattering matrix S for the complete filter is

S = S4535,8) (9.35)

where S; is the scattering matrix corresponding
to the network N; This decomposition into
lower-order scattering matrices corresponding to
elementary reactance two-ports is only possible if
S corresponds to a symmetrical or antisymmetrical
two-port. Hence, only odd-order lowpass filters are
feasible.

Circulator-tree structures have, similar to lattice
structures, high sensitivity in the stopband, because
the transmission zeros are formed by cancellation
instead of by reflection.

An odd-order lowpass Cauer filter typically con-
sists of a two-port series inductor, and the remain-
ing two-ports consist of series and parallel reso-
nance circuits. The element values for odd-order
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Fig. 9.12 Circulator-tree
structure

Cauer filters can be determined with the function
CIRCULATOR THREE LP and CIRCULATOR
THREE BP for geometrically symmetric bandpass
filters.

These structures are of no interest in the analog
domain, but they are very useful in the digital domain.
In fact, they may be used as analog prototype filters
for efficient wave digital filters [35, 135].

9.7 Realization of Wave Two-Ports

To realize a wave two-port, different physical signal
carriers can be used, i.e., voltages and currents. In
this section, we use voltages, i.e., a voltage will
represent a wave and the scattering parameters will
be represented by transfer functions of the type out-
put voltage/input voltage.

There are methods for implementation of
wave filters that are suitable for integrated circuit
techniques, where the waves instead are repre-
sented by currents [126, 127]. Here, however,
the two incident waves to the wave two-port are
represented by input voltages to an active RC
network and the reflected waves are represented
by output voltages.

9.7.1 Realization of a Generic Wave
Two-Port

In Fig. 9.13 and 9.14, two alternative realizations of
a wave two-port for a series inductor are shown.

The time constant T = 2RC can easily be deter-
mined by measuring the frequency for which the
phase difference between the input and output is
45°, This can be done with a higher accuracy than
when resistances and the capacitances are measured
individually. The resistor and the capacitor values
can be selected arbitrary, as only their product is
important. Note that the + 1 amplifiers have high
input impedances and do not load the driving cir-
cuits [90].

R
+ l—o—/\/\/\,—o—o +
Var R [ C Vao
B [ _
-l
Vai 1%
+1 +1 B2

Fig. 9.13 Realization of a wave two-port for a series
inductor
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Fig. 9.14 Alternative realization of a wave two-port for a
series inductor

Figure 9.15 shows a possible realization of a
series arm with a parallel resonance circuit [143].
For the circuit shown in Fig. 9.15, we have

Fig. 9.15 Realization of a wave two-port for a parallel reso-
nance circuit in the series arm

, 1 1
wo =
LC R1R2C1C2

_2R\/7 R, C1 Gy
Ri(Cy + Cy)
RiR»
p— R :7.
CG=C+C TR R

It is advisable to select C; = C, and C3z = 2C;.

An interesting characteristic of wave active filters
is that the Q factors of the realizations of the wave
two-ports become considerably lower than the corre-
sponding realization with sections in cascade form.

9.7.2 Differential Wave Two-Port

Differential circuits are commonly used in inte-
grated filters. The main reason is that they tend to
suppress the effect of nonlinearities. In fact, a per-
fect symmetrical differential circuit suppresses the
even harmonic components of a sinusoidal, but the
odd harmonics remain.

In order to show how to derive a differential
wave two-port from its single-ended counterpart,
we first consider an inverting amplifier.

The first step is shown in Fig. 9.16 where we have
duplicated and mirrored the amplifier to obtain
positive and negative signal paths. In addition, we
change all signs of the input and output terminals of
the operational amplifier. Hence, a (+)-terminal
becomes a (—)-terminal and vice versa and we
change the amplifier gain to —A. The amplifier at
the bottom of Fig. 9.16 does not change its transfer
function by these modifications.

Fig. 9.16 First step in the derivation of a differential vave
two-port

Notice that none of the grounded terminals are
needed, and we can merge the two operational
amplifiers in the two paths each into one fully
differential operational amplifier as shown in
Fig. 9.17.

Now, consider the inverting amplifier shown in
Fig. 9.18. The output is
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Fig. 9.17 Differential inverting amplifier

—AM—

e

e
V{)Mt

Z
RZENVAN 4
1/sC1 R1

N .9 :
where Z; = RCos ¥ T We get by selecting
R1 C] = R2C2 =71

Fig. 9.18 Inverting amplifier

Vour = — Vinz

s

Vs = ——— Vit —
out s+ 1 inl s

V. (9.36)

+1

Comparing Equation (9.36) with Equation
(9.27), we find that the circuit in Fig. 9.18 may be
used to realize a wave two-port corresponding to a
series inductor.

Using the technique discussed above, we convert
the single-ended amplifier with a fully differential

operational amplifier with a differential output
port. We need two such circuits, one for B; and
another for B,. The resulting circuits are shown in
Fig. 9.19 where we have reversed the output vol-
tages to compensate for the minus signs in Equation
(9.36). A drawback of this realization is that four
time constants, 7, have to be matched.

9.8 Realization Of Wave Active Filters

We demonstrate the design of a wave active filter by
the means of an example. Wave active filters have been
implemented using current-mode circuits [126, 127].

Example 9.3 Realize a third-order LC ladder network of the
type mid-shunt with an active wave filter. Figure 9.20 shows
the reference filter where the elementary two-ports have been
marked.

From Tables 9.1, 9.2 and 9.3 the corresponding wave two-
ports can be identified. The two-ports can be connected
directly because the port resistance has been selected equal
for all wave two-ports. Figures 9.21 and 9.22 show the wave
active filter and the corresponding realization.

The input signal is the voltage wave A, which corre-
sponds to the input voltage V;,, and the normal output
wave is VB,, which corresponds to the output voltage Vz2.
Note that for = 0 we have H(0) = Vg, /V,, = 1.

9.9 Power Complementarity

For a lossless two-port, we have the scattering
parameters

lsi|* + |sail* = 1. 9.37)

—AM— —AM—
T o 2 G, ¢ 2, G,
»
1 ® * —® A, 0—| }—0—‘ }—
+ R,
A VVV T F HB;
— Rl A +
A /MW Y eB,
_ C C
1 2
A, O—i }—o—i }—0
Fig. 9.19 Realization of a R,
differential wave two-port VVV
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Fig. 9.20 Reference filter,
third-order LC filter R L 1 L3
& — Y Y g o — Y YV \_ ¢ — +
+ L2
V.
in R Vour
CzT
-o . -o- - N
Al = Vin 32 =2Vou

D—k—o—» o

(=t

By =51V},

Fig. 9.21 Wave active filter
corresponding to a third-
order LC filter

!

e Tc,

A
 Jaet—(|

—<Ho
\T

o Tr, -0

Fig. 9.22 Realization of a
wave active filter
corresponding to a third-
order LC filter

Equation (9.37) has a direct correspondence to
Feldtkeller’s equation where s,; = H(s). If s, is a
transfer function of lowpass type, then si; is the
power complementary transfer function of highpass
type. Even the output signal By can, thus, be used.
Because the filter is an LP filter, the complementary
output Vg has highpass characteristics. The wave
active filter realizes, thus, at the same time a lowpass
and complementary highpass filter. Furthermore, the
input 4,, which corresponds to a second signal source
in series with R;, can be used in certain applications.
In this example, however, this has not been done.

C L3T

9.10 Alternative Approach

A drawback of the above-discussed method is that
the number of amplifiers, i.e., positive and negative
buffers, is relatively large; that is, one per reactive
element in the reference filter. Haritantis has, how-
ever, proposed a method to reduce the number of
amplifiers using a combination of Gorski-Popiel’s
method and the wave active approach [47].

Wave active filters can also be implemented
with transconductors and current conveyors
[126, 127].
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Fig. 9.23 Magnitude and
reflection function

g
@ é
g 5
£ =
[+
g
Frequency (GHz)
9.11 Problems 9.4 Use an active wave filter structure shown in

Fig. 3.41 to realize the crossover filter pair.
9.1 Determine the scattering parameters for a 9.5 Propose an operational amplifier based circuit

two-port consisting of a shunt admittance Y. realization of a high-performance buffer with
9.2 Show that the power into a portis P = G(|a|* — high input impedance and gain = —1.

b). 9.6 Determine the passband ripple and stopband
9.3 Use the LC ladder filter in Fig. 3.36 as reference attenuation from the measurements shown in

filter and find the corresponding wave active Fig. 9.23.

filter.



Chapter 10
Topological Simulation

10.1 Introduction

The best filter structures, from a sensitivity point of
view, simulate doubly resistively terminated LC fil-
ters. Simulation can be made in several different
ways. Previously, we have discussed several variants
of immitance simulation and wave active filters. In
this section, methods where the voltage-current
relationships of the ladder network are preserved,
i.e., the networks topology, is simulated [14, 15,
16, 18, 32]. The resulting filter structures have as
expected low sensitivity.

10.2 LP Filters Without Finite Zeros

A simulating method proposed by F.E.I. Girling
and E.F. Good (1969) [45] simulates node voltages
and branch currents in the reference filter, i.e., the
LC filter. The resulting filter structure is called a
leapfrog filter, as the signal-flow graph can be
drawn so that it can be associated with the well-
known children’s game “leapfrog.”

A leapfrog filter realizes a signal-flow graph that is
obtained from the current and voltage equations and
that describes an LC filter. By modifying the equa-
tions, we can derive a signal-flow graph that only
contain integrators, adders, and inverters. Good
integrators can be implemented using only opera-
tional amplifiers, resistors, and capacitors [42] but

also with switched-capacitor (SC) techniques. Leap-
frog filter is the structure that is most commonly used
in SC filters, as good SC integrators can be imple-
mented in digital CMOS technologies. The design
method for leapfrog filters is easily described with
the help of a few examples.

Example 10.1 Itisinstructive to derive the leapfrog structure
as was done originally. Consider therefore the fifth-order 7'
ladder shown in Fig. 10.1 and compute the currents in the
series arms and voltages across shunt arms.

We have
Vin = V2 L -5
I = =
Ry +sLy sCy
Vy— Vs I — I
3 sL; 4 sCy
Vi—V,
Is=——""" V,, =Rl
SL5

Fig. 10.1 Fifth-order 7T ladder

The equations above can be represented with the block
diagram shown in Fig. 10.2. The name leapfrog is obvious
from the diagram. Notice that there are four interconnected
two-integrator loops. Hence, we may conclude that the leap-
frog structure has similar sensitivities as the previously dis-
cussed two-integrator loops.

Fig. 10.2 Leapfrog
structure for a fifth-order
T ladder

R+ sLy

out

> >o

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_10,

© Springer Science+Business Media, LLC 2009
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10.2.1 Lowpass Leapfrog Filters

Consider the doubly resistively terminated lowpass
ladder network shown in Fig. 10.3, which is designed
to have optimally low sensitivity in the passband.
We will later see that it is favorable to select a =
ladder instead of a T ladder, as the former in some
cases will require fewer amplifiers.

I, R I Y3 Is Y I

Fig. 10.3 LP ladder

Vi = Rol, = RoGs(Viy —
Vs = Rols = RoY3(Va — Vi)
Vs = Rols = RyYs(V4— V)

V7= Rol; = RyG Vg

75)

The shunt and series arms are denoted as impe-
dances and admittances, respectively.

We use as (state) variables the currents in the
series arms and the voltages across the shunt arms.
We get the following equations from left to right,
where Gy = 1/R;and G, = 1/R;:

L =G(Vin—V2) Va=2y(1 - L)
L=Y3(Vo—Va) Vi=2Z4(l5—1I5) (10.1)
L=Ys(Va—Vs) Ve=2Zs(Is—1I7).

17 = GL V(,

It is convenient to multiply the currents with an
arbitrary positive constant, R, in order to obtain
only voltage equations. This is not necessary but

practical because it becomes easier to identify dif-
ferent circuit elements. We get

Vs = GoZo(Vy — V3)
V4 = G()Z4(V3 — V5)

(10.2)
Ve =GoZs(Vs — V7)

where Gy = 1/R,.

For a lowpass filter without finite zeros, the
immitances Z; and Y; are capacitors and inductors,
respectively. Hence, the factors GyZ; and R,Y;
correspond to integrators, i.e., of the form k/s.

Equation (10.2) can be represented by the signal-
flow graph shown in Fig. 10.4.

Fig. 10.4 Signal-flow graph

Inverting integrators are in many cases less
expensive to implement. However, in a differential
circuit, the cost is the same as we can realize an
inverting or a noninverting integrator by simply
interchanging the output terminals. Here we modify
the signal-flow graph to obtain as many negative

integrators as possible, assuming that they are less
expensive to implement.

First we recognize that every loop contains a
minus sign. In the first step, we change the sign
of every other transmittance (integrator), except
for the terminating branches. That is, we move
the market minus signs across the nodes V5, Vy,
and Vg, which are split into two minus signs, as
shown in Fig. 10.5. Hence the signs of V;, Vi,
and Vs change as well. Check that all loops still
have an odd number of minus signs.

Fig. 10.5 Signal-flow graph after the first design step

In the second step, we move the minus signs, as
indicated in Fig. 10.6. Note that two minus signs
cancel in each case. Starting from the right, we find
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Fig. 10.6 Signal-flow graph after the second design step

that all nodes to the right of the cut 4 change sign.
Hence, the sign of V7 as changed. Next, all nodes to

the right of cut B also change sign, i.e., we get the
new nodes Vg, V5, and -Vs. Finally, all nodes to the
right of cut C change sign, i.e., we get the new
nodes —V3, Vg4, Vs, =V, and —V5. The final signal-
flow graph is shown in Fig. 10.7.

The resulting structure has two positive and three
negative integrators that have as inputs the sum of
two node voltages. The signal-flow graph shown in
Fig. 10.7 corresponds to the Equations (10.3), which
of course are equivalent with Equations (10.2).

— V= —=GoZr(V1 + (=V3))
Vi = —GoZa((—V3) + V)

(10.3)
— Ve = 7G()26(V5 + (*V7)).

Fig. 10.7 Signal-flow graph after the third design step

Note that the output voltage often, as in this
case, obtains an extra phase shift of = rad, i.e., we
get V,,,, = —Veinstead of V,,,, = V. In most appli-
cations this is of little concern.

The nodes in the lower part of the figure corre-
spond to the voltages across the shunt branches
whereas the nodes in the upper part correspond to
the currents in the series branches.

Finally, we modify the signal-flow graph in
Fig. 10.7 by moving the input signal to the input
of the left-most integrator, as shown in Fig. 10.8.
Moreover, we rename the input transmittance RoG,
to RyG;, for reasons to be explained later.

Fig. 10.8 Modified signal-flow graph

The vertical branches in a lowpass filter contain
either constant transmittances or functions of the
type k/s where k is a real constant, i.c., integrators.
Negative integrators correspond to capacitors in
the reference filter whereas positive integrators
correspond to inductors. Hence, we prefer reference
filters with few inductors.

Note that every loop, except for the two outer
loops, consist of interconnected two-integrator
loops that have the positive integrator in common.
Hence, it may be advisable to realize the negative
integrators using Miller integrators and the positive
integrators with the phase-lead integrator, as the
phase errors in the integrators tend to cancel [42].
The inner loops have lossless integrators whereas
the two outer loops have lossy integrators.

A similar signal-flow graph can be derived for
highpass filters without finite zeros.

10.2.2 Realization of the Signal-Flow
Graph

The element values in the active realization can
directly be obtained through identification with the
modified signal-flow graph. The signal-flow graph can
be realized by the circuit shown in Fig. 10.9. Note that
each integrator has two inputs. For example, the inte-
grators corresponding to the series admittances Y3
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Fig. 10.9 Fifth-order
leapfrog filter

and Y5 have inputs from V, and (-V>) and ¥V, and
(—V%), respectively. The left-most integrator has
inputs from V,,, (-V>), and (-V3). Note that the
terminating resistors yields lossy integrators.

We use lowercase letters for the elements in the
leapfrog realization in order to differentiate from
the elements in the reference filter and the transmit-
tances, which use capital fonts. The element
denoted R, can be chosen arbitrarily. The relation-
ships between the reference filter and the leapfrog
filter can be derived by comparing the voltage equa-
tions for the nodes. See Example 10.2.

The reader is recommended to derive the rela-
tionships. See Problem 10.1.

If the reference filter is denormalized in fre-
quency and has the desired frequency response, the
corresponding leapfrog filter will automatically
have the same frequency response. On the other
hand, if the reference filter is normalized in fre-
quency, the leapfrog filter has to be denormalized.
This can be done by letting S = s/k, where S is the
frequency variable of the reference filter. Before and
after frequency scaling, we have for the integrators,
which are the only frequency-dependent compo-
nents in the leapfrog filter,

£k
SRC ~ sRC’

Hence, we must make the RC products k times
smaller in order to increase the frequency by a
factor k. However, there is no need for scaling the

impedance level in the reference filter as the leap-
frog filter is independent of the impedance level; it
is only dependent on ratios of impedances.

We will demonstrate the design process by the
means of some examples.

Example 10.2 Realize a leapfrog filter from the third-order
Chebyshev I filter shown in Fig. 10.10 when 4,,,. = 1 dB
and w, = 500 rad/s. This is the same specification as was
used for the lowpass filter in Example 7.8.

Fig. 10.10 Third-order LC ladder

The normalized element values are C; = C; = 2.0236,
L, = 09941, and R, = R; = 1. The equations for the
currents in the series arms and voltages across the shunt
arms, when all currents have been multiplied with a positive
constant R, are

1
Roli — RolVa=11) Vi=——(Rol; — Rol
ol1 R, ! sR0C1( o oh2)
Ro(Vi = V3)
Rl — Vi = Rol> — Roly).
042 sLy } SR()C3( 0% 04)
Roly =85

The equations above are represented by the signal-flow
graph shown in Fig. 10.11.
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and by identifying corresponding terms we get
G_ 1 Gu_ 1 G_ 1
G rna G e Crorsc
and
R,Cy=ric1 RiCy=ripcr RyCp =r3cr. (10.4)
Fig. 10.11 Signal-flow graph for a third-order LC filter For the second integrator we get
By propagating the minus signs as was done above, we R
obtain the signal-flow graph shown in Fig. 10.12. The corre- V)= TO [(=71) + V3]
sponding circuit realization is shown in Fig. 10.13 st
v, — -1 [(*Vl) Vs} (*R())
—Vy=— [—Tt 2| —
N &) r rg R()
and
LQ/R() =1 Lz/RO = r4Ca. (105)
Finally, for the last integrator we get
V3 =—[RyGr(~V -V
Y RG [RoGL(=V3) + (=172)]
Fig. 10.12 Modified signal-flow graph for a third-order LC Ly -1 (=Va4) " (—V3)
filter 4= SC3 e Is
and
RL/C3 = I6C3 ROC3 = Tr5C3. (106)

Fig. 10.13 Realization of a third-order leapfrog filter

The element values in the active realization can be deter-
mined by comparsing the circuits shown in Fig. 10.12
and 10.13. We calculate for each integrator starting from
left to right. For the left-most integrator we get

-1
= m [ROG.\'(f Vl) + ROGin Vin + (* VZ)]
v = LHE) Ve ()
NE| r F'in r3

-1

In order to check the validity of the result, it is advisable to
compare the loop gains between the signal-flow graph and
the circuit.

With these constraints, we find the following normalized
resistors when all capacitors have been chosen to unity, ¢; =
Cy = €3 = 1andr1 =13 =r5=r¢ = 2.0236, 1, = 14 =
0.9941, and Ry = 1 while r;, = 2.0236R;, is free to be chosen
to a suitable positive value.

The realization that is shown in Fig. 10.13 has two
coupled two-integrator loops where the positive integrator
is shared between the two loops. The two-integrator loops are
similar to a Tow-Thomas section. Hence, the realization is
sensitive for the operational amplifiers’ finite bandwidth,
which, as discussed in Section 6.8, leads to increased Q
factors. It is therefore better to use a positive phase-lead
integrator that counteracts the phase errors that are
introduced by the Miller integrators.

Note that leapfrog filters are sensitive for errors
in the phase response of the inverters and integra-
tors, which is due to the operational amplifiers’
finite bandwidth. The phase errors can be compen-
sated with a resistor in series with the integrators’
capacitors and a capacitor in parallel with the input
resistor to the inverters, as discussed in Section 5.9.2
[83, 116].
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A drawback is that these filters often obtain rela-
tively many operational amplifiers. Another draw-
back is that the filters in practice are limited to transfer
functions that can be realized with ladder networks,
i.e., transfer functions with minimum phase.

Example 10.3 Scale the element values in Example 10.2 so
that the cutoff frequency becomes @, = 500 rad/s.

The element values derived in Example 10.2 correspond
to a normalized cutoff frequency, w. o = 1. We need to
make all RC products o, times smaller.

First, we select three equal size capacitors, e.g., ¢; = ¢, =
¢3 = 10 nF. The denormalized RC products are RC = 7,5,
Cnorm] @ Where we previously selected ¢,,,,.,, = 1. Hence, with
C = 10 nF, the resistors should therefore be multiplied with
a factor 1/Cw, = 2 10°. The denormalized element values
arecy = ¢co = ¢c3 = 10nF,ry = r3 = rs = r¢ = 404.720 kQ,
and r, = ry = 198.820 kQ. The resistor r;, does not affect
the frequency response, it only affects the gain.

10.2.3 Scaling of Signal Levels

An advantage with leapfrog filters is that the signal
levels are easy to scale so that the signal dynamic
becomes optimal, i.e., so that the available dynamic
signal range of the operational amplifiers are efficiently
utilized [112]. We continue the previous example and
show how the signal levels can be optimally scaled.

Example 10.4 Consider the leapfrog filter that is shown in
Fig. 10.12. The leapfrog filter has three critical nodes, i.e.,
amplifier outputs, that need to be scaled. We assume that the
gain of the filter shall be equal to 12.

We successively introduce scaling coefficients, starting
form the node that is closest to the input. Using scaling
coefficient k;, shown in Fig. 10.14, we can scale the node
X1. Note that we have split the transmittance RyG,, shown in
Fig. 10.8, into an input transmittance RyG;, and a feedback
factor RyG,, as the former may be used for adjusting the
gain whereas the latter must be unchanged because it affects
the poles.

The transfer function from the input to the node X is

—247.0844(s> + 247.0844s + 124275 4)k,
(s + 247.0844)(s2 + 247.0844s + 248550.9) "

H/Yl (T) =

By plotting the magnitude response, measured from the
input to the node X7, we find that k; = 18.727015 yields a
maximum of 12. The signal levels in the nodes X, and X3 are,
of course, affected by the scaling coefficient k.

Next, we introduce the scaling coefficient k5, in order to
scale node X,. However, in order to not affect the feedback
loop, we must introduce a coefficient 1/k,, as shown in
Fig. 10.15. The transfer function from the input to the node
X, must, of course, be recomputed because we have scaled all
nodes with a factor k. In fact, X, and X; are k; times larger.

Fig. 10.15 Scaling of node X,

The transfer function from the input to the node X, is

—2327430k,

Hixs(s) = (s + 247.0844) (s> + 247.0844s + 248550.9)

A maximum of the magnitude function of 12 is obtained
with k, = 0.615346.

Finally, we introduce the scaling coefficient k3 and the
compensating coefficient 1/k3 in order to scale node X3, as
shown in Fig. 10.16. The re-computed transfer function to
the node X3 is

3.5384946 - 10%k;

Hy,(s) = .
6 (s) (52 + 247.0844) (s2 + 247.0844s + 248550.9)

Fig. 10.14 Scaling of node X;

Fig. 10.16 Scaling of node X3
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|Hy,|

Fig. 10.17 Scaled ‘ ‘
magnitude functions 147 [Hy,|
12
o 10
i
= 8
)
‘E“ 6
4 -
2 k
0 ‘ ‘

0 0.1 0.2

A maximum of the magnitude function of 12 is obtained
with k3 = 2.0824. The three scaled magnitude functions are
shown in Fig. 10.17.

To scale the circuit that is shown in Fig. 10.13, we first
scale the node X (corresponding to the node marked —V> in
Fig. 10.13) by increasing the gain by a factor k;. Hence, we
divide input resistance r;, = by kj, i.e., we get r;,, = 404.720/
ky = 12.161 kQ. The resistor r; = 404.72 kQ is unchanged.

Next, we scale the node X, (corresponding to the node
marked —V3 in Fig. 10.13) by increasing the gain by a factor
ky, 1.e., we get 1, = 198.820/k, = 323.10 kQ and r; =
404.720k, = 249.043 kQ.

Finally, we scale the node X3 (corresponding to the node
marked V) by increasing the gain by a factor k3 = 2.082684,
i.e., we getry = 198820k; = 414.079 kQ and rs = 404.720/k3 =
194.326 kQ while rg = 404.720 kQ is unchanged.

10.3 Geometrically Symmetric BP
Leapfrog Filters

A geometrically symmetric bandpass leapfrog filter
can ecasily be realized by first synthesizing the
signal-flow graph to the corresponding LP filter
and then performing the LP-BP transformation,
see Example 7.8. The integrators in the LP filter
are transformed to second-order transfer functions,
which can be realized per some of the previously
discussed sections.

10.4 Lowpass Filters Realized
with Transconductors

Leapfrog structures are well suited for implementa-
tion using transconductors. The basic principle is
the same as described before, but we have some

0.5
o [krad/s]

0.3 04 0.6 0.7 0.8 0.9 1

additional constraints to consider. It is desired that
all transconductors have the same transconduc-
tance, which simplifies the tuning. Inaccuracies
due to the bottom plate parasitics are reduced as
all capacitors are grounded.

Consider therefore the ladder network shown in
Fig. 10.18 where Y| = 1/R;and Zg = R;.

yl v, I Vy Is

Fig. 10.18 Reference filter

For the reference filter, we have the following
relations

L=Y1(Viu—=V2) Voa=2Z(I, - L)
L=Ys(Va— Vi) Va=Za(ls — I5) (10.7)
Is =Ys(Va = Vou) Vou = Zels

In a realization with active RC technique, the
current relations are multiplied with an arbitrary
constant R, so all relations describe voltages. In
the same way, we here divide with a common
constant g,,. We get

Vi :%(Vm —Va) Va=guZo(Vi—V3)

V}ié(Vz—V4) V4:ng4(V3—V5)
Y.

Vs = ﬁ(V4 - Voul) Vou = gmZeV's.
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The relations only describe voltages, and the fac-
tors Y,/g,, and g,,Z; represent transfer functions
that are denoted H; The equations above can be
written in the general form

Vi=H;(Vioi = Vigr)

V;, and

Y
H; =< 8m
ngi

These equations are represented by the signal-
flow graph shown in Fig. 10.19." Note that in this
case, all feedback coefficients are equal to —1, which
is simple to implement.

where V, =

i=odd

i = even.

10.5 LP Filters with Finite Zeros

A lowpass LC filter with finite zeros will contain
branches RY or GZ, where Y and Z are parallel and
series resonance circuits, respectively. Consider the
parallel resonance case,

R
RY = —+ sRC.
sL+S

The first term represents an integrator parallel
and the second term represents a differentiator. The
case GZ and series resonance circuit also yields an
integrator parallel with a differentiator. Hence, a
lowpass LC filter with finite zeros cannot directly
be realized with the above method because the cor-
responding leapfrog will contain differentiators,
which are unsuitable to use as their gain increases
with frequency [18, 112].

Fig. 10.19 Signal-flow
graph for a leapfrog filter

A transfer function H; can be realized with a
transconductor that is loaded with a grounded
impedance as shown in Fig. 10.20.

-1 -1
D -1 - -1
Y
A b ]
v, v, V3 vy Vs Vour

Geometric symmetric BP filters without finite
zeros can, however, be realized by replacing the
integrators to second-order sections, i.e., perform-

Fig. 10.20 Leapfrog filter
with grounded impedances

Note that the grounded impedances Z; for
i = odd are not the same as the elements in the
original reference filter and that it is possible to
use the same transconductance for all transconduc-
tors. Hence, we may use a single control circuit to
control all transconductors. Moreover, several of
the impedances will be grounded capacitors, which
is favorable. The remaining impedances must, how-
ever, be realized by active circuits.

! From the signal-flow graph that is drawn in this form, it is clear
why the graph is associated with the children’s game leapfrog.

@ V4 E VS @ Vout
— b o
Z4g YA z 6g

ing an LP-to-BP transformation as was done in
Example 7.8. By modifying the above method,
which will be discussed later, filters with finite
zeros can be realized.

Leapfrog filters with finite zeros can, however,
be realized by, instead of using the currents
through the series arms as state variables, only
using the currents in corresponding series
inductors?.

H—

2Proposed by Sven Eriksson, Linképing University.
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10.5.1 Odd-Order Lowpass Filters with In the same way we get
Finite Zeros | c
2
Vy=—————(RI, — Rly)+———=V,. (10.11
We explain the method by the means of examples. SR(C2+C3)( L= RL) (C+Cy) ! ( )

Consider the third-order = ladder shown in
Fig. 10.21.

Fig. 10.21 L( filter with finite zeros

The currents in the series arms and the voltages
over the shunt arms are

RI :R(V"”Ri;m Vi =R (Rl — RIy)
RL = RY, (V= V3) V3= ﬁ(Rlz — RIy) (10.8)
RI, — RII;ZW
where
Y, =5C + i (10.9)

Let I; represent the current through the series
inductor. We have for the series arm

1
Rlz = RYz(Vl — V3) = (SCZ +SL)R(V1 — V3)
2

=sRCy(V, = V3)+ RIL

where I} = (V| — V3)/sL,. We get from Equation
(10.8) and by eliminating the current /5

1
V, = RI; — (sR — RI,
1 sRCl( 1 — (SRCy(V1 — V3) + RIL))
1 C, C,
=—(RI} — RI;) ——V —V
sRCl( 1 L) C 1—|—Cl 3
and
1 G
Vi=———— (R —RI;)+————V3. (10.10
1 SR(C1+C2)( : 2 (Ci+C) ° ( )

Equations (10.8) through (10.11) correspond to
the circuit shown in Fig. 10.22. Each of the shunt
arms contains a VCVS and a capacitor with mod-
ified capacitance value. The series arm has been
replaced with an inductor L, with the current /.

L Ry vy I Ly vy,

+
C, 2
=2 v, —v,

LGt G 2 G+ G RL§ Vi

Tere,  Jorc,

Fig. 10.22 Ladder with finite zeros

The network shown in Fig. 10.22 is represented by
the signal-flow graph that is shown in Fig. 10.23. The
two VCVS are represented by the branches with the
transmittances k; = —Cy/o; and ky = —Cy /o,
where oy = C; + C; and oy = C, + C3, respectively.

Fig. 10.23 Leapfrog filter with finite zeros

The circuit shown in Fig. 10.24 can be used to realize
Equation (10.10) and (10.11). We have for the circuit

)

V2 ._/\/\5\/_1;_|

Fig. 10.24 Miller integrator
with additive inputs 1
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Fig. 10.25 Realization of a .—/\/\/\/
third-order leapfrog filter V. 1
with finite zeros n

Sl

N
Cy Cs
4

_ Vl
Srica

-V —al;
+ .
SraCo (&)

Vou =

Figure 10.25 shows the realization of the leapfrog
filter corresponding to a lowpass filter with finite
Zeros.

The capacitances needed to realize the zeros are

cg=C+Cyer = C2/(C1 + Cz),
¢4 = Cy+ Cz and ¢5 = Cz/(Cz + C3).

To reduce the requirement on the bandwidth of
the operational amplifiers, it is better to use a posi-
tive integrator with active compensation.

Leapfrog filters for higher-order lowpass ladders
with finite zeros can be derived in the same way by
using the currents through the inductors in the series
arms and the voltages of the shunt arms as state
variables.

Example 10.5 Fig. 10.26 shows a fifth-order lowpass ladder
with finite zeros. Use this ladder to design a leapfrog
filter that meets the specification in Example 3.7, i.e., N = 5,
p = 50%, A,,;,, = 40.3dB, w. = 10 krad/s.

L, Iy Ly

Fig. 10.26 Fifth-order lowpass filter with finite zeros

W\

r Iy

— V3

out

The following element values were earlier determined

R, = 1000
¢, = 2.00056 e-07

C, =0.3992140 e-07
L, = 0.830449 e-01

17367.63

Woz

2.247705 e-07

Cy, = 1.188883 e-07
L, = 0.546898 e-01

wosa = 12401.59

Cs = 1.537829 e-07

We proceed as before by writing the equations for the
currents in the series arms and voltages over the shunt
arms. We get for the LC network

RI] :—R(V’;QTVI) Vl :ﬁ(Rll —RIQ)
R[2 = RILZ +SRC2(V1 — V}) V3 = ﬁ(RIZ — RI4)

RI4 = RIL4 +SRC4(V3 - Vs) V5 = ﬁ(Rh — Rlé)

— RVUL!I
R16 =R z

Eliminating 75 and I yields

Vi = m(ml - RID) 4 f:cz v,
%:m@+h+awerM)
+C2+gj+C4V1+C2+g;‘+C4V5
mzﬁﬁgaﬂmymmafgw
where RI;, = R(%_ZVS) and RI4 = R(V;T:VS).
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Fig. 10.27 Fifth-order
network with finite zeros

+

Figure 10.27 shows the corresponding network where the
currents in the series inductors have been used as state
variables.

Finally, Fig. 10.28 shows the corresponding signal-flow
graph for the leapfrog filter where oy = C; + G, 0, = C; +
C3 + Cyy03 = Cy + Cs, ky = =Cyjoy, ko = —Cofar, ks = —Cyf
o, and k4 = *C4/Ot3.

The cross-coupling coefficients k; through k4 can be rea-
lized by using the circuit shown in Fig. 10.24 without any
extra cost in terms of operational amplifiers compared with
an allpole filter. The element values in the circuit shown in
Fig. 10.29 are obtained by comparing with the signal-flow
graph in Fig. 10.28.

Leapfrog filters with finite zeros are, thus, slightly
more complex to design, but they do not require any
additional operational amplifiers. In [18, 19, 24, 112],

Fig. 10.28 Fifth-order
leapfrog filter with finite
Zeros

Fig. 10.29 Realization of a

a general method for designing leapfrog filters that
use more complicated structures as reference filter is
presented.

10.5.2 Even-Order Lowpass Filters
with Finite Zeros

The technique discussed above can directly be used for
higher-order odd filters, but for even-order filters
some modification is required. Once again, we demon-
strate the design method by the means of an example.

fifth-order leapfrog filter
with finite zeros
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Example 10.6 Consider the fourth-order filter shown in
Fig. 10.30.

The corresponding equivalent network and signal-flow
graph, derived by the technique discussed above, is shown
in Figs. 10.31 and 10.32, respectively, where oy = C; + C,
and 0y = Cz + C3 + C4.

Fig. 10.30 Fourth-order LC ladder

Figure 10.33 show the corresponding leapfrog realization
of the signal-flow graph in Fig. 10.32. An alternative realiza-
tion with phase-lead integrators is shown in Fig. 10.34.
Notice how the resistor rg is connected.

Fig. 10.33 Realization of a

Ci+GC,

T Cyt+ Cy —l—

Fig. 10.31 Fourth-order network with finite zeros

Vout

fourth-order leapfrog with
finite zeros

Fig. 10.34 Alternative

realization of a fourth-order
leapfrog with finite zeros
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10.6

10.1

10.2

10.3

10.4

10.5

10.6

10.7

Problems

Derive the relationships between the elements
in the reference filter and the leapfrog filer in
Fig. 10.9.

Compute the Q factors in the two-integrator
loops and compare these with the Q
factors of the Chebyshev 1 filter in
Example 10.2.

Use an LC ladder of 7 type as reference filter
and synthesize an active leapfrog filter of
Chebyshev I type that meets the following
specification. Passband: 0 < f < 4 kHz,
Apar = 0.1 dB. Stopband: f > 12 kHz,
Apin = 20 dB. Use the following element
values: R, = R; = 1kQ, C; = C3 = 41 nF,
and L, = 45.7 mH.

Use the filter in Fig. 10.35 as reference filter
and synthesize the corresponding active leap-
frog filter. R, = R; = 1 kQ, L; = 647 mH,
and C, = 57 nF. Use if possible capacitors
with 10 nF and resistors with 10 kQ.

Realize the Butterworth filter in Example 3.4
as a leapfrog filter.

Show how the signal-flow graph in Example
10.2 can be transformed into a symmetric
geometric BP filter with center frequency
10 kHz and a bandwidth of 2 kHz.
Determine the element values in the leapfrog
filter shown in Fig. 10.33 when the filter shall

Fig. 10.35 Resonance circuits in problem 10.4

10.8

10.9

10.10

10.11

10.12

10.13

realize the transfer function C040522) and
the cutoff edge is w, = 100 krad/s.

Derive a leapfrog realization of third-order T
ladder and compare the result with a leapfrog
filter that is derived from a corresponding 7
ladder.

Determine suitable element values for the
realization derived in Example 10.5.
Determine suitable element values for the
realization derived in Example 10.6.

Use the circuit shown in Fig. 10.25 to
realize the Cauer filter C031516 with w, =
150 krad/s. Determine first suitable element
values and then perform scaling of the signal
levels in order to maximize the dynamic sig-
nal range.

Derive a leapfrog filter from a third-order HP
ladder with all zeros at s = 0.

Determine suitable output nodes in the
circuits in Figs. 10.33 and 10.34.



Chapter 11
Tuning Techniques

11.1 Introduction

Analog filters are typically implemented using
matched components in order to reduce the influence
of component errors as well as temperature and
power supply voltage variations, etc. For example,
special symmetric layouts of the amplifiers are used
to reduce the spread of the performance parameters
and achieve tracking over large temperature and
power supply voltage ranges. Moreover, the tem-
perature coefficient for the resistors and capacitances
are chosen equal, but with opposite sign, so that the
RC products become invariant with temperature.

Tuning of the parameter values is still necessary
in most filters and in particular when they are imple-
mented as integrated circuits, because the compo-
nent element values vary strongly between different
chips and also with temperature and power supply
voltage. It requires one or more control circuits and
a scheme where the filter properties are measured
and adjusted so that the performance requirements
are met. Even for filters with moderate performance
requirements is therefore some form of on-chip tun-
ing required [24, 56, 117, 119]. The circuits for tun-
ing of an integrated filter may occupy 10-20% of
the chip area and may have a considerable power
consumption. Hence, the design and implementa-
tion of such control circuitry is a non-trivial pro-
blem. Here we will only discuss the most commonly
used tuning methods. It is beyond the scope of this
book to discuss more advanced methods that are
based on digital signal processing techniques [69].
However, as technology improves, these method
may become more viable alternatives.

L. Wanhammar, Analog Filters Using MATLAB, DOI 10.1007/978-0-387-92767-1_11,

© Springer Science+Business Media, LLC 2009

In practice, we have two different situations:
on-line and off-line tuning. In some applications,
the tuning must be done continuously, i.e., while the
filter is performing its filtering. Hence, it is not
possible to apply special test signals. This case is
referred to as on-line tuning.

In other applications, e.g., read channel in a hard
disk, the tuning can be performed off-line as the
filter only has valid input signals during finite peri-
ods of time. In between these active time slots, it is
possible to apply test signals and tune the filter
because the tuning procedure may only take a
small amount of time to perform.

11.2 Component Errors

The values of both passive and active components
affect the frequency response of the filter. The size
of these errors depends on the technology used to
implement the components.

11.2.1 Absolute Component Errors

Twenty percent or larger errors in the absolute values
of integrated resistors and capacitors can be expected.
Tolerances of the gain-bandwidth product of 50%
in an integrated amplifier are common. Hence, an
integrated filter will require postfabrication tuning.
Discrete resistors can have errors as low as 0.1%,
but are expensive, whereas capacitors typically have
larger errors. Moreover, the resistors may in some
technologies be trimmed.

291
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11.2.2 Ratio Errors

Fortunately, carefully designed components can be
integrated with very accurate component ratios.
For example, for capacitors using a polysilicon-
oxide-polysilicon layout, accuracies in the capaci-
tance ratios as low as 0.1% or better can be
achieved. Special layout techniques based on arrays
of unit size capacitors are used, see Fig. 5.54, to
achieve high accuracy ratios. Similar accuracies
can be achieved for resistors, see Fig. 5.44.

The success of switched-capacitor filters and
other switched-capacitor circuits, e.g., ADCs, is
due to the fact that integrated capacitors can be
manufactured with very accurate component ratios.
Hence no trimming is needed.

The ratio of the transconductances of two iden-
tical transconductors may be better than 1% for
moderate transconductances. To achieve high accu-
racy in the transconductance ratios and simplify
tuning, the transconductances are quantized into
small integers times a common transconductance,
e.g., ngo- A transconductor with g, = 3g,,0 can be
implemented as illustrated in Fig. 11.1.

+
8m0
+
8mo [—®
By
hd + Vout
N &m0 —O@—@
Fig. 11.1 Transconductor _
implemented with unit-size

“‘j

transconductors

11.2.3 Dummy Components

The input and output capacitances of the transcon-
ductor have large variations depending on process
variations and operating conditions. These capaci-
tances affect the frequency response of the filter.
For high-frequency applications requiring large
g.,/C ratios, the capacitors become small in order
to realize a pole pair with a large radius. In addition,

the transconductors should have high output
current in order to charge and discharge the capa-
citive load faster. This requires larger transistors,
which yield larger parasitic capacitances. Hence, for
high-frequency applications we have to accept that
the parasitic capacitances are no longer negligible.
In such cases are dummy transconductors used to
make the effective capacitive load independent of
these capacitances. We demonstrate the idea by the
means of an example.

Example 11.1 Consider the circuit in Fig. 11.2, which is
derived from a parallel resonance RLC circuit. Assume Q =
0.5 and HLP(O) =1.

8m4
+
Vin =
VBP
.—
,_ L 1 VLP
= G T Cy
Fig. 11.2 Second-order section
N 8&mi1 s
HBP(é) - C_lsg + gﬂ_lzs + Em3&m4 (111)
C C\Cy
Em18m3 1
Hip(s) = — . 11.2
LP(S) CiC $2 +gn_125 8m38m4 ( )
C CCy

Weselect C; = Co = C, g1 = &m3 = &ma = Zmo» ANd g2
= 2g,,0. Hence, r, = g,0/C and, hence, we may tune the
circuit by g,,0 as C is assumed to be fixed [58].

Consider the capacitances at the LP and BP nodes. We
have

Crp = Cy+ Cous + Cing

Cpp = C1 + Count + Courz + Coura + Cinz + Cin3-

Because g,» = 2g,,0, 1.€., two identical transconductors
with g,,,0 in parallel, we have C,, o = 2C,,;1 and Cj,p = 2Cy,1,
which simplifies to

Crp=C+ Couy + Ciy

Cpp = C+4Coy + 3Ciy.
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Obviously, the effective capacitance in the two nodes is
not the same.

In order to make the effective capacitances equal, we add
dummy transconductors so that the same fraction, f, of the
effective capacitance is due to the parasitic capacitances in all
nodes. Hence

GG
7 Cpp Crp

(11.3)

where C,; and C,, are the parasitic capacitances for nodes 1
and 2, respectively.

If Equation (11.3) holds, we have Cp = C%ﬁ Cir=%
and CBP = CLP-

Hence, the effective capacitances in the two
nodes are independent of the parasitic capacitances
and their variation. Hence, using this approach the
relative positions of the poles and zeros are inde-
pendent of the parasitics. Their absolute positions
are set by tuning g,,,o.

Because C;p is smaller than Cgp, we select to
add the dummy transconductors to the LP node.
The resulting circuit with dummy transconductors
is shown in Fig. 11.3. Of course, the dummy trans-
conductors can be significantly simplified. They
need only to have either the correct input or output
capacitance. Hence, the required chip area, power
consumption, and noise contribution may be
reduced.

The BP node has the same effective capacitance
as before, but the LP node now has the effective
capacitance C;p = C+4C,,; + 3Cy,.

Hence, making all g,,0/C ratios equal simplifies
the tuning because only one tuning signal is
required. In addition, any tuning error will cause a
shift in the frequency response, i.e.,

H(s) — H((1 +¢)s) (11.4)

where ¢ is the tuning error in the g,,,0/C ratio.

11.3 Trimming

Here we use the term “trimming” for prefabrication
adjustment of the circuit and the term “tuning” for
postfabrication adjustments. The poles and zeros
are in operational amplifier-based structures set by
RC products and in transconductor-based struc-
tures by g,,/C ratios. The accuracy of the RC pro-
ducts relies on the absolute values of resistors and
capacitors.

In discrete circuits, we may perform trimming
by adjusting a few components, usually resistors,
until the circuit functions as specified. Often, the

Fig. 11.3 Second-order
section with dummy
transconductors

ns
Em0 [—
L=
— |
8mo [—
]
?|_ 8m0
\+—‘
=
8m0
\+_’
1
J__— C 8m0
R
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trimming procedure for discrete component imple-
mentations becomes complicated because the resis-
tance can only be increased by cutting away mate-
rial from a resistor using a laser. However, the
method permits us to use, for example, low-toler-
ance capacitors, but the trimming procedure is of
course expensive.

11.3.1 Trimming of Second-Order
Sections

Trimming of second-order sections is usually done
by successively applying a sinusoidal input signal
and measuring either ratio of the magnitude of the
output/input signal or their phase difference. It is
here useful to once again discuss the suitable selec-
tions of these reference frequencies for second-order
sections.

11.3.1.1 Lowpass Section

The transfer function corresponding to Fig. 11.4 is

Grz
HLP(S) = T
2+ s+,

0

wherer, = 1,0 = 5,and G = 1.
We have for the lowpass case

(11.5)

which for high Q factors tends to

|H(jw)|max ~ GQ at = rP‘ (117)

Of course, there is no peak in the magnitude
response if Q < 1/v/2.

Several trimming and tuning schemes are based
on this fact, i.e., using a sinusoidal input signal with
the frequency given in Equation (11.6), the lowpass
section is trimmed until the desired maximum in the
magnitude function is obtained. A similar scheme is
to use a sinusoidal input signal with frequency w;,, =
r, and trim the section until the phase is @ = —x/2.

Other frequencies of interest for trimming are

1 1

(1),45:}’17 1+4—Q2—E‘| (118)
1

w135 =Tp 1+—4Q2+E . (11.9)

Hence, the Q factor may be trimmed so that the
phase is —45° and — 135° at w_45 and w_;33, respec-
tively. Note that W_y45— W_135 = 26[7'

If the Q factor and r, cannot be trimmed inde-
pendently, the procedure may have to be repeated
several times.

11.3.1.2 Highpass Section

The transfer function corresponding to Fig. 11.5 is

Gr?
, 26Q? 1 Hppl(s) = — 2 11.10
|H(lw)|max = 5 ato = Tp 1- 202 (116) BP( ) 2 p 2 ( ’ )
40° -1 0 §° 4+ és +7,
T T T T 0
4 —0.1w
4 -0.2n
4 03w
_ 4 0.4xw =)
3 4= =
: 0.51 B
- 4 -0.6m ©
4 -0.7w
\ -0.81n
0.5 41 09¢m
. 0 I Il I 1 | Il I I -7
Fig. 11.4 Phase and 05 06 07 08 09 1 12 13 14 15
magnitude response of a  [rad/s]
second-order lowpass 20,
section
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Fig. 11.5 Phase and r
magnitude response of a 0.97
second-order highpass ’
section 0.8m
0.7n
_ 0.61 =l
/§ =]
04n ©
0.3m
0.2
. 0.1m
0 i i i i i i i i i 0
0.5 0.6 0.7 0.8 0. 1 1.1 1.2 1.3 14 1.5
o [rad/s]
20p
Figure 11.5 show the magnitude and phase " .
response for a highpass seption where r, = 1, was =1, [1]1+ 0 + 5| (11.14)
Q = 5,and G = 1. In the highpass case we have Q 0
) 2GQ? N . .
|H(jo)|,p0 = e The trimming of a highpass section can be per-
V402 -1 (L1 formed similarly to a lowpass section.
V2
at 0 =——==0r,.
V20?2 -1 11.3.1.3 Bandpass Section
Other frequencies of interest for trimming are The transfer function corresponding to Fig. 11.6 is
Gs
| Hpp(s) - (11.15)
W35 =TIy 20 (11.12) s +§s+rp
Figure 11.6 show the magnitude and phase response
Wy) = ———— (11.13)

Fig. 11.6 Phase and
magnitude response of a
second-order bandpass
section

1
1o _
\/ + i
Tp
1
1
5
45

Vo202

for a bandpass section where r, = 1, 0 = 5, and
G = 1. In the bandpass case we have

IH(w)!

0.5
0.4n
0.3n
0.2
0.1t

[\

®(w) [rad]

—0.1n
-0.27
—0.3n
-0.4n

-0.57
0 1 111 1.2 1.3 1.4

o [rad/s]

Zcp

1.5
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. G
|H(1rp)|max = —Q (1116)
p
1 1
W45 = 01 =Tp 1+2—Q2—E] (11.17)
1 1
W—_45 =Wy =1 1+2—Q2+E . (11.18)

11.3.2 LC Filters

Doubly resistively terminated LC filters that have
been designed by using the insertion loss method
have optimally low element sensitivity in the pass-
band. Moreover, if we use an approximation with
small group delay, e.g., Cauer filter and small ripple
in the passband, according to Equation (3.25), the
specification can be met with high tolerance com-
ponent. Hence, in practice it is often sufficient in,
for example, a lowpass 7 ladder to use inductors
with relatively high tolerances for the series
branches and only tune the resonance frequencies
of the shunt branches. Because of the low passband
sensitivity, this scheme is often sufficient.

11.4 On-Line Tuning

In on-line tuning, an on-chip control loop is used to
tune the integrated filter by electronically varying some
component values. In the case of transconductor-
based filters, the transconductances are determined
by bias currents or voltages [58]. A commonly used
practice is to realize all transconductors as a par-
allel connection of unit-size transconductors as
discussed above. This has the advantage that all
transconductors tend to track with changing oper-
ating conditions. In addition, the same control
signal, i.e., bias current or voltage, can be used
for all unit-size transconductors.

11.4.1 Pseudo-on-Line Tuning

The most common pseudo-on-line tuning method is
based on a master-slave approach in which two

similar or identical filters are used. The master filter
is tuned with a control circuit using special test
signals while the slave filter, which performs the
actual filtering, is controlled with the same control
signals as the master filter. This method is based on
the assumption that the two filters are closely
matched and that all parameters vary similarly.
Figure 11.7 show the generic structure of the mas-
ter-slave approach. Typically, the master filter is an
integrator or a second-order lowpass or bandpass
section.

l

Vet » Master Filter ET::SE
A 4
Vipe—>| Slave Filter |5 Vv

Fig. 11.7 The principle of master-slave tuning

11.4.2 Master-Slave Frequency Tuning

There exist several similar schemes to tune the RC
products or C/g,, ratios of active filters. Note that,
as discussed in Section 6.4.1, it is more important to
reduce the error in the pole radius than errors in the
Q factor.

11.4.2.1 Integrator-Based Tuning

The frequency response of a transconductor-based
filter is determined by the ratio g,,/C. The circuit
shown in Fig. 11.8 can be used to control the g,,/C
ratio by comparing the peak level of the sinusoidal
reference signal before and after it has passed
through a reference integrator. The frequency of
the reference signal is w.

The transfer function of the left-most integrator
is

H(s) =5

: 11.19
C (11.19)
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Fig. 11.8 Tuning using

unity-gain frequency of the
integrator
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(11.20)

If the g,,/C ratio is correct at w,.; the output
from the integrator should have the same amplitude
as the input. Any difference in amplitudes will be
integrated over time by the second integrator, and
the control signal V. is changed to adjust the value
of g, until the correct g,,/C ratio is obtained. The
signal V. is then used to control the transconduc-
tances in the slave filter. Obviously, it is advanta-
geous if all transconductors are realized by multiple
identical transconductors. However, an input offset
in the master integrator will appear at the output
amplified by the DC gain of the integrator and the
peak detector cannot distinguish between the DC
offset and the AC signal. Hence, a significant DC
offset will cause a tuning error.

An approach to alleviate this problem is shown
in Fig. 11.9, where a lossy integrator is used. The
transfer function is

1

-
I+

H(s) = (11.21)

Because |H(0)] = 1, the DC offset is not ampli-
fied. Here, it is convenient to, instead of using the
unity gain frequency, use the —3 dB frequency.

Hence, we need to attenuate the input signal with
a factor 0.5. A frequency error of less than 0.1%
may be achieved using this approach.

11.4.2.2 Phase-Locked Filter

The main feature of this method is that good match-
ing between master and slave filter is relatively easy
to obtain, as both filters may be implemented using
the same basic structures.

In Fig. 11.10, a sinusoidal reference signal, V., is
used as input to the master filter. The phase of the
output signal from the filter is compared with that
of the reference signal. The phase comparison is
done by multiplying the signals, as the DC compo-
nent of the product of two signals with the same
frequency will depend on the phase difference. If
there is a /2 rad phase difference, the output will
be zero. The output from the multiplier is integrated
over time and used as the frequency control signal.

Ve " »| Master Filter

Lowpass

Filter

Fig 11.10 Tuning using a plase-locked filter

Envelope 05
Detector
VC
Lowpass °
. _ Filter
+ 8m c Z, Envelope
Vie * om Detector

Fig 11.9 Tuning using a =

lossy integrator =
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This will effectively lock the phase-shift through the
master filter to /2 rad.

A second-order lowpass filter is usually used as
the master filter; as shown in Fig. 6.7, it has a phase
shift of 7/2 rad at w = r,,.

The phase comparison is a major error source,
because a phase-error of 1° will cause an error in the
tuning frequency of 0.5% if the integrator gain is at
least 40 dB and the master filter is a second-order
lowpass with a Q factor of 2. Using a section with a
higher Q factor will reduce this error. Hence, the
phase-locked loop technique is accurate for fre-
quency tuning.

11.4.2.3 Phase-Locked Oscillators

We may use phase-locking of an oscillator imple-
mented with a structure similar to that of the slave
filter to eliminate the requirement of a low-distor-
tion sine wave reference signal and reduce the
requirement on the accuracy of the phase-detector.

Figure 11.11 shows an oscillator that is formed
by inserting a limiter in the feedback loop from the
output to the input of a bandpass filter, which must
have a passband gain larger than unity. The limiter
will limit the peaks of the signal to ensure that the
amplitude of the input signal is low enough for the
filter to operate as a linear filter. For a too large
input signal, the nonlinearities in the bandpass filter
will be significant, which will affect the oscillation
frequency.

Vref
Bandpass R Lowpass v
Filter e Filter ®c
I

Fig 11.11 Tuning using a phase-locked voltage controlled
oscillator

When the tuning is achieved, the oscillator is
phase-locked to the reference signal and any fre-
quency error will make the phase error increase
over time. This in turn will cause a DC output
from the multiplier that will adjust the control sig-
nal for the bandpass filter.

Depending on the phase-detector used, locking
range may be limited to only one octave, which is
sufficiently wide to handle the tuning range of most
filters. Achievable frequency errors are in the range
0.1-1%.

11.4.3 Master-Slave Q Factor Tuning

As discussed in Section 6.4.1, the importance of an
error in the Q factor for a second-order section is
much less than in the pole radius. In addition, the
quality factor for a pole pair is a dimensionless
quantity that is determined by a ratio of compo-
nents of the same type, e.g., gn1/€m or Ci/Cs.
Because the ratio of resistors, or capacitors, etc.,
can be tightly controlled in an integrated circuit,
we can expect that the Q factor in many cases is
sufficiently accurate, but various parasitic compo-
nents may cause the Q factor to deviate unaccepta-
bly from its desired value. Depending on the size of
these deviations, further tuning may be needed.

Many applications of integrated filters require
only low Q factors as, for example, Bessel filters in
hard disk drives. Only in a few such cases is Q tuning
used, as the tuning circuitry tends to consume too
much silicon area and power. In addition, signals
from the tuning circuitry may leak into the filter and
cause interference.

The situation is different in, for example, inte-
grated high-frequency communications where
highly selective filters with large Q factors are
needed. In such cases, the errors in the Q factors
need to be corrected using Q tuning. In addition, we
showed earlier that phase errors in a two-integrator
loop will have a significant effect on the Q factor.
This is also the case in the structures discussed in
Chapters 7 through 10.

Common methods to adjust the Q factors are
controlling the ratio of the component values that
determine the Q factor and using a resistor that can
have both positive and negative resistance.

11.4.3.1 Phase-Locked Integrator

If an integrator is used in the master for control of
the g,,,/C ratio, any phase error will cause the phase
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difference over the integrator (after frequency tun-
ing) to differ from /2 rad.

In the Q tuning scheme shown in Fig. 11.12, the
reference signal and the output signals are con-
verted to logic levels and used as inputs to an
XOR gate. If the phase difference is not n/2 rad,
the output from the XOR gate will not have a 50%
duty cycle. This output will be integrated by the
second integrator and yield the control voltage V..
The accuracy of this method will depend on the
achievable phase accuracy of the phase-detector.

Lowpass
Filter

Fig. 11.12 Q factor tuning using the phase difference

11.4.3.2 Passband Gain-Based Q Tuning

Figure 11.13 shows one of the most common ways
of implementing Q tuning. It uses the fact that the
passband gain of a second-order bandpass section is
GQ. A too low Q factor will produce an output
signal that is smaller than that of the amplified
reference signal; this difference will be integrated
over time, until the control signal V. has changed
enough to correct the Q factor. This signal is also
used to control the slave filters.

Peak
Detector
Peak
Detector

Lowpass
Filter

Bandpass
Section

Fig 11.13 Passband gain—based Q tuning

If a second-order section is used as master in the
phase-locked filter frequency-tuning loop, a bandpass
filtered signal is usually already available in the circuit,
otherwise, a separate Q factor tuning master is used.

The assumption that the Q factor is equal to GO
depends on the matching of the transconductors,
capacitors, etc., and it ignores the effect of parasi-
tics. Another drawback is that it usually requires a

very slow Q tuning loop to ensure stability. This
requirement may not be satisfied at all times during
the tuning operation because under certain circum-
stances the Q may become very sensitive to the
changes in the control voltages.

11.4.3.3 LMS-Based Q Tuning

If a frequency-tuning error is present, the reference
frequency will not be at the center of the passband.
Hence, the measured gain will not be the passband
gain of the filter. This will result in a Q factor tuning
error, because the tuning circuit will make the mea-
sured gain equal to the desired passband gain. This
error will be approximately proportional to the Q
factor, as the passband width is inversely proportional
to the Q factor. This error can be reduced by using the
continuous-time adaptive LMS (least mean square)
algorithm to generate the control signal. We have

(1)

Velt) = Vg (0 775

(11.22)

where y(7) is the measured signal and « is the adap-
tation factor. Note that V. becomes zero as the
factor [V,.s —y(t)] approaches zero. The derivative
in Equation (11.22) provides the direction in which
the tuning signal should be updated.

Consider the circuit in Fig. 11.14 where the out-
put of the bandpass section should be V,.rat w = r),.
However, the tuning gradient is not available in the
circuit, but the output of the bandpass section can
be used as tuning gradient, see Problem 11.6. Thus,
Equation (11.22) is approximated with

Ve(t) = o[Vier—Vap()|Vae(t). (11.23)

The filter will be tuned to the correct Q factor,
even if the reference frequency is not in the exact
center of the passband. This approach is much less

1/GQ

Lowpass

Bandpass .
Filter

¥ Section

V,

ref

Fig 11.14 Improved passband gain—based Q tuning
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sensitive to distortion of the sinusoidal signal V.,
than the scheme shown in Fig. 11.13.

A test of a similar circuit with a Q factor of 10
showed that a 3% frequency error would result in a
1.1% error in the Q factor. If the Q tuning circuit
shown in Fig. 11.13 had been used, a 3% frequency-
tuning error would have resulted in a 16% error in
the Q factor. Hence, this later method is superior.

11.4.3.4 Combined Frequency and Q Factor
Tuning

Figure 11.15 shows an improved version, which elim-
inates the requirement of a separate Q tuning master
section using a phase-locked oscillator for frequency
control. The circuit is less sensitive to offsets in the
tuning circuit compared to the previous circuit.

V
Lowpass <0

o[- e
aster . hd
Filter % Filter

).

4
K
<> Vre:f

Fig 11.15 Combined frequency and Q tuning scheme

v Lowpass
Filter

-

When the frequency and Q factor tuning are not
entirely independent, the Q control loop is usually
made an order of magnitude slower than the fre-
quency control to make sure that the Q factor tun-
ing is performed at the correct frequency.

11.5 Off-Line Tuning

During the tuning, the filter cannot be used for
filtering because a reference input voltage V,.r is
required. In many applications, it is possible to per-
form off-line tuning while the filter is inactive, for
instance, filters in the read/write channel of a hard
disk have sufficient idle times that can be used for
tuning, and an integrated filter in a cellular phone
can be tuned in a few milliseconds as soon as ringing

is detected or when the receiver is turned on. In
other cases, it may only be possible when the filter
is powered up. Depending on the complexity of the
filter and the dynamics of the tuning loops, the time
required for tuning the filter will typically be in the
range of a few us to a few ms.

An advantage of off-line tuning is that the actual
filter is tuned, instead of a reference circuit. Hence,
the accuracy of the tuning is not dependent on the
matching of the filter and the reference circuit.

While the methods described in this section are
mostly suited for off-line tuning, they can in princi-
ple be used in a master-slave scheme.

11.5.1 Tuning of Composite Structures

Tuning of composite structures, e.g., IFLF and leap-
frog filters, is more complicated than tuning of iso-
lated second-order sections. A common approach is
therefore to isolate substructures in the filter and tune
them individually. For example, leapfrog filters can be
tuned by isolating integrators and two-integrator
loops and tune them separately by any of the methods
discussed before. However, this requires that switches
are inserted into the filter structure that can degrade
the performance. Moreover, a complication is that the
input and output loads must be the same when a
substructure is tuned and operated in the filter.

A tuning scheme that uses the phase information
for both r, and Q of high-order high-Q filters is
described below. The scheme uses a digital control
circuitry that enables high accuracy and stability
while eliminating the need for slow Q tuning
loops. Also, there is no need for using switches to
tune individual sections.

11.5.1.1 Tuning of High-Order High-Q Filters

An accurate tuning scheme is proposed in [121] that
can be used for digital tuning of high-order filter,
e.g., cascade form and leapfrog filters.

For the sake of simplicity, we assume that the
transfer function is realized within cascade form
with only lowpass sections. The tuning of more
complex circuits is similar.

The phase response of the outputs of the sections
can easily be computed from the transfer function.
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Without loss of generality, we assume that r,; < r,»
< rp3 <... for the first, second, third section, and so
on. The phase difference between input and output
of section i is denoted @,(w). The tuning circuit gen-
erates 2N reference frequencies (two per section), @,;
and wy;, 1 < i < N, to calibrate each output. The
frequencies for a lowpass section are defined by

T T,
chi(wui) - Z - El

and
T T,
D i(wpi) = 277"

where @, is the desired phase response of section i.
Note that the outputs of the first section at w,; and wy,;
are 3 dB below the peak of the magnitude response.
The reference frequencies, one for each tuning para-
meter, may be generated using a phase-locked VCO.

We define for the section 1 to (i—1) the values of
A;and B;

0,PD;(wy) >2—Z%i

,:{ (u) i (11.24)
17(15,'((,1),,,')<Z*§l
0, b;(wp) > — = %i

,.:{ () iz (11.25)
L @) < —§—3i

where @ (w) is the current phase. The tuning can be
performed for the ith section if the (i—1)th section
has B, ; = 1. Therefore, the tuning circuit should
start with the first section and successively tune all
sections using appropriate reference frequencies.
The overall tuning procedure is

Bg =1,i=1
repeat
if ®flwgy) >n /4 -n i/2 then A; = 8; else A;=1; end
if ®lwp) >-n/4-n i/2 then B;=0; else B;= 1; end
if Big=1
if A;=1and B; = 1 then Inc. ry;
else if A;= 0 and B; = @ then Dec. rp; end
else if A;= 8 and B; = 1 then Dec. §;; end
else if A;=1 and B;= 8 then Inc. §; end
end
i=i+1;
ifi>Ntheni=1;end
until convergence

The tuning procedure is repeated until the
desired responses have been obtained.

This approach is easily modified to support other
types of second-order sections, or even more general

phase responses, by modifying the right-hand side
of Equations (11.24) and (11.25) accordingly.

It the reference frequencies could be generated
exactly at the desired values, theoretically the filter
would be tuned with zero error. Digital frequency
synthesizers can be used to generate very precise
signals; however, their finite resolution will add
some error to the proposed tuning scheme. An
implementation of the corresponding tuning circui-
try can be found in [121].

11.5.2 Parasitic Effects

In the absence of parasitic effects, but including the
finite DC gain of integrators, it can be shown that
filter structures previously discussed have sufficient
degrees of freedom to tune the poles and zeros to
their desired values. However, this is not the case
when parasitic effects are present.

Several tuning techniques have been proposed, but
few techniques directly address the problem of dealing
with parasitic effects. The presence of parasitic ele-
ments, such as non-dominant poles in the integrators,
increases the filter order by introducing parasitic poles
and zeros, without adding any additional degrees of
freedom for tuning. The problem becomes more
severe for high-frequency filters, because the radii of
the parasitic poles and zeros are not much greater
than that of the poles and zeros of the filter.

Consider a filter with ideal integrators with the
transfer function

—
™
5
S~—"

zi

=

Il
«
I

(11.26)

(s — 5pi)

e

Il
-

where s,,; are s.; are the tunable poles and zeros.

We model the non-ideal integrators by a single
non-dominant pole, i.c., the integrators have the
transfer function

I 1

BET
Spo

H(s) (11.27)

where s, is the non-dominant pole.
Each tunable pole (zero) in Equation (11.26) is
denoted
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Spr = 0 + jo,. (11.28)

The transfer function of the ideal integrator is

1 . . .
H(s) = —. Hence, s in Equation (11.26) is with non-
s

2
ideal integrators replaced by s + A—, ie.,

Sp0
5 .
—+5— (0,4 jo,) =0. (11.29)
Spo
Solving for s yields
_ Spo Spo 4 .
s=——+L 1 4+— (0, +jo,). (11.30)
2 2 Spo

Thus, the effect of non-ideal integrators is that
each pole (zero) of the tunable filter is mapped to
two poles (zeros). Moreover, the poles (zeros) are
adjustable, but they are not independent, as both
are tuned by varying ¢, and w,. Also, the tunability
of the filter is further restricted because there is no
control over the non-dominant poles of the integra-
tors. Therefore, the number of tunable poles and
zeros is doubled, but the number of free parameters
remains the same. Consequently, the original Nth-
order transfer function becomes a 2/ Nth-order trans-
fer function

ﬁ(s — Szai) (8 — Szbi)
H(s) = G- (11.31)
_H (s = Spai) (s = Spbi)

Il
=

Figure 11.16 shows how a complex pole s,; is
mapped to two dependent poles s,,; and s,,;. The
mapping of zeros is identical to that of the poles.

There are two possible mappings for a single
pole on the real axis. If the initial pole is greater

X . Spai
Spt >Iz

Fig 11.16 Mapping of a
tunable pole pair due to a
non-ideal integrator

than —s,0/4, it will be mapped to two poles on the
real axis as shown by the mapping of s,3 as shown
at the left in Fig. 11.17. Otherwise, the pole will be
mapped to a pair of complex conjugate poles on
the dashed line at —s,0/2. However, this case is
unlikely because any real pole in the filter will
have a significantly smaller radius than the para-
sitic pole of the integrator.

In each case, the pole s, has a higher Q factor
than the original pole s,;. A too high O factor results

jo Jo

pbi Spi Spai A o

T
T —
—s,0/4 Spol

5,002

Fig 11.17 Mapping of a real pole due to a non-ideal
integrator

in peaks in the passband and it becomes more severe
at the passband edge and in higher-order filters.

If the non-dominant poles of the integrators, s,,,
is large in comparison to the frequencies of interest
then the pole s,,; approaches the initial pole s,;, and
the other pole, s,;, moves far into the left-hand side
of the s-plane so that their effects become insignif-
icant. However, in high-frequency filters, the non-
dominant pole is not much larger than the pole
radius, s,; and the effects of the pole s,,; cannot be
ignored. Hence, the previously discussed tuning
methods, which do not include the effects of para-
sitics, become less accurate.

11.6 Problems

11.1 Complete the second-order structures shown
in Fig. 6.65 with dummy transconductors in
order to reduce the effect of process variations.

11.2 Show that Equation (11.4) is valid.

11.3 Show that the signal after multiplier in
Fig. 11.10 can be used as control signal, i.e., a
small positive/negative deviation from /2 in the
phase difference yields a suitable control signal.
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11.4 Estimate the error in the pole radius in the circuit  11.5 Determine a suitable frequency for V. for the
shown in Fig. 11.10if Q = 10 and the integrator circuit shown in Figures 11.11 and 11.13.
gain is only 20 dB if the phase-error is 1°. 11.6 Show that the output of the bandpass filter in

Fig. 11.14 can be used as a tuning gradient.
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The software discussed in this book has been developed and tested using MATLAB Version 5.2. The
author believes that all routines should be compatible with newer versions of MATLAB. The software is
maintained and regularly updated and can be downloaded from our Web site at http://www.es.isy.liu.se/
publications/books/Analog_Filters/. The list below gives names of routines and pages where they are
mentioned in the book.

BESSEL_ORDER 97
BESSEL_POLES
BESSEL_LADDER
BP_2 LP SPEC

BS_2 LP_SPEC

BW_LADDER 149, 150
BW_ORDER 61

BW_POLES 61
BW_SINGLY_LADDER
CA_B_POLES 86
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CA_LADDER 149, 155
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CA_ORDER §2
CH_I_C_POLES 88
CH_I_LADDER 149
CH_I_POLES 68
CH_I_SINGLY_LADDER
CH_II_B_POLES 86
CH_II_LADDER 149, 154
CH_II_POLES 77, 78
CH_ORDER 66
CIRCULATOR_THREE_BP 434
CIRCULATOR_THREE_LP 434
COMPLETE_ELLIPTIC_INTEGRAL
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HURWITZ 185
HURWITZ_POLY 58
HURWITZ_ROOTS 58
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PLOT_A_TG_S
PLOT_ATTENUATION_S
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PLOT_HP_SPEC_S
PLOT_IMPULSE_RESPONSE_S
PLOT_LP_SPEC S
PLOT_MAG_PHASE_S
PLOT_PHASE_S
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POLE_PLACER_BP_EQ S92, 114
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POLY_PRIM

POLYADD

POLYMULT
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PRAXIS
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PZ_2_FREQ S 40, 61
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PZ_2_G_SYM_BP_S 107

PZ 2 G_SYM BS_S

PZ_2_HP_S 101

PZ_2 IMPULSE_RESPONSE_S 63
PZ 2 MAG_S

PZ 2 PHASE_S
PZ_2_STEP_RESPONSE _S 63
PZ_ 2 TG_S 61

RICHARDS EQ 224

RICHARDS_MF 223
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ROOTS 2 POLY
T_LADDER 2 PI
UNIQUE_ROOTS

xtick

ytick
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Active compensation, 172-173
Active one-port, 156

Active three-port, 161

Active two-port, 159
Admittance inverter, 149
Admittance matrix, 158
Algorithm, 5

Allpass filter, 21, 121

Allpass section, 194, 204, 224, 227
All-pole, 33

Amax 9 67

Analog signal, 2

Anti-aliasing filter, 7
Anti-Hurwitz polynomial, 19, 32
Antisymmetrical network, 91
Antoniou’s GIC, 175

Antoniou’s GIC of type A, 180
Antoniou’s GIC of type B, 181
Attenuation, 13, 28

B

Bandpass filter, 14

Bandpass section, 193, 295
Band reject filter, 14

Bandstop filter, 14

Bessel filter, 58—60

Bias current, 163, 166, 169, 189
Branching filter, 103

Bridged-T network, 202
Bridged twin-T network, 197, 202, 203, 204, 208
Broadband matching, 80-81
Brune’s conditions, 89

Brune section, 90

Bruton’s method, 259-261, 262

Bulk acoustic wave (BAW), 128
Butterworth filter, 32

C

Canonic reactance network, 121
Capacitive coupled resonator, 150
Cascade form, 235
Cauer-Chebyshev, 48

Cauer filter, 47

Cauer filters of type B and C, 52-53
Cauer I realization, 121

Cauer II realization, 121

CCII+, 168

CCII-, 168

Ceramic filter, 127

Chain matrix, 136, 157, 264

Chain scattering matrix, 264
Characteristic function, 30, 81
Characteristic impedance, 133, 136
Chebyshev I filter, 36

Chebyshev II filter, 42

Chebyshev polynomial, 38
Circulator, 161, 268, 270

Coil, 77,78, 91

Combline bandpass filter, 152
Common mode rejection ratio (CMRR), 163, 179
Common mode voltage, 163, 179
Companion form, 246, 247
Complementary magnitude functions, 82
Complementary sections, 211
Constant-R lattice section, 122
Continuous-time signal, 2-3
Controlled sources, 159, 161, 168, 169
Coupled forms, 233-252

Coupled striplines, 150
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Crystal filter, 7, 10, 126

Current controlled current source (CCCS), 159
Current controlled voltage source (CCVS), 159
Current conveyor (CC), 167, 170

Current conveyor of type I (CCI), 167

Current conveyor of type II (CCII), 167
Current conveyor type III (CCIII), 167
Current feedback amplifier (CFA), 165
Current mode, 11

Cutoff angular frequency, 28

Czarnul-Song’s circuit, 178

D

Darlington C section, 90

Deboo integrator, 185

Deliyannis-Friend section, 210

Dependent source, 109

Design margin, 55

Deviation in the Q value, 196, 198, 201, 205, 298
Differential Miller integrator, 178

Differential MOSFET-C integrator, 179

Digital signal, 3

Diminishing ripple, 57, 88

Diplexer, 102

Discrete-time signal, 3

Distortion, 238

Distributed circuit element, 10

Doubly resistively terminated LC filter, 82, 83, 84
Doubly resistively terminated network, 80

E

Element sensitivity, 118, 194-195
Elliptic filter, 4748

Enhanced negative feedback (ENF), 210
Equalizer, 9

Equalizing the group delay, 72—73
Equiripple, 36

Errors in the reactive elements, 86
Errors in the terminating resistors, 87

F

Feed forward of the input signal, 226
Feldtkeller’s equation, 82

Fettweis-Orchard’s argument, 83

Film bulk acoustic wave resonator (FBAR), 128
Filter, 15

Filter bank, 102

Filter order, 27, 28, 31, 32, 33, 34, 38, 40, 48
Finite bandwidth, 196

Finite zeros, 39, 249

First-order AP section, 188, 189, 190
First-order HP section, 188

First-order LP section, 187—188

First-order section, 187—-189

Floating inductor, 182-183

Floating resistor, 177

Flicker (1/f) noise, 237

Folded Cascode transconductor, 166
Follow-the-leader-feedback structure (FLF), 246
Foster I realization, 120

Foster II realization, 120

Frequency dependent negative resistor, 156, 183
Frequency division multiplex (FDM), 6
Frequency response, 12

Frequency transformation, 60, 98

G

Gain-bandwidth product (GB), 162
Gain constant, 19, 20

Gain factor, 20

Gain-sensitivity product, 203, 205
Gauss filter, 59

GB, 169

General immitance inverter, 148
Generalized immitance converter (GIC), 159, 212
Generalized immitance inverter (GII), 149, 160
Generalized impedance converter, 175
Generalized scattering matrix, 264
Generalized wave variables, 263
Geometric symmetric bandpass filter, 64
Geometric symmetry, 64, 67

G,,-C inductor, 181, 182

G,,-C integrator, 174, 250

G,,-C section, 189

Gorski-Popiel’s method, 256-259
Group delay, 17

Gyrator, 158, 175, 176, 254, 255, 256

H

Hairpin-line bandpass filter, 151
Half lattice section, 126

Halpern filter, 57

Highpass filter, 14

Highpass-notch section, 193
Highpass (HP) section, 192, 223, 295
High Q value, 182, 191

Hilbert filter, 58

Hurwitz polynomial, 20, 32
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I

Ideal LP filter, 22

Image parameter method, 79

Immitance, 159, 253-262

Immitance inverter, 148, 160, 175

Immitance simulation, 253-262

Impedance converter, 175

Impedance inverter, 148

Impedance matrix, 158

Impedance simulation using gyrators, 254, 256

Implementation, 5

Impulse response, 21, 22

Incident voltage wave, 265

Incident wave, 135

Insertion loss, 79

Insertion loss method, 79

Integrator, 170

Interdigital bandpass filter, 152

Inverse Chebysheyv filter, 42

Inverse follow-the-leader feedback form (IFLF),
249, 250, 300

Inverting amplifier, 169

Inverting integrator, 170

J
J-inverter, 149
Johnson noise, 236

K

Kerwin-Huelsman-Newcomb section, 215
KHN section, 217, 224

K-inverter, 148

Kuroda-Levy identities, 145

L

Ladder network, 99

Ladder networks of IT type, 91

Ladder networks of 7 type, 91

Ladder structures with finite zeros, 92
Ladder structures without finite zeros, 91
Lamb wave resonator (LWR), 128-129
Laurent zig-zag BP filter, 115

LC filter, 9, 79

Lerner filter, 58

Linkwitz-Riley filter, 58

Lossless integrator, 215

Lossless line, 136

Losslessness, 155

Loss pole, 80

Lossy elements, 87

Lossy integrator, 218

Lowpeass filter, 13
Lowpass-notch section, 192
Low Q value, 210

LP-BP transformation, 64, 103
LP-BS transformation, 68, 107
LP-HP transformation, 101

LP notch filter, 192

LP section, 222

Lumped circuit element, 10, 100

M

Magnitude function, 12

Magnitude function squared, 31
Matched filter, 4

Maximally flat, 31

Maximally flat magnitude function, 141
Maximal power transfer, 87
Maximum-phase filter, 21

Mechanical filter, 124

Medium high Q value, 235
Microelectromechanical System (MEMS), 8, 125
Miller integrator, 178
Minimum-phase, 21

Minimum-phase filter, 29, 121
Minimum Q Factors, 51

Minimum sensitivity form (MSF), 250
Modular angle, 48

Monotonic L filter, 57

MOSEFET-C filter, 177

MOS resistive circuit (MRC), 178
MUCRMAF, 57

MUCROER, 57

Multiple critical poles, 57

Multiple critical root, 57

Multiplexer, 102

Mutual inductance, 89

N

Natural mode, 77

Negative feedback section, 197

Negative immitance converter (NIC), 160
Negative impedance inverter (NII), 160
Negative integrator, 171

Network transformations, 107

NF1 AP section, 202

NF1 BP section, 202

NF1 HP-notch section, 202
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NF1 HP section, 201

NF2 section, 202, 203
Noninverting amplifier, 169
Noninverting integrator, 172
Notch filter, 14

n-port, 156

(0]

Offset voltage, 163

Operational amplifier (Op-amp), 161, 164
Operational transconductance amplifier (OTA), 164
Ordering of sections, 239

P

Papoulis monotonic L filter, 57
Parabolic filter, 57
Parallel-coupled line filter, 151
Parallel form, 245

Parametric filters, 114

Paring of poles and zeros, 241
Passband, 13

Passband attenuation, 28
Passband sensitivity, 83
Passive filter, 8

Passive one-port, 156

Passive three-port, 161
Passive two-port, 158
Passivity, 155

Pdf, 236

PF1 BP section, 206

PF1 section, 204

PF2 BP section, 208

PF2 HP section, 208

PF2 LP section, 207

PF2 section, 207

PF3 section, 208

PF4 BP section, 209

PF4 HP section, 209

PF4 LP section, 209
PF4-notch section, 209

PF4 section, 208

Phase constant, 134, 136
Phase delay, 15

Phase function, 13
Phase-lead integrator, 173
Phase velocity, 139
Piecewise-constant stopband, 55
Y -plane, 138

PolePlacer, 56, 60

Pole radius, 32, 221

Pole radius sensitivity, 195

Poles, 32

Polylayer, 176

Port resistance, 273

Positive feedback, 210

Positive impedance converter (PIC), 175, 253
Positive impedance inverter (PII), 148, 160, 253, 254
Positive integrator, 172

Positive integrator with active compensation, 286
Positive-real (PR) function, 89

Power density function, 236

Power density spectrum, 236

Power supply rejection ratio (PSRR), 164

Power wave, 265

Primary resonator block structure (PRB), 248
Propagation constant, 134

Q
0,221

Q enhancement, 210
Quality factor (Q factor), 33, 77, 78, 191, 224

R

RCLM one-port, 89

RC network, 197

RC two-port, 197

Reactance transformation, 60

Realization, 4

Reciprocal, 158

Reference filter, 263

Reflected power, 81

Reflected voltage wave, 265

Reflected wave, 263

Reflection coefficient, 40, 48, 83

Reflection function, 82

Reflection zeros, 30, 40, 82

Relative bandwidth, 112

Relative error in the pole
radius, 196, 197, 205

Relative sensitivity, 82

Resistors, 210, 211, 214

Return loss, 82

Richards’ filter, 140, 141

Richards’ structure, 140

Richards’ theorem, 140

Richards’ variable, 136
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Ripple edge, 28
Rise time, 23

p, 40
R,, 221
S

Sallen-Key HP section, 206
Sallen-Key LP section, 205
Sallen-Key unity gain section, 207
Scaling of internal nodes, 241
Scattering matrix, 268
SC filter, 11
Second-order AP section, 194
Second-order BP section, 193
Second-order HP-notch section, 193
Second-order HP section, 192
Second-order LP-notch section, 192
Second-order LP section, 190, 227
Section with arbitrary finite zeros, 224
Sections gain, 240
Sensitivity, 82, 214 Shifted companion form
(SCF), 248
Signal carrier, 3
Signal-flow graph, 5
Single amplifier biquads (SAB), 196
Single-ended circuits, 178
Singly resistively terminated ladder
network, 84
Slew rate, 163
Small-signal model, 162, 165
Solidly mounted resonator (SMR), 128
Specification for the group delay, 28
Specification for the magnitude function, 28
State variable form, 247
State variable realization, 215
Stepped impedance filter, 143
Step response, 23, 34, 40
Stopband, 14
Stopband attenuation, 28
Stopband edge angular frequency, 28
Stopband sensitivity, 116
Strictly Hurwitz polynomial, 32
Structure, 5
Supercapacitor, 156, 183, 257
Superinductor, 156
Surface acoustic wave filter
(SAW), 127

Switched capacitance filter, 11
Switched current circuits, 11
Symmetrical bridged-T network, 119
Symmetrical network, 109
Synthesis, 4

T

Tapped inductor, 114

Telegraphist equation, 134

Thermal noise, 236

Thomson filter, 58

Three-port, 161

Time-invariant filter, 4

T network, 199

Top plate, 174

Tow-Thomas second-order section, 241

Tow-Thomas section, 218

Transconductance, 165

Transconductance amplifier, 164

Transconductance feedback amplifier
(TFA), 165

Transconductor-C filter, 211

Transducer function, 80

Transfer function for a Butterworth filter, 30

Transfer function for a Cauer filter, 47

Transfer function for a Chebyshev I
filter, 36

Transfer function for a Chebyshev 11
filter, 42

Transformation angular frequency, 61,
64, 67

Transformer, 158

Transimpedance amplifier, 168

Transition band, 14, 28

Transmission line, 135

Transmission line filter, 136

Transmission matrix, 264

Transposition theorem, 217

Transresistance amplifier, 159, 168

Tuning, 245

Twin-T network, 208

Two-integrator loop, 215, 216

U

Unit element (UE), 137
Unity gain bandwidth, 162
Unity gain section, 207
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VCVS (Voltage controlled voltage source), 159 Zobel, 122

Voltage amplifier, 169 Zolotareyv filter, 47

Voltage controlled current source (VCCS), 159, 175

Voltage standing wave ratio (VSWR), 81 A

W Akerberg-Mossberg section, 220, 243

Wavelength, 139
Wideband matching network, 81
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